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CHAPTER 7

The variational principle

7.1 Theory
7.2 The ground state of helium

7.3 The hydrogen molecule 1on




Suppose you want to calculate the ground-state energy Eg
for a system described by the Hamiltonian H , but you are

unable to solve the (time-independent) schr odin gerequation

What should you do r)



7.1 Theory

E, < <W\H\\P/> =(H)

That 1s, the expectation value of f 1n the (presumably
In correct) state \J 1s certain to overestimate the ground-state
energy. Of course, if \pjust happens to be one of the excited

states, then obviously < H> exceeds Eg



Proof

Since the (unknown) eigenfunctions of H form a complete

set ,we can express \p as a linear combination of them:

¥=>cW¥, ,with HY =EY,
And W is normalized,
1=(¥|¥) =<Zcmq1m chqln>
=YY (B[ 7,) =)
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Meanwhile,
<H> = <Zcm‘{’m H ch‘Pn>
=> > Ec,(¥,|¥,)=DE,
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Since Eg <E . we get
(H)2E )

Which is what we were trying to prove.
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Processes ‘

Step 1.
Step 2.
Step 3.
Step 4.

Examples

To find the ground-state energy

Select a trial wave function ¥
Calculate <H > in this state
Minimize the (H)

Take H _. as the appropriate ground-state energy



4 N

Of course, we already know
the exact answer (see chapter

2): E :lha)

8 2 j

To find the ground-state energy for/the pne-dimensional

harmonic oscillator:

hod* 1
H =— -+ ma’x*
2mdx” 2
Pick a Gaussian function as our trial state
Y(x)=Ae ™

where bis a constant and A 1s determined by normalization:

- b7
lz‘A‘zj e dx:‘A‘zg —> A:(Z_bj )
0 T




The mean value of H 1is

<H> = —h—2|A|2 r e d—z(e_bx2 )a’x+lma)2 |A|2 Jm e 32 dx
2m oo dx’ 2 —oo
Wb ma’
= +
2m  8b

We can get the tightest bound through minimizing <H >with

respect to b :

d WY omo’ mao
Z(HY =" - =0 —> b=—u
db< > 2m  8b* 2h

Putting this back into (H) ,we find
1

<H>mm — 5 ha)



-

Again ,we already know the
exact answer (see chapter 2)

w E :—a\/z_T?
g T )

To look for the ground state energy o elta-function potential:
nod’
H=- ~—a0(x)
2m dx

We also Pick a Gaussian function as our trial state:
2
Y(x)=Ae™

The mean value of H 1is



2 2
() == A] [ (e )av—alaf [ e 6o
m e X e

Wb [2b

_2m T

Minimizing it,

d h a
—~ (H)= _ _
a’b< > 2m  \27h
So
<H>min =

which is indeed somewhat higher than £, ,since 7>2



s

To find an upper bound on the ground-state energy of

the one-dimension infinite square well, using the “triangular”

trial wave function (figure 7.1):

A

Y (x)
Ax, f0<x<af),
v()={Al-1x), fa2<x<q,

0, otherwise,

% a x

Figure 7.1: *““triangular” trial wave function

for the infinite square well




Where A 1s determined by normalization:

2| (% a _ > a’ 23
lz‘A‘ [jozxzdx+j%(a—x)2dx}—‘A‘ > :>A_—\/£

a

In this case

A, if0<x <a/2,
e
* 0, otherwise,

The derivative of this step function 1s a delta function (see

problem 2.24b)

%=A5(x)—2A5(x—%)+A5(x—a)



and hence

(H)=- hz A | 5(0)=28(x =)+ 5(x—a) [P (x)dx

m

hA h*A*  12h°
= YO)-2¥Y (Y )HY+W(a) |= =

Zm[ ©) (A) ( )} 2m 2ma*

e

The exact ground state 1s Eg = o ( see chapter 2), so

the theorem works ( 12> 72 )



Conclusions

CAdvantages>

B The variational principle is very powerful and easy to use

@ write down a trial wave function

OCalculate< H>

& tweak the parameters to get the lowest possible value

B  Evenif ¥ has no relation to the true wave function, one

often gets miraculously accurate values for E,



Cimitations™

B It applies only to the ground state

B You never know for sure how close you are to the target
and all you can certain of 1s that you have got an upper

bound.



7.2 The ground state of helium

Our task:

»To calculate the ground—state energy by using the

Variational Principle

» Theoretically reproduce the value :

E, =-78.975 ev (experimental)



Figure 7.2:the helium atom

The Hamiltonian for the helium atom system (ignoring

fine structure and small correction) 1s

2 2
2 2 1
H=———(V 4V} )| 24 S
2m dney\ n o |-,
Let 2 1
“  A4re, r—r,




If we 1gnore the electron-electron repulsion v, 1s, the

ground-state wave function 1s just

¥y (E’g) =% (’_{) ¥ (g) :%e_z(rﬁrz)/a

where W  1s hydrogen-like wave function with Zz=2 .

Consequently ,the energy that goes with this simplified
pictureis 8F, =—109 ev (see Chapter5 ).

In the following we will apply the variational principle ,
using the ¥, as the trial wave function. The eigenfunction of

Hamiltonian 1is:

HY, = (8E1 +‘/ee)\P0



Thus
(H)=8E,+(V,,)

where

2 2 ~4(ri+n,)/a IR,
<Vee>: - ( 83) J‘e—’ — d3l’id3l"2
47Z'80 wTa n—r,

To get the above integral value conveniently, we do the 7,

integral first and orient the }72 coordinate system so that the

7, polar axis lies along (see Figure 7.3).

By the law of cosines,

I 2 2
=, —\/”1 +r," —2nr, cos 6,




and hence

—47’2/(1 —4r2/a
e — e
I, Ej ——d’r, :j
- Jri+n=2 6
=T, ro+r,"—2rrcosb,

The @, integral is trivial
( 277);the ¢1integral is:

sin 6,

J‘ﬂ'
0 2 2
\/”1 +r," —2nr,cosb,

d0,

2 2
\/r1 +r,"—=2nrr,cos0, | x

0
hh

r,? sin 8,dr,d6,d ¢,

22 A

Figure 7.3: choice of coordinate for the
V', integral




— 2 2 o) )
B (J”l #1200, =1+ —2"1"2)

= {lnen el = i

1, 2ry, i >

R ar e “
j P rz/a’/,2 dr2+j e FZ/arzdI’z]
n

It follows that <Vee> 1s equal to

2
(4;5 ](;f jj {“(”%} e }64’” 'r;sin 6drd6,dg
0



The angular integals are easy( 4s),and the 7, integal becomes

2 2
I re ™ — r+2L et a’r=5i
0 a 128

Finally , then,

2
(V)= €25 Z34er
4a\ 4re, 2

And therefore

<H> =—109¢v + 34ev =—75ev

)

ot bad , but we
can do better!




Can we think of a more realistic trial function

than P ) (7



We try the product function

A
= o\ — —Z(r+nr,)/a
V,(h,r,)=—Fe
wa

and treat Z as a variable rather than setting it equal to 2.

The 1dea 1s that as each electron shields the nuclear charge

seen by the other ,the effective Z 1isless than 2.

In the following, we will treat Z as a variational parameter,

picking the value that minimizes<H > :



H

=—h—2(vf+v22)— ¢’ (z+zj+ e’ [(2—2)+(Z—2)+ 1

Rewrite H in the following form:

2m dre, \ v, 1, ) 4ne,

The expectation value of H 1s evidently

(H)=2ZE, +2(Z—2)( e j<l>+<vee>

4rme, )\r

Here<%> 1s the expectation value of % in the (one-particle)

hydrogenic ground state I

100 (but with nuclear charge 7).




And according to Chapter 6, we know

()%

The expection value of v, 1s the same as before ,except

that instead of Z =2 ,we now want arbitrary Z—so we
. Z .
multiply @ by A ;

=2 -2

8a \ 4r7e, 4

Putting all this together, we find

(H)=|22°-42(z-2)(5/4)Z |E, =| -22° +(27/4)Z | E,



The lowest upper bound occurs when < H > 1S minimized:

d
—(H)Y=|-4Z+(27/4) |E, =0
from which it follows that

Z :2—7:1.69
16

Putting in this value for Z, we find

6
<H> = %(%) E, =-T7.5ev

<‘ Much nearer to experimental value! >




7.3 The hydrogen molecule ion

R R 1;:1’2

+

Figure 7.4 :the hydrogen molecule ion, H .

The Hamiltonian for this system 1s

? e (1 1
H=——V’- —
2m dre, \ 1, 1,




To construct the trial wave function , imagine that the 1on is

formed by taking a hydrogen atom in its ground state

. |
¥ (r)= \/E e a
and then bringing in proton from far away and nailing it down a
distance R away. If R 1s substantially greatly than the Bohr radius
a, the electron’s wave function probably 1sn’t changed very much.
But we would like to treat the two protons equally ,so that the electron

has the same probability of being associated with either one. So we

consider a trial function of the form

V=AY, ()+Y, ()]



Normalize this trial function:

= = laf e, ) @', ()

2

dr+2[ W, (n)P, (rz)dﬂ

Let =214 [HI‘Pg(rl)‘Pg(rz)d i’J

] —(ri+n) -
IE<‘Pg(r1)“Pg(r2)>:—3je 4d3r
a
Picking coordinates so that the pronton 1 1s at the origin and

proton 2 is on the z-axis at the point R (Figure 7.5),we have

L=r 1’2:\/1’2+R2—2chosH



and therefore

1
Ta’

] =

The ¢ integral 1s trivial (27 ).

To do the @ integral ,let

yE\/r2+R2—2rRCOSH

so that

d(yz) =2ydy =2rRsin 8d6

_r _\/r2+ 2— rixX COS
[e7ae™ " % 2 sin Odrd0do

ra=r+R%-2rRcos B

=Y

Figure /.5: coordinates for the
calculation of 7




Then

1 r+R —y/

a —\/l"2+ 2— rxCcos /Cl ° _ a
jo o VTR S2rReosOa o 00 =—| e ydy
:—%[e_(rm)/a(r+R+a)—e_‘r_R‘/“(r—R‘+a)]

The ¥ integral is now straightforward:

Il :GTZR[—e_R/“J-:(r+R+a)e_2r/“rdr+e_R/“Jj(R—r+a) rdr

+eie r

R

( r—R +a) e 2 "ra’r}

Evaluating the integrals, we find

I= ‘R/“[l () += <—)}



In the terms of I , the normalization factor is
|A|2 _ 1

2(+1)
Next we must calculate the expectation value of f in the

trial state . Noting that

g @ Ly (y=Ew (1)
om - dme, ) ¢ T e

Where E, =—13.6 ev is the ground-state energy of atomic
hydrogen and the same with 7, in place of 7} ,we have

HY :A{——sz— a (1 + IH[‘Pg(H)ﬂL‘Pg(”z)}

2m dre,\ 1, o,

:EI‘P—A£ e ]{L‘Pg (7’1)+l‘1’g (”2)}

4re,



It follows that

)=t | (2 o) o, )

Calculate the two remaining quantities ,the so-called direct integral,

p=al¥, (9} 7, 1)

and the exchange integral,

=, (0] e, )

The results are

R R

X =(l+ﬁje_R/“
R

D = i—(1+ije_m/“



. . 1 0
Putting all this together, and recalling that g = —(% ”50)(% a)

we conclude that

<1L1>={1+2(D+X)}E1
(1+1)

This 1s only the electron’s energy----there 1s also potential energy

associated with the proton-proton repulsion:

1 2
= ¢ —:——aE‘1
" 4rne, R R

Thus the total energy of the system, in units of — £,

and expressed as a function of x = % 1s less than

Flx)=—1+2
X

(1—=(2/3)x)e ™ +(1+x)e™"
1+(A+x+1/3)x e



F(x)

-0.5+

Equilibrium

Figure /.6: plot of the function /f (x),showing existence ot
a bound state.

Evidently bonding does occur, for there exists a region in which the graph
goes below -1,indicating that the energy is less than that of a neutral atom plus

a free proton (to wit, —] 36ev).The Equilibrium separation of the protons is

about 2.4 Bohr radii, or].27 A .



