0.1. Sums of Random Variables

Sums of independent random variables often arise in practice. In examples,
determine the distribution of a sum of S = X;+4 X5 where X; and X5 are continuous
random variables.

EXAMPLE 1. Let X; and X» be independent and uniform, X; ~ UNIF (0,1).
Consider the transformation T'= X; and S = X; + X5. Find the pdf of S.

Solution.
The pdf of X is

s 0<s<1
fS(S){ 29-5 ,1<x<?2

ExaMPLE 2. Let fy (u) =e ™ u>0and fy (v) =20,0<v<1. U and V
are independent. If X = U + V, then the pdf of X is?

Solution.
(1) Consider the transformation X = U 4+ V and Y = V. The pdf of X is
T
e~y = ... 0<z<l
Fx(z) = of1 y_(_) Y
of 2ye” T Vdy=.. | 1<z<o0
(2) Consider the transformation X =U 4+ V and Y = U. The pdf of X is
o[ 2(x—yeVdy=.. ,0<z<l1
fX($> = x _
o1 [(2(x—y)eVdy=.. ,1<z<o0

The pdf of X is

Fx (@) 20427 -2 0<z<l1
xTr) =
X 2e™% ,x>1

EXAMPLE 3. Let X; and X5 be independent and uniform, X; ~ UNIF (0, 1).
Consider the transformation Y; = % and Y5 = X71.X5. Find the pdf of Y7 and Y5.

Solution.

ExamMPLE 4. Let X; and X5 are independent gamma variables, f (z1, x3) =

1 -1 _B-1 _g,— . . N
Wm? sz e~ 1772 () < x; < oo. Consider the transformation Y7 = X7 + X
and Y = SO

The joint pdf of Y; and Y5 is

fyiva(yi,92) = s (y1,92) € ..
And the pdf of Y is

ExampPLE 5. Let X7, X5 and X3 are independent gamma variables, X; ~

GAM (1,04),i = 1,2,3. Consider the transformation Y; = SX" ,i = 1,2 and
=5
3
Ys= 2 X,
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The joint pdf of Y, Y5, and Y3 is

fY17Y2,Y3(ylay2ay3) = ey (ylay25y3) € ...

And the pdf of Y3 is

A technique based on moment generating functions usually is much more con-
venient than using transformations for determining the distribution of sums of
independent random variables.

THEOREM 6. If X1, Xo, ..., X,, are independent random variables with MGF's

Mx, (t) then the MGF of Y = >_ X, is
i=1
My (t) = Mx, (¢)..Mx, (t)

PROOF. Notice that etY = etl(Xit+Xn) = otX1  otX1 g
My (t) = E (eY) = E (et +X0)) = B (etX1) E (e™) = M, (t)...Mx, (t)

(I
ExampPLE 7. Let X1, X5, ..., X} be independent binomial random variables with
k
respective parameters n; and p, X; ~ BIN (n;,p), and let Y = Y X.
i=1

It follows that My (t) = ...
Thus, Y ~ ...

ExAmMPLE 8. Let X1, Xo,...,X,, be independent Poisson-distributed random
n
variables with respective parameters n; and p, X; ~ POI (u;), and let Y = >~ X.
i=1
It follows that My (t) = ...
Thus, YV ~ ...

ExaMPLE 9. Let X7, Xs,..., X;, be independent Gamma-distributed with re-
spective shape parameter k1, ko, ..., k, and common scale parameter 6, X; ~ GAM (0, ;)
fori=1,2,...,n,and let Y = > X.

i=1
It follows that My (t) = ...
Thus, X ~ ...

ExampLE 10. Let X5, Xo, ..., X,, be independent normally distributed random
variables, X; ~ N (p;,0?), and let Y = Y~ X;.
i=1

It follows that My (t) = ...

Thus, YV ~ ...

This includes the special case of a random sample X, X5, ..., X,, from a nor-
mally distributed population, say X; ~ N(,u,aQ). In this case, © = p; and

n

02 = o2 for all i = 1,2,...,n, and consequently ZlXi ~ N (np,no?). It also fol-
1=

PO

i

*=-— is normally distributed,

lows readily in the case that the sample mean, X =
X~N (/,L7 %2)



