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An equation of the type bxaxaxa nn  2211 ,          (1) 

expressing b  in terms of the variables nxxx ,,, 21   and the known constants 

naaa ,,, 21  , is called a linear equation. A solution to the linear equation (1) is a 

sequence of n numbers nsss ,,, 21  , which has the property that (1) is satisfied 

when nn sxsxsx  ,,, 2211   are subtituted in (1). 

 

Example 1: 4 and ,3,2 321  xxx  is a solution to the linear equation 

13436 321  xxx , because 13)4(4)3(3)2(6  . This is not the only 

solution to the given linear equation, since 7dan  ,1,3 321  xxx  is another 

solution. 
 

A system of equations that has no solutions is said to be inconsistent; if 

there is at least one solution of the system, it is called consistent. To illustrate the 

possibilities that can occur in solving systems of linear equations, consider a 

general system of two linear equations in the unknowns x and y: 
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The graphs of these equations are lines; call them 1l  and 2l . Since a point 

(x, y) lies on a line if and only if the numbers x and y satisfy the equation of the 

line, the solutions of the system of equations correspond to points of intersection 

of 1l  and 2l . There are three possibilities, illustrated in Figure 1: 

 

(a) No solution           (b) one solution              (c) infinitely many solutions 



The lines 1l  and 2l  may be parallel, in which case there is no intersection 

and consequently no solution to the system. The lines 1l  and 2l  may intersect at 

only one point, in which case the system has exactly one solution. The lines 1l  

and 2l  may coincide, in which case there are infinitely many points of intersection 

and consequently infinitely many solutions to the system. 

Although we have considered only two equations with two unknowns here, we 

will show later that the same three possibilities hold for arbitrary linear systems 

 

Every system of linear equations has no solutions, or has exactly one solution, or 

has infinitely many solutions. 

 

More generally, a linear system is a system of m  linear equations in n  

unknowns, and can be conveniently denoted by  
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A solution to a linear system (2) is a sequence of n numbers nsss ,,, 21  , which 

has the property that each equation in (2) is satisfied when 

nn sxsxsx  ,,, 2211   are subtituted in (2). 

 

The Solution of The Linear System 

The basic method for solving a system of linear equations is to replace the 

given system by a new system that has the same solution set but is easier to solve. 

This new system is generally obtained in a series of steps by applying the 

following three types of operations to eliminate unknowns systematically: 

The Linear Equation Operation 

1. Interchange two equations. 

2. Multiply an equation by a nonzero constant. 

3. Add a multiple of one equation to another. 

 



Example 2: Given the linear system: 

  











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To eliminate x  from the second equation, we add ( 2 ) times the first equation to 

the second one to obtain  

  

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To eliminate x  from the second equation, we add ( 3 ) times the first equation to 

the third one to obtain  
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Multiply the second equation with 21  , to obtain 
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Added ( 3 ) times the second equation to the third one to obtain  
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Multiply the third equation with 2  , to obtain 
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Added ( 1 ) times the second equation to the first one to obtain  
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Added (
2

11 ) times the third equation to the first one and (
2
7 ) times the third 

equation to the second one to obtain  
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We conclude that the solution of the linear system is 3,2,1  zyx . 

 

Exercises 1:  

1. Which of the following are linear equations in 321  and , xxx ? 

(a) 125 321  xxx  

(b) 23 3121  xxxx  

(c) 321 37 xxx   

(d) 58 32

2

1 


xxx  

(e) 42 32
5

3

1  xxx  

(f) 3
1

321 7
3

1
2  xxx  

2. Find the solution set of each of the following linear equations. 

(a) 357  yx . 

(b) 7453 321  xxx  

(c) 16528 4321  xxxx  

(d) 04283  zyxwv . 

3. Find the solution of given the linear system. 

(a) 
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
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
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4. (a) Find a linear equation in the variables x and y that has the general solution 

tx 25 , ty  . 



(b) Show that tx  , 
2

5

2

1
 ty  is also the general solution of the equation in 

part (a). 

5. Consider the system of equations 
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bzx
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Show that for this system to be consistent, the constant a, b, and c must 

satisfy c = a + b. 

6. Show that if the linear equations ckxx  21  and dlxx  21  have the same 

solution set, then the equations are identical. 

7. For which value(s) of the constant k does the system 






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22
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have no solutions? Exactly one solution? Infinitely many solutions? Explain 

your reasoning. 

8. Consider the system of equations 



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




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mfyex

ldycx
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Indicate what we can say about the relative positions of the lines kbyax  , 

ldycx  , and mfyex  when 

(a) the system has no solutions. 

(b) the system has exactly one solution. 

(c) the system has infinitely many solutions. 

9. If the system of equations in Exercise 8 is consistent, explain why at least one 

equation can be discarded from the system without altering the solution set. 

10. If k = l = m = 0 in Exercise 8, explain why the system must be consistent. 

What can be said about the point of intersection of the three lines if the 

system has exactly one solution? 
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Definition 1. An nm  matrix A is a rectangular of  mn real (or complex) 

numbers arranged in  m horizontal rows and n vertical columns :   
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The ith row of A,  inii aaa 21 , (1  i  m); the jth column of A,
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(1 j n). 

If m = n, we say that  A is a square matrix of order n, and that the numbers 

nna,,a,a 2211  form the main diagonal A. We refer to the number ija , which is in 

the ith row and jth column of A, and (3) often write as ][ ijaA  . Sum of all main 

diagonal is called trace A (tr A). 

 

Example 3: 










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A  is an 32  matrix with 

.a,a,a,a 1032 23221312   
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B  is an 22  matrix, with 
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C  is an 13  matrix or column matrix. 
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D  is an 33  matrix, with 3)( Atr .  3E  is an 11  matrix. 

 201F  is an 31  matrix or row matrix.  

 

The Equality of Two Matrices 

Definition 2. Two nm  matrices ][ ijaA   and ][ ijbB   are said to be equal if 

ijij ba  , njmi  1 ,1 , that is, if corresponding elements are equal. 

 

Example 4: The matrices 
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 are equal if 0,3,1  yxw  and 

5z . 

 

Matrix Addition 

Definition 3. If A = [aij] and B = [bij] are nm  matrices, then A+B is a nm  

matrix C =[cij], defined by cij = aij + bij  ( njmi  1,1 ) and the difference 

between A and B is D = [dij] noted as BABA  )1( , defined by 

ijijij bad  . 

 

Example 5:  

1. Given  



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Additon Matrix Properties 

Given A, B, C, and D are nm  matrices. 

(a) A + B = B + A. 

(b) A + (B + C) = (A + B) + C. 

(c) A + O = A.  O matrix is called zero matrix or the addition identity. 

(d) A + D = O. AD   is called the inverse addition matrix or the negative of 

A. 

 

Example 6: 

1. Given .
00

00
O and  
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













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 
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2. Given  .
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
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






A Then ,
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









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 A and we obtained 

OAA  )( .  

 

Scalar Multiplication 

Definition 4. If A=[aij] is nm  matrix and r is a real number, then scalar multiple 

of A by r, rA, is the nm  matrix B=[bij], where bij = raij ( njmi  1,1 ). 

 

 

 



Example 7:  

1. If 3r  and 
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3. Given  scalar any  and  ,
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  ,
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
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Scalar Multiplication Matrix Properties 

If  r and s are real number and A and B are matrices, then 

(a) r(sA) = (rs)A.   (c) r(A + B) = rA + rB. 

(b)  (r + s)A = rA + sA. (d) A(rB) = r(AB) = (rA)B. 

 

Example 8: Given 2r , .

2-0

41

1-2

 and  ,
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321



























 BA  Then  

.
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04-

14
(-2))(

 and  ,
08

28

40

82
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102

321
)(


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



 
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
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




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 





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












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







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Matrix Multiplication 

Definition 5. If A = [aij] is an pm matrix and B = [bij] is an np  matrix, then 

the product of A and B, denoted AB, is the nm matrix C = [cij], defined by  

 


p

k
kjikpjipjijiij njmibabababac

1
2211 ).1 ,(1  ...  

Example 9:  

1. Given .

12

3-4

52-

 and  
413

121
























 
 BA  Then 

.
166

24

)1)(4()3)(1()5)(3()2)(4()4)(1()2)(3(

)1)(1()3)(2()5)(1()2)(1()4)(2()2)(1(







 













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2. Given .

22-

1-3

41

 and  

210

124

321







































 BA  If AB=C then the (3,2) entry of 

AB is c32, which is R3(A) x C2(B). We now have 

  .5

2

1

4

210)()(
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

















 BCAR  

3. Given are,  and   then ,
6

12
 If  .

y

4

2

 and  
112

31
yxABB

x
A 




































   

6. and  -2 

 have  we,6 then 12342Then   .
6

12

44

342


























yx
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y
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4. Given .
10

12
 and  

31

21



















 BA  Then .

31

71
but  

22

32





















 BAAB  

We conclude AB  BA. 

5. Given .
123

432-
 and  

51

43

21





























 BA  Then the second column of AB is 



.

7

17

7

2

3

51

43

21

)(
2












































 BCA  

6. Given 


















2

1

2221

1211
  ,

x

x
x

aa

aa
A . Then 














222121

212111

xaxa

xaxa
Ax . 

7. If 



























ji

hg

fe

B
dc

ba
A   , , then AB undefined, because A and B ukurannya 

tidak sesuai. 

 

Matrix Multiplication Properties 

If A, B, and C have the suitable size, then  

(a) A(BC) = (AB)C. (b)A(B + C) = AB + AC.  (c)(A + B)C = AC + BC. 

 

Example 10:  

1. Given .

012

300

03-2

201

 and  ,

3103

2220

011-2

  ,
432

325

















































 CBA  

Then 





































83012

561643

339

648

730

432

325
)(BCA  

and .
83012

561643

012

300

032

201

68816

136119
)( 









































CAB  

 

2. Given .

2-2

01

21-

 and  ,

1-3

22

01

  ,
213

322













































 CBA  



Then 











































27

121

35

23

20

213

322
)( CBA  

and .
27

121

20

26

47

115




















 











 ACAB  

 

3. Given .
205

324







 
A  Then .

205

324

205

324

10

01
2

AAI 






 








 








  

And .
205

324

100

010

001

205

324
3 







 

























 
AI  

 

Notes :  

1. If AB = AC, then uncertain B = C. 

2. If AB = O, then uncertain A = O or B = O.  

 

Example 11:  

1. If 


















32-

6-4
 and  

42

21
BA , then .

00

00








AB  So A and B are not nol 

matrix but AB = O. 

2. If    ,
23

12
  ,

42

21

















 BA then,

15

72
 and 












C

.but   ,
1016

58
CBACAB 








  

 

The Transpose of Matrix 

Definition 6. If A = [aij] is an nm  matrix, then A
T
=  T

ija , where ji

T

ij aa  , 1  i 

 m, 1  j  n, is called the transpose of A. 

 

 



Example 12:  

































23

52

04

  then ,
250

324
TAA  











































324

412

036

  then ,

340

213

426
TBB  


































324

235
  then ,

32

23

45
TCC  

 


















1

5

3

  then ,153 TDD  

 312  then ,

3

1

2



















 TEE  

 

The Transpose Properties 

If r is scalar number and A and B are matrices, then 

(a) (A
T
)
T
 = A.    (c) (AB)

T
 = B

T
A

T
. 

(b) (A + B)
T
 = A

T
 + B

T
. (d) (rA)

T
 = rA

T
. 

 

Example 13: Given .

1-3

22

10

 and  
312

231



























 BA  

.
35

712

32

13

21

121

320
 and  

35

712
Then 

















































 TTT AB  (AB)  

 

Definition 7. A matrix A = [aij] is called symmetric if A
T
 = A. 

 



Example 14: The matrices are symmetric, 

  





































100

010

001

 and  

653

542

321

3IA . 

 

Exercises 2: 

1. Suppose that A, B, C, D, and E are matrices with the following sizes: 

)54( A , )54( B , )25( C , )24( D , )45( E  

Determine which of the following matrix expressions are defined. For those 

that are defined, give the size of the resulting matrix. 

(a) BA 

(b) AC + D 

(c) AE + B 

(d) AB + B 

(e) E(A + B) 

(f) E(AC) 

(g) ET
A 

(h) (AT 
+ E)D 

2. Given r = -4 and .
512

124
  ,

312

231























 BA  

Show that : (a) (A + B)
T
 = A

T
 + B

T
 (b) (rA)

T
 = rA

T
. 

3. Given 















 













21

42

13

  ,
312

231
BA . Show that (AB)

T
 = B

T
A

T
. 

4. Given  

.
32

01
 and  ,

123-

312

211

23-

12
  ,

013

421-

312

  ,

21

43

12

  ,
523

212








































 















































 


FE

DCBA

 



       If possible compute : 

 (a) (AB)
T
  (b) B

T
A

T
  (c) A

T
B

T
 (d) BB

T

 (e) B
T
B 

 (f) (3C - 2E)
T
B (g) A

T
(D + F)  (h) B

T
C + A 

 (i) (2E)A
T
  (j) (B

T
 + A)C. 

5. Determine a constant k such that (kA)
T
(kA) = 1, where 























1

1

2

A . 

For no. 6 – 7, given 

























 























































32

54-
  ,

123

410

542

 ,
42

2-3
 ,

312

514

31-3

 ,

23

12

01

 , 
412

321
FEDCBA

 

If possible compute : 

(a). A
T
 and (A

T
)
T
    (c). (2D + 3F)

T
   (e). 2A

T
 + B 

(b). (C + E)
T
 and C

T
 + E

T
  (d). D - D

T
    (f). (3D - 2F)

T
  

If possible compute : 

(a). (2A)
T
     (c). (3B

T
 - 2A)

T
  (e). TT AA )( and)(   

 (b). (A - B)
T
  (d). (3A

T
 - 5B

T
)
T
 (f). (C + E + F

T
)

T 

 

Types of Matrices 

A. Identity Matrix 

Example 15: 

1. Upper Triangular Matrix 

















































3000

2-000

2130

112-1

  ,  

300

12-0

3-21

  ,  
10

21
CBA  



2. Lower Triangular Matrix 

















































32-21

0011

0032-

0001

 ,  

313-

02-2

001

  ,  
12

01
 CBA  

3. Diagonal Matrix 

















































3000

0000

0030

0001

  ,  

300

02-0

001

  ,  
10

01
CBA  

4. Scalar Matrix 



















































3000

0300

0030

0003

  ,  

2-00

02-0

002-

  ,  
10

01
CBA  

5. Identity Matrix 















































1000

0100

0010

0001

  ,  

100

010

001

  ,  
10

01
CBA  

 

B. Square Matrices 

Example 16: 

1. If 





























































100

010

001

  then 

101

011

326

 and  

421

331

321

BAABBA . A and 

B are called  commutative matrices. 

2. If    
0

0
 and , 

0

0
  , 

01

10


















 











i

i
C

i

i
BA then AB = -BA, AC = -CA, 

and  

 BC = -CB. A, B, and C are called not commutative matrices . 

3. A is a periodic matrix with period 2, because 





































































 

302

923

621

 dan   

344

9109

665

 maka   

302

923

621
122 AAA . 



4. A and B are idempotent matrices, cause 

if then BBB 

















































531

531

531

   then 

531

531

531
2 . 

5. A is called nilpotent matrix with index 2, because 

if OAA 











































000

000

000

   then 

431

431

431
2 . 

6. A and B are called involuntary matrices, because 

if 3

2 then 

433

434

110

IAA 























 , and 3

2 then 

344

101

334

IBB 



















 . 

 

C. Hermitian Matrix 

Example 17: Given  

 

0132

121

321

  and  

032

21

3211

















































i

ii

iii

B

ii

ii

ii

A then 

1. A is a Hermitian matrix, because AA

ii

ii

ii

A tt 























  and  

032

21

3211

 

2. B  is a Skew Hermitian Matrix, 

because BB

i

ii

iii

B tt 























  and  

0132

121

321

 

3. iB is a Hermitian Matrix, because 

iBBi

ii

ii

ii

iB tt 























 )( and  

032

21

3211

)(   

4. A  is a Hermitian Matrix, because 



.  then 

032

21

3211

 and ,

032

21

3211

 A(A)

ii

ii

ii

A

ii

ii

ii

A
t

t 















































  

5. B is a skew Hermitian matrix, because 

BB

i

ii

iii

B

i

ii

iii

B
t

t 















































   then 

0132

121

321

 and ,

0132

121

321
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Topic: Augmented Matrix 

 

An arbitrary system of m linear equations in n unknowns can be written as,  













.2211

22222121

11212111

mnmnmm

nn

nn

bxaxaxa

bxaxaxa

bxaxaxa















                                         (4) 

where 1x , 2x , …, nx  are the unknowns and the ija and ib , mi ,,2,1  , 

nj ,,2,1    denote constants. 

This system can be abbreviated by writing in matrix term 





















mnmm

n

n

aaa

aaa

aaa

A









21

22221

11211

,  





















nx

x

x

x

2

1

 ,  





















mb

b

b

b

2

1

  or bxA  . 

With A is a coefisien matrix and 



















mmnmm

n

n

baaa

baaa

baaa









21

222221

111211

 is called an augmented 

matrix (4). 

 



Example 18: The augmented matrix for the system of 3 linear equations and 3 

unknowns   









.3223

7432

52







zyx

zyx

zx

   

With  























223

432

102

A ,  



















z

y

x

x , and 



















3

7

5

b , is 





















3223

7432

5102

. 

Example 19: The Matrix 






 

5203

4312
is an augmented matrix of linear system 





.523

432





zx

zyx
 

Exercises 3: 

1. Let see a linear system  













.53

3432

2323

72









zx

zyx

zyx

wx

 

(a) Find the coefisien matrix.  (b) Find the augmented matrix. 

(c) Write the system on matrix term. 

2. Write the linear system of this augmented matrix : 























63103

42001

38723

54012

. 

3. Write the linear system of this augmented matrix : 





















1431

5210

3402

. 

4. Given the linear system :  















.44

73

22

423









zx

zy

yx

zyx

 

(a) Find the coefisien matrix.  (b) Find the augmented matrix. 

(c) Write the linear system on matrix term. 

5. Find the answer with elimination methods 









82

93

yx

yx
. 

6. Find the answer (if any) of this linear system 















5

1342

22

zyx

zyx

zyx

. 

7. Find a and b, so this linear system has  

(i). exactly one solution  (ii). no solution (iii). Infinitely many 

solution 

(a). 








5

12

byax

yx
  (b). 









52

1

yax

byx
  (c). 









3

1

ayx

byx
. 

8. Given the linear system  















rfyex

qdycx

pbyax

 

       When the lines of the 3 linear eqution makes 

       (i). the system has exactly one solution, 

       (ii). the system has no solution, 

       (iii). the system has infinitely many solution. 

9. For number 8, if the equation systems consistent, then one of the equations 

can be eliminated without changing the solution set. 

10. Consider the equation system: 

















czyx

bzx

azyx

32

2

 

 Suppose the system is consistent then a, b, and c has satisfy bac  . 

11. Prove: If the linear system dlxxckxx  2121  and  has the same solution 

set, then the equations are identic. 

 

 

 


