CHAPTER 1

Variable Random Transformation

Suppose X is a random variable and Y = ¢ (X) for some function g. Given the
distribution of X, what is the distribution of Y7

1.1. One-To-One Transformation

Let g(z) be a real-valued function of a real variable z. If the equation y = g(x)
can be solved uniquely, say = h(y) then the transformation is one-to-one.

THEOREM 1. Suppose that X is a discrete random variable with pdf fx (z) and
that Y = g(X) defines a one-to-one transformation. In other words, the equation
y = g(z) can be solved uniquely, say x = h(y). Then the pdf of Y is

(1.1.1) fy() =fx(h(y)),y e B
where B = {y | fy(y) > 0}.
ProoF. This follow because
fy(y)=P[Y =y|=Plg(X) =yl =P[X =h(y)] = fx(h(y))
([l

EXAMPLE 2. Let X ~ GEO(p), so that fx(z) = p¢g® 1,2 = 1,2,3,.... Let
Y=X- 17 then g({E) =T — 11 h(y) = y+ 17 and fY(y) :pq(y+1)71ay = 07 1723 ceee

THEOREM 3. Suppose that X is a continuous random variable with pdf fx (x)
and assume that Y = g(X) defines a one-to-one transformation from A = {z | fx(x)

on to B ={y]| fy(y) > 0} with inverse transformation v = h(y). If the derivative

%5}’) is continuous and non zero on B, then the pdf of Y is

dh (y)

(1.12) Fr() = Fx(h () \

, Y€ B
dy 4

PrOOF. If y = g(z) is one-to-one transformation, then it is either monotonic
increasing and monotonic decreasing. If it is assumed that it is increasing, then
g(z) <y if and only if < h(y), and thus

Fy(y)=PlY <y|=Plg(X) <y]=P[X <h(y)] = Fx(h(y))

and consequently,

_dFx(h) _ dFx(h ) dh()
- Are) _ dCON D) _ pth)|

because ¢’ (x) > 0 when g (z) is increasing then LZS’) > 0.

Iy (y)

dh (y) ‘
dy

1

> 0}
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In the decreasing case, g(x) < y if and only if h(y) < z, and thus
Fy(y)=P[Y <y]=Plg(X) <yl =P[X =2 h(y)]=1-Fx(h(y))

and,
_ dh (y) _ dh (y)
Fr(s) = =) 2 = pe(n )| "k
because ¢’ (z) < 0 when g (z) is decreasing then %gjy) < 0. O

The derivative of h (y) is usually referred to as the Jacobian of the transfor-

dh(y)

mation, and denoted by J = TR

EXAMPLE 4. Suppose Fx(z) = 1 — e 2%,0 < x < oo, determine the pdf of
Y =eX.

Solution. The inverse transformation is = h(y) = Iny, and the Jacobian is
J=hn"(y)= i, so that

1 1
fy(y) = fx(Iny) ‘y‘ = 2¢~2(ny) <y> =2y 3, 1<y<oo

EXAMPLE 5. Suppose Y ~ LOGN (,u, 02), determine the pdf of X =1InY.
Solution. The pdf of Y is

v () 1 _(ny—p? 0<uy<
v = ———¢ 20 , o0
Y Yyov 2w Y
with parameter —oo < p < oo and 0 < 0 < oco. The inverse transformation is
y = g(x) = €%, and the Jacobian is J = ¢’ (z)) = €%, so that
1 CR 1 (=)
fx(@) = fy(e®) || = ——=e~ 22 et = ¢ 3% | —00< T <00

etov2m oV2m
Therefore X ~ N (/L,O’2).

EXAMPLE 6. Suppose X ~ N (0,1), define the pdf of Y = y + 0 X for some
c>0.

Solution. The pdf of X is

r) = e ?2,—co<r <
fX( ) \/ﬁ
The inverse transformation is z = h(y) = “-F, and the Jacobian is J =
W (y)) = L, so that
y—p |1 1 _w=w?
= —| = e 22 [ —o00o<YyY<oo
fry)=fx(==) |7 P y

Therefore Y ~ N (,u,02 .
EXERCISE 7. Work the following exercise

(1) Suppose fx(z) = §,z =1,2,5, determine the pdf of Y = 3X 44

(2) Let X have fx(z) = 2 (1-2?%),-1 < z < 1, determine the pdf of ¥ =
X +2

(3) Suppose X ~ N (u, 02) and 0 < 0 < 0o, determine the pdf of Z = %



1.1. ONE-TO-ONE TRANSFORMATION 3

(4) Let X have fx(z) = ”2%21, —2 < z < 4, determine the pdf of Y = X2
THEOREM 8. If X is continuous with CDF F (X)), thenU = F (X) ~ UNIF (0,1).

PROOF. It is assumed that F () is one-to-one transformation then F~! (u) is
existed.

Fy(u)=PlU<u]=P[F(X)<u=P[X<F ' (u]=F(F ' (u)=u
Since 0 < F'(z) <1, then Fy(u) =0if w <0 and Fy(u) = 1if w > 1 . Therefore,

<
0
0, 0>u
Fy(u) =< u, O<u<l

1, u>1



