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This book on algebraic systems is designed to be used either as a supplement to current texts or
as a stand-alone text for a course in modern abstract algebra at the junior and/or senior levels.
In addition, graduate students can use this book as a source for review. As such, this book is
intended to provide a solid foundation for future study of a variety of systems rather than to be
a study in depth of any one or more.

The basic ingredients of algebraic systems—sets of elements, relations, operations, and
mappings—are discussed in the first two chapters. The format established for this book is as
follows:

a simple and concise presentation of each topic

a wide variety of familiar examples

proofs of most theorems included among the solved problems
a carefully selected set of supplementary exercises

T this upgmadde, the wad has made an ellort 1oose slandavd notanons Tor the et ol naiual
numbers, the set of integers, the set of rational numbers, and the set of real numbers. In
addition, definitions are highlighted rather than being embedded in the prose of the text.
Also, a new chapter (Chapter 10) has been added to the text. It gives a very brief discussion
of Sylow Theorems and the Galois group.

The text starts with the Peano postulates for the natural numbers in Chapter 3, with the
various number systems of elementary algebra being constructed and their salient properties
discussed. This not only introduces the reader to a detailed and rigorous development of these
number systems but also provides the reader with much needed practice for the reasoning
behind the properties of the abstract systems which follow.

The first abstract algebraic system—the Group—is considered in Chapter 9. Coscts of a
subgroup, invariant subgroups, and their quotient groups are investigated as well. Chapter 9
ends with the Jordan—Hélder Theorem for finite groups.

Rings, Integral Domains Division Rings, Fields are discussed in Chapters 11-12 while
Polynomials over rings and fields are then considered in Chapter 13. Throughout these
chapters, considerable attention is given to finite rings.

Vector spaces are introduced in Chapter 14. The algebra of linear transformations on a
vector space of finite dimension leads naturally to the algebra of matrices (Chapter 15). Matrices
are then used to solve systems of linear equations and, thus provide simpler solutions to
a number of problems connected to vector spaces. Matrix polynomials are discussed in

v
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Chapter 16 as an example of a non-commutative polynomial ring. The characteristic
polynomial of a square matrix over a field is then defined. The characteristic roots
and associated invariant vectors of real symmetric matrices are used to reduce the equations
of conics and quadric surfaces to standard form. Lincar algebras are formally defined in
Chapter 17 and other examples briefly considered.

In the final chapter (Chapter 18), Boolean algebras are introduced and important
applications to simple electric circuits are discussed.

The co-autaor wishes o thank the stall ol he Schaum®™s Outlines wrou, especially Barbara
Gilson, Maureen Walker, and Andrew Litell, for all their support. In addition, the co-author
wishes to thank the estate of Dr. Frank Ayres, Jr. for allowing me to help upgrade the
original text.
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Sets

INTRODUCTION

In this chapter, we study the concept of sets. Specifically, we study the laws of operations with sets and
Venn diagram representation of sets.

1.1 SETS

Any collection of objects as (a) the points of a given line segment, (b) the lines through a given point in
ordinary space, (c) the natural numbers less than 10, (d) the five Jones boys and their dog, (e) the pages
of this book ... will be called a set or class. The individual points, lines, numbers, boys and dog,
pages, ... will be called elements of the respective sets. Generally, sets will be denoted by capital letters,
and arbitrary elements of sets will be denoted by lowercase letters.

DEFINITION 1.1: Let A be the given set, and let p and ¢q denote certain objects. When p is an element
of A, we shall indicate this fact by writing p € 4; when both p and g are elements of A, we shall write
D,q € A instead of p € 4 and g € A; when g is not an element of 4, we shall write g ¢ 4.

Although in much of our study of sets we will not be concerned with the type of elements, sets of
numbers will naturally appear in many of our examples and problems. For convenience, we shall now
reserve
N to denote the set of all natural numbers
Z to denote the set of all integers
Q@ to denote the set of all rational numbers
R to denote the set of all real numbers

EXAMPLE 1.

(@) 1 e N and 205 € N since 1 and 205 are natural numbers; %, — 5 ¢ N since ;— and —5 are not natural numbers.

%

() The symbol € indicates membership and may be translated as “in,” “is in,” “are in,” “be in” according
to context. Thus, “Let » € @” may be read as “Let r be in @ and “For any p, g € Z” may be read as “For any
p and g in Z.” We shall at times write n # 0 € Z instead of n # 0,n € Z; also p # 0,q9 € Z instead of p,q e Z
with p # 0.

LLINTY

The sets to be introduced here will always be well defined—that is, it will always be possible
to determine whether any given object does or does not belong to the particular set. The sets of the

1
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2 SETS [CHAP. 1

first paragraph were defined by means of precise statements in words. At times, a set will be given
in tabular form by exhibiting its elements between a pair of braces; for example,

A = {a} is the set consisting of the single element a.

B ={a, b} is the set consisting of the two elements a and 5.

C =11,2,3,4} is the set of natural numbers less than 5.

K =1{2,4,6,...} is the set of all even natural numbers.

L={..,—15 —-10, —5,0,5,10,15,...} is the set of all integers having 5 as a factor

The sets C, K, and L above may also be defined as follows:

C={x:xeN, x<5}
K={x:xeN, xis even}

L={x:xeZ, xis divisible by 5}

Here each set consists of all objects x satisfying the conditions following the colon. See Problem 1.1.

1.2 EQUAL SETS

DEFINITION 1.2: When two sets A and B consist of the same elements, they are called equal and we
shall write 4 = B. To indicate that 4 and B are not equal, we shall write 4 # B.

EXAMPLE 2.

(i) When A = {Mary, Helen, John} and B = {Helen, John, Mary}, then 4 = B. Note that a variation in the order
in which the elements of a set are tabulated is immaterial.
(i) When 4 ={2,3,4}and B = {3, 2, 3, 2,4}, then 4 = B since each element of 4 is in B and each element of B is in
A. Note that a set is not changed by repeating one or more of its elements.
(@ii) When A ={1,2} and B ={1,2,3,4}, then 4 # B since 3 and 4 are elements of B but not A4.

1.3 SUBSETS OF A SET
DEFINITION 1.3: Let S be a given set. Any set A, each of whose elements is also an element of S, is
said to be contained in S and is called a subset of S.
EXAMPLE 3. The sets A4=1{2}, B=1{1,2,3}, and C={4,5} are subsets of S=1{1,2,3,4,5}. Also,
D ={1,2,3,4,5} = S is a subset of S.

The set £ ={1,2,6} is not a subset of S since 6 € E but 6 ¢ S.
DEFINITION 1.4: Let 4 be a subset of S. If A # S, we shall call 4 a proper subset of S and write
A : S (to be read “A is a proper subset of S or “A4 is properly contained in S’).

More often and in particular when the possibility 4 = S is not excluded, we shall write 4 < S (to be
read “A is a subset of S or “4 is contained in ). Of all the subsets of a given set S, only S itself
is improper, that is, is not a proper subset of S.

EXAMPLE 4. For the sets of Example 3 we may write A= S, B=S, C- S, D=~ S, E£S. The precise
statements, of course,are 4 =S, B:ZS,C:ZS,D=S,E % S.



CHAP. 1] SETS 3

Note carefully that € connects an element and a set, while <~ and ‘- connect two sets. Thus, 2 € S
and {2} = S are correct statements, while 2 -~ S and {2} € § are incorrect.

DEFINITION 1.5: Let A be a proper subset of S with S consisting of the elements of 4 together with
certain elements not in A. These latter elements, i.e., {x : x € S, x¢ A}, constitute another proper subset
of S called the complement of the subset 4 in S.

EXAMPLE 5. For the set S ={1,2,3,4, 5} of Example 3, the complement of 4 = {2} in S'is F = {1, 3,4, 5}. Also,
B=1{1,2,3} and C = {4, 5} are complementary subsets in S.

Our discussion of complementary subsets of a given set implies that these subsets be proper.
The reason is simply that, thus far, we have been depending upon intuition regarding sets; that
is, we have tactily assumed that every set must have at least one element. In order to remove
this restriction (also to provide a complement for the improper subset S in S), we introduce the empty or
null set 0.

DEFINITION 1.6: The empty or the null set @ is the set having no elements.
There follows readily

(i) @ is a subset of every set S.
(@i) @ is a proper subset of every set S # @.

EXAMPLE 6. The subsets of S ={a,b,c} are @, {a}, {b}, {c}, {a,b}, {a,c}, {b,c}, and {a,b,c}. The pairs of
complementary subsets are

{a,b,c} and 7] {a, b} and {c}
{a, c} and {b} {b,c} and {a}

There is an even number of subsets and, hence, an odd number of proper subsets of a set of 3 elements. Is this true
for a set of 303 elements? of 303, 000 elements?

1.4 UNIVERSAL SETS

DEFINITION 1.7: If U # @ is a given set whose subsets are under consideration, the given set will
often be referred to as a universal set.

EXAMPLE 7. Consider the equation
G+ DCx —DBx+ D> —2)x2+1)=0

whose solution set, that is, the set whose elements are the roots of the equation, is S — [—1,3/2, —4/3,
V2, = «/2,i, — i} provided the universal set is the set of all complex numbers. However, if the universal set is R,
the solution set is 4 — |—1,3/2, —4/3,+/2, —+/2}. What is the solution set if the universal set is @? is Z? is N?

If, on the contrary, we are given two sets A ={1,2,3} and B=1{4,5,6,7}, and nothing more,
we have little knowledge of the universal set U of which they are subsets. For example, U might be
{1,2,3,...,7}, {x:xeN,x <1000}, N, Z,.... Nevertheless, when dealing with a number of sets
A,B,C,..., we shall always think of them as subsets of some universal set U not necessarily explicitly
defined. With respect to this universal set, the complements of the subsets 4, B, C,. .. will be denoted by
A,B,C’,... respectively.



4 SETS [CHAP. 1

1.5 INTERSECTION AND UNION OF SETS

DEFINITION 1.8: Let A and B be given sets. The set of all elements which belong to both 4 and B is
called the intersection of A and B. It will be denoted by 4 N B (read either as “the intersection of 4 and
B” or as “A cap B”). Thus,

ANB={x:x€ Aand x € B}

DEFINITION 1.9: The set of all elements which belong to 4 alone or to B alone or to both 4 and B
is called the union of A and B. It will be denoted by 4 U B (read either as “‘the union of 4 and B” or as “A4
cup B”). Thus,

AUB={x:x¢c A alone or x € B alone or x € AN B}
More often, however, we shall write
AUB={x:xe€ Aor xe€ B}
The two are equivalent since every element of A N B is an element of A.

EXAMPLE 8. Let 4 =1{1,2,3,4} and B={2,3,5,8,10}; then AUB={1,2,3,4,5,8,10} and AN B = {2,3}.
See also Problems 1.2-1.4.

DEFINITION 1.10: Two sets A and B will be called disjoint if they have no element in common, that is,
if ANB=4@.

In Example 6, any two of the sets {a}, {b}, {c} are disjoint; also the sets {a, b} and {c}, the sets {a, c}
and {b}, and the sets {b, c} and {a} are disjoint.

1.6 VENN DIAGRAMS

The complement, intersection, and union of sets may be pictured by means of Venn diagrams. In the
diagrams below the universal set U is represented by points (not indicated) in the interior of a rectangle,
and any of its non-empty subsets by points in the interior of closed curves. (To avoid confusion, we
shall agree that no element of U is represented by a point on the boundary of any of these curves.)
In Fig. 1-1(a), the subsets 4 and B of U satisfy 4 © B; in Fig. 1-1(b), A N B = @; in Fig. 1-1(c), A and B
have at least one element in common so that 4 N B # @.

Suppose now that the interior of U, except for the interior of 4, in the diagrams below are shaded.
In each case, the shaded area will represent the complementary set A’ of 4 in U.

The union 4 U B and the intersection 4 N B of the sets A and B of Fig. 1-1(c) are represented
by the shaded area in Fig. 1-2(a) and (), respectively. In Fig. 1-2(a), the unshaded area represents
(AU BY, the complement of 4 U B in U, in Fig. 1-2(b), the unshaded area represents (4 N B)Y. From
these diagrams, as also from the definitions of N and U, it is clear that AUB=BUA and
ANB=BNA. See Problems 1.5-1.7.

S| P &

(@) (b) ()




CHAP. 1] SETS 5

Fig. 12

1.7 OPERATIONS WITH SETS

In addition to complementation, union, and intersection, which we shall call operations with sets,
we define:

DEFINITION 1.11: The oiffereree -1 B, in that order, of two sets 4 and B is the set of all elements of
A which do not belong to B, i.e.,

A—B={x:x€A,x ¢ B}

In Fig. 1-3, A — B is represented by the shaded area and B — A by the cross-hatched area. There follow

A—B=ANB =B —A4
A-B=@if and only if 4 =~ B
A—-B=B—Aif andonlyif A=RB
A-B=Aifandonlyif ANB=0

Fig. 1-3

EXAMPLE 9. Prove:(aq)A—B=ANB =B —A;(b) A—-B=¢ifandonlyif 4 <~ B; (c) A — B = A if and only
if ANB=4.

(@) A-B={x:x€Ad,x ¢ Bl={x:xcAandxeB}=A4ANB
={x:x¢ A, xeB}=B -4

(b) Suppose A B=(.Then,by(a), ANB =@,ie., Aand B are disjoint. Now B and B’ are disjoint; hence, since
BUB = U, we have A — B.

Conversely, suppose 4 = B. Then ANB' =@ and 4 — B=40.
(¢) Suppose A—B=A.Then ANB = A4, ie., A - B. Hence, by (b),
AN(BY =ANB=0

Conversely, suppose ANB=@. Then A —B ¥, A—B,ANB =Aand A—B=A.

In Problems 5-7, Venn diagrams have been used to illustrate a number of properties of operations
with sets. Conversely, further possible properties may be read out of these diagrams. For example,
Fig. 1-3 suggests

(A—B)U(B—A)=(AUB) {4ANB)

It must be understood, however, that while any theorem or property can be illustrated by a Venn
diagram, no theorem can be proved by the use of one.

EXAMPLE 10. Prove (4 — B)U (B — A) = (AU B)— (AN B).

The proof consists in showing that every element of (4 — B) U (B — 4) is an element of (4UB) (4N B) and,
conversely, every element of (4 U Bl — (4 N B) is an element of (4 — B) U (B — A). Each step follows from a previous
definition and it will be left for the reader to substantiate these steps.
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Table 1-1 Laws of Operations with Sets

(1.) )y=4

(12 @¢'=U 12y vU'=¢

(13) A-A=0,A— " —-A, A—B=ANPF

(14 Aug=4 (14) AnU=4

(1.5) AuU=U (1.5) Andg=4¢

(1.6) AUuA=A4 (1.6) AnA=A4

(1.7) Aud'=U (1.7) AnA'=0
Associative Laws

(1.8) (AUB)UC=AU(BUC) (1.8) ANB)NC=ANBNC)
Commutative Laws

(19) AUB=BUA (1.9 ANB=BNA
Distributive Laws

(1.10) AUBNC)=(AUBNAUCOC) (1.10) ANBUC)=(ANBUMANC)
De Morgan’s Laws

(1.11) (4UBY=4A'NnPF (1.11) (AnBY=4A'UPB

(1.12) A—(BUC)=A—-BNMUA-C) (1.12) A—-BNCO)=(A-BUA4-0)

Letxe(A—B)U(B—-A);thenxe A—BorxeB—A.If x€ A — B, then x € 4 but x¢ B; if x € B— A, then
x € Bbut x¢ 4. In either case, x € AU B but x¢ AN B. Hence, x e (AUB) (AN B)and

(A—B)UB—-A41=(AUB) (ANB)

Conversely, let xe(AUB} [ANB), then xe AUB but x ¢ ANB. Now either xe 4 but x ¢ B, ie.,
x€A-B, or xeB but x¢ A, ie, xe€B—A. Hence, x€(A4d-BUB—-4) and (4 U B) -
(ANBy= 14 -B)U(B - A).

Finally, (4—B)U(B - A)Z(AUB) (ANB) and (A4UBY (ANB}<(A—B)U(B-A4) imply (4—-B)U
(B—A)=(AUB) (4ANB).

For future reference we list in Table 1-1 the more important laws governing operations with sets.
Here the sets 4, B, C are subsets of U the universal set. See Problems 1.8-1.16.

1.8 THE PRODUCT SET
DEFINITION 1.12: Let A ={a, b} and B = {b, c,d}. The set of distinct ordered pairs

C ={(a,b),(a,0),(a,d), (b,b), (b, c),(b,d)}

in which the first component of each pair is an element of 4 while the second is an element of B, is
called the product set C = A > B (in that order) of the given sets. Thus, if 4 and B are arbitrary sets, we
define

Ax»B={(x,y): xe€ A,y € B}

EXAMPLE 11. Identify the elements of X = {1,2,3} as the coordinates of points on the x-axis (see Fig. 1-4),
thought of as a number scale, and the elements of ¥ = {1,2, 3,4} as the coordinates of points on the y-axis, thought
of as a number scale. Then the elements of X' .« Y are the rectangular coordinates of the 12 points shown. Similarly,
when X =Y =N, the set X = Y are the coordinates of all points in the first quadrant having integral coordinates.
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1.9 MAPPINGS

Consider the set H = {hi,hy,hs,...,hg} of all houses on a certain block of Main Street and the
set C={c;,c2,C3,...,C39} of all children living in this block. We shall be concerned here with the
natural association of each child of C with the house of H in which the child lives. Let us assume that
this results in associating c¢; with Ao, ¢ with As, c3 with Ay, ¢4 with As, ¢s with Ag, ..., c39 with A3. Such
an association of or correspondence between the elements of C and H is called a mapping of C into H.
The unique element of H associated with any element of C'is called the image of that element (of C) in the
mapping.

Now there are two possibilities for this mapping: (1) every element of H is an image, that is, in each
house there lives at least one child; (2) at least one element of H is not an image, that is, in at least one
house there live no children. In the case (1), we shall call the correspondence a mapping of C onto H.
Thus, the use of “onto” instead of ““into” calls attention to the fact that in the mapping every element of
H is an image. In the case (2), we shall call the correspondence a mapping of C into, but not onto, H.
Whenever we write “ir is a mapping of 4 into B the possibility that i+ may, in fact, be a mapping of 4
onto B is not excluded. Only when it is necessary to distinguish between cases will we write either “ir is
a mapping of 4 onto B” or “w is a mapping of 4 into, but not onto, B.”

A particular mapping ~ of one set into another may be defined in various ways. For example, the
mapping of C into H above may be defined by listing the ordered pairs

= {(C] s hZ)’ (02’ h5)’ (03’ hZ)’ (04’ hS)’ (05’ hg)’ ceey (039’ h3)}

It is now clear that i is simply a certain subset of the product set C . H of C and H. Hence, we define
DEFINITION 1.13: A mapping of a set 4 into a set Bis a subset of 4 » B in which each element of 4
occurs once and only once as the first component in the elements of the subset.

DEFINITION 1.14: In any mapping i of 4 into B, the set A4 is called the domain and the set B is called
the co-domain of . If the mapping is “onto,” Bis also called the range of r; otherwise, the range of i is
the proper subset of B consisting of the images of all elements of A.

A mapping of a set 4 into a set B may also be displayed by the use of — to connect associated
elements.

EXAMPLE 12. Let A ={a,b,c} and B = {1,2}. Then

w:a—>1,b—>2,c—> 2
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is a mapping of 4 onto B (every element of B is an image) while
A:l—>a,2—>b
is a mapping of B into, but not onto, 4 (not every element of 4 is an image).
In the mapping «, 4 is the domain and B is both the co-domain and the range. In the mapping [, B is the domain,
A is the co-domain, and C = {a, b _ A is the range.
When the number of elements involved is small, Venn diagrams may be used to advantage. Fig. 1-5 displays the

mappings «+ and # of this example.
A third way of denoting a mapping is discussed in

EXAMPLE 13. Consider the mapping of = of N into itself, that is, of N into N,

€:1—->3,2—->53->7,4->9,...
or, more compactly,
w:n—=>2n+1,neN
Such a mapping will frequently be defined by
#(l)=3, #2)=5, (3)=7, #(4)=09,...
or, more compactly, by
Hn)=2n+1,neN

Here N is the domain (also the co-domain) but not the range of the mapping. The range is the proper subset M of N
given by

M={x:x=2n+1,ne N}

or M ={x:xeN,xis odd}

Mappings of a set X into a set Y, especially when X and Y are sets of numbers, are better known
to the reader as functions. For instance, defining X = N and Y = M in Example 13 and using f instead
of i, the mapping (function) may be expressed in functional notation as

@) y=fx=2x+1

We say here that y is defined as a function of x. It is customary nowadays to distinguish between
“function” and ““function of.” Thus, in the example, we would define the function f by

S={xy):y=2x+1, x e X}

or f={x2x+1:xeX}
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that is, as the particular subset of X = Y, and consider (i) as the “rule” by which this subset is
determined. Throughout much of this book we shall use the term mapping rather than function and,
thus, find little use for the functional notation.

Let v be a mapping of 4 into B and [ be a mapping of Binto C. ™aw the offcer of ivis tomap a € 4
into (@) € B and the cffeer of Bis to map r«(a) € B into f(ix(a)) € C. This is the net result of applying
followed by /# in a mapping of 4 into C.

We shall call e the product of the mappings  and ir in that order. Note also that we have used the
term product twice [n cthis chaprer with meanings quite different frem the familiar produoct, say. of two
integers. This is unavoidable unless we keep inventing new names.

EXAMPLE 14. Refer to Fig. 1-6. Let 4 = {a,b,c}, B={d,e}, C={f,g h,i} and

w(a) =d, w(b) =e, wc)=e
fd) =1, #e) = h
Then (@) = Hd) =1, (b)) = fe) = h

1.10 ONE-TO-ONE MAPPINGS

DEFINITION 1.15: A mapping a — a’ of a set 4 into a set Bis called a one-to-one mapping of A into B
if the images of distinct elements of A are distinct elements of B; if, in addition, every element of B is an
image, the mapping is called a one-to-one mapping of A onto B.

In the latter case, it is clear that the mapping a — a’ induces a mapping a’ — a of B onto 4. The
two mappings are usually combined into a <> a’ and called a one-to-one correspondence between A and B.
EXAMPLE 15.

(a) The mapping i of Example 14 is not a one-to-one mapping of 4 into B (the distinct elements b and ¢ of 4 have
the same image).

(b) The mapping f of Example 14 is a one-to-one mapping of B into, but not onto, C (g € C is not an image).

(¢) When A ={a,b,c,d} and B={p,q,r,s},
(i) mraepbogqcordos

and @) m:aoerboepcoqgdos

are examples of one-to-one mappings of 4 onto B.

DEFINITION 1.16: Two sets A and B are said to have the same number of elements if and only if a
one-to-one mapping of A onto B exists.
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A set A is said to have n elements if there exists a one-to-one mapping of 4 onto the subset
§=1{1,2,3,...,n} of N. In this case, 4 is called a finite set.
The mapping

ir(n) =2n,ne N
of N onto the proper subset M = {x: x € N, x is even} of N is both one-to-one and onto. Now N is an

infinite set; in fact, we may define an infinite set as one for which there exists a one-to-one
correspondence between it and one of its proper subsets.

DEFINITION 1.17: An infinite set is called countable or denumerable if there exists a one-to-one
correspondence between it and the set N of all natural numbers.

1.11 ONE-TO-ONE MAPPING OF A SET ONTO ITSELF
Let

¥:x<x+1, #Fi1x <o 3x, Fix<o 2x—5, dixeox-—1
be one-to-one mappings of R onto itself. Since for any x € R

fwx) = Sx+1D)=3(x+1)

while #(H(x)) = w(3x) = 3x + 1,
we see that

(@) w(f(x)) # H((x)) or simply v # fier.

However,
Ax) =4Q2x—5)=2x—6
and Erx)) =0+ D) =2x+1)—6=2x—4
while (rx) =rv(x+1D)=2x 3
and a(po)(x) =32x—3)=2x—3—-1=2x—4
Thus @ () =i(ym)
Now
Xy =3x+1)=x
and wix)=wx—1)=x

that is,  followed by 3 (also, & followed by i¥) maps each x € R into itself. Denote by 7, the identity
mapping,

J:xex
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Then (i) whi=dv=J

that is, # undoes whatever ir does (also, i¥ undoes whatever 4 does). In view of (iii ), # is called the inverse
mapping of ~ and we write 5 = v !; also, i is the inverse of 3 and we write v =3 1.
See Problem 1.18.
In Problem 1.19, we prove

Theorem 1. If m is a one-to-one mapping of a set S onto a set 7, then ¥ has a unique inverse,
and conversely.

In Problem 1.20, we prove

Theorem II. 1If i is a one-to-one mapping of a set S onto a set 7 and # is a one-to-one mapping of T’
onto aset U, then () ‘=4 ! w1,

Solved Problems
1.1. Exhibit in tabular form: (@) A={a:aeN,2<a <6}, (b)) B={p:peN,p<10, p is odd},
©C={x:xeZ2x*+x 6=0}
(a) Here A consists of all natural numbers (a € N) between 2 and 6; thus, 4 = {3,4, 5}.
(b) B consists of the odd natural numbers less than 10; thus, B = {1,3,5,7,9}.
(¢) The elements of C are the integral roots of 2x2 4+ x — 6 = (2x — 3)(x +2) = 0; thus, C — | 2}.
1.2. Let A={a,b,c,d}, B={a,c,g}, C={c,g,m,n,p}. Then AUB={a,b,c,d,g}, AUC ={a,b,c,d,
g,m,n,p}, BUC ={a,c,g m,n,p};
ANB={a,c}, ANC ={c}, BNC ={c,g}; AN(BUC) ={a,c};
A4AnNBUC={a,cgmnp}, (AUBYNC ={cgl},
ANBUANC)=4AnBUC)={a,c}
1.3. Consider the subsets K =1{2,4,6,8}, L =1{1,2,3,4}, M ={3,4,5,6,8} of U ={1,2,3,...,10}.
(@) Exhibit X', L’, M’ in tabular form. (b) Show that (KULY = K'NL'.
(@ K =1{1,3,5,7,9,10}, L' = {5,6,7,8,9,10}, M’ ={1,2,7,9,10}.
() KUL=1{1,2,3,4,6,8) so that (KUL) ={5,7,9,10}. Then

K'NnL ={579,10} = (KU LY.

1.4. For the sets of Problem 1.2, show: (@) (AUB)UC=AUBUC), () (ANBNC=
AN(BNC).

(a) Since AU B ={a,b,c,d,g} and C = {c,g, m,n, p}, we have
(AuB)UC ={a,b,c,d,g,m,n,p}.
Since A = {a,b,c,d} and BU C = {a, ¢, g, m,n, p}, we have

AUBUC) ={a,b,c,d,g,m,n,p} =(AU B)UC.

(b) Since ANB={a,c}, we have (ANB)NC ={c}. Since BNC ={c,g}, we have AN(BNC)=
{ct=ANnB)NC.
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1.5.

1.6.
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In Fig. 1-1(c), let C=ANB, D=ANB', E=BNA and F =(4U BY. Verify: (@) (AUB) =
ANB,(b)(ANBY =A UB'.

(@ ANB' =(EUF)N(DUF)=F=(AUBY
b AUB =(EUF)UDUF)=(EUF)UD=C'=(4ANBY

Use the Venn diagram of Fig. 1-7 to verify:

(@ E=ANBNC’ (¢) AU BN C is ambiguous
() AUBUC=(AUBUC=AU(BUC) d ANnC'=GUL

(@) ANB=DUEand C'=EUFUGU L; then
ANBNC'=E
()) AUBUC=EUFUGUDUHUJUK. Now

AUB=EUFUGUDUHUJ

and C=DUHUJUK

so that

(AUBJUC=EUFUGUDUHUJUK

=AUBUC

Also, BUC=EUGUDUHUJUK and A =EUFUDU H so that

AU(BUC)=EUFUGUDUHUJUK=AUBUC

(¢) AU BNC could be interpreted either as (AUB)NCoras AUBNC). Now(AUB)NC=DUHUJ,
while AUBNC)=A4AU(DUJ)=A4UJ. Thus, AU BN C is ambiguous.

d) A=GUJUKULand C'=EUFUGUL; hence, /NC'=GU L.

1.7. Let A and B be subsets of U. Use Venn diagrams to illustrate: AN B’ = Aif and onlyif AN B=@.

Suppose 4 N B =@ and refer to Fig. 1-1(b). Now 4 :Z B’; hence AN B’ = A.
Suppose A N B # @ and refer to Fig. 1-1(c). Now 4 7 B’; hence AN B’ # A.
Thus, AN B’ = A4 if and only if AN B =4@.
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1.8.

1.9.

1.10.

1.11.

1.12.

1.13.

1.14.

Prove: (AUB)UC=AU(BUCQO).

Let xe (AUB)UC. Then x€e AUB or xe C, so that x€ 4 or xe B or xe C. When x € 4,
then xe€AUBUC); when xeB or xe€C, then xeBUC and hence xe€AU(BUCQC).
Thus, (AUB)UC = AU(BU ).

Let x€e AUBUC). Then xe A or x e BUC, so that xe A or x € Bor x € C. When x € 4 or x € B,
then x € AUB and hence x e (AUB)UC; when xe€ C, then xe (AUB)UC. Thus, AU(BUC} =
(4UByUC.

Now (AUB)UC - AU(BUC) and AUBUCIZiAUB)UC imply (AUB)UC=AU(BUC) as
required. Thus, 4 U BU C is unambiguous.

Prove: (ANB)NC=A4AN(BNCO).

Let xe(ANB)NC. Then xe ANB and x € C, so that x € 4 and x € B and x € C. Since x € B and
xeC,thenxe BNC;since x€ Aand x e BNC,thenx e AN(BNC). Thus,  ANB)NC=ANBNC).

Let xe AN(BNC). Then x € A and x € BN C, so that xe 4 and x € B and x € C. Since x € 4 and
x €B,then xe ANB;since xe ANBand x € C, then xe (ANB)NC. Thus, AN(BNCH=IANB)NC
and (ANB)NC =A4AN(BN C) as required. Thus, 4 N BN C is unambiguous.

Prove: AN(BUC)=(ANBUANC).

LetxeAN(BUC). Thenxe Aand xe BUC (x e Bor x € C), so that x € 4 and x € Bor x € A and
x € C. When x € 4 and x € B, then x € AN B and so x € (AN B)U (4N C), similarly, when x € 4 and
xeC,thenxe ANCandsoxe(ANB)UANC). Thus, AN(BUCI=ZiANB)UANC).

Letxe (ANB)UMANC),sothatxe ANBorxe AN C. When x € AN B, then x € 4 and x € Bso that
x € A and x € BU C; similarly, when x € AN C, then x € 4 and x € C so that x € 4 and x € BU C. Thus,
xeANBUCand (ANB)UMUANC)=AN(BUC). Finally, AN(BUC) = (4N B)U (4N C) as required.

Prove: (AUBY = A'NB'.

Let x e (AU BY. Now x¢ AN B, so that x¢ 4 and x¢ B. Then x € 4’ and x € B’, that is, x € 4’ N B’;
hence (AU B)' == A’ N B’.

Let x€e A/ NB’. Now x € A’ and x € B, so that x¢ 4 and x¢ B. Then x¢ AU B, so that x € (4 U B)';
hence AN B’ = (AU B)'. Thus, (4U B)’ = A'N B’ as required.

Prove: (ANBUC=(AUC)N(BUC(C).

CU(ANB)=(CUA)N(CUB) by (1.10)

Then (ANB)UC =(AUC)N(BUC) by (1.9)

Prove: A—{BUC)=(A—- BN - C).

Let xe A —{BUC). Now x € 4 and x¢ BU C, that is, x € A but x¢ B and x¢ C. Then x € 4 — B and
x€eA—-C,sothatxe(d—B)N(A—-C)and 4 (BUC}IZIA—B)N(4-C).
Letxe(A—B)NA—-C).NowxeAd—Bandx e A4 —C,thatis,x e Abut x¢ Band x¢ C. Then x € 4
but x¢BUC, so that xe A—IBUC) and (4 —-B)NA—-Cr-A—{BUC). Thus, 4 -iBUC) =
(4 —B)N(4 - C) as required.
Prove: (AUB)N B’ = A if and only if AN B =4.

Using (1.10") and (1.7'), we find
(AUB)NB =(ANBYUBNB)=ANPF

We are then to prove: AN B’ = A4 if and only if AN B =4.
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(@) Suppose ANB=(. Then 4 = B’ and ANB’' = A.
(b) Suppose ANB’'=A. Then A<~ B’ and ANB=4.

Thus, (AU B)N B’ = A4 if (by (a)) and only if (by (5)) 4N B = 8.

1.15. Prove: X - Y if and only if Y’ < X".
(i) Suppose X = Y.Lety’ € Y'. Then y’'¢ X since y'¢ Y; hence, y’ e X and Y’ < X',

(ii) Conversely, suppose Y’ - X’. Now, by (i), (X")’ <= 1Y"’)’; hence, X - Y as required.

1.16. Prove the identity (4 — B)U(B—A4) =(AUB1—{4N B) of Example 10 using the identity
A — B= AN B’ of Example 9.

We have

1.17.

1.18.

1.19.

A—-BUB-A4A=ANBHYUBNA)

=[(ANB)YUB| iliANB")UA'] by (1.10)
=[(AUB)NBUBN" 1 TAUAYN(B' UA") by (1.10)
=[AUBNUIIIUNB UA") by (1.7)
=(AUBN(B' U4 by (1.47)
=(AUB)N(4'UB) by (1.9)
=(AUB)N(ANB) by (1.11")

—(AUB)—(4ANB)

In Fig. 1-8, show that any two line segments have the same number of points.

Let the line segments be 4B and A’B’ of Fig. 1-8. We are to show that it is always possible to
establish a one-to-one correspondence between the points of the two line segments. Denote the intersection
of AB' and BA’' by P. On AB take any point C and denote the intersection of CP and 4A’'B’ by C’.
The mapping

Cc—>C

is the required correspondence, since each point of 4B has a unique image on 4’B’ and each point of A’B’ is
the image of a unique point on 4B.

Prove: (@) x > x+2 is a mapping of N into, but not onto, N. ()) x >3x—-2 is a
one-to-one mapping of @ onto @, (c) x - x> — 3x2 — x is a mapping of R onto R but is not
one-to-one.

@
®)
©

Clearly x + 2 € N when x € N. The mapping is not onto since 2 is not an image.
Clearly 3x — 2 € @ when x € Q. Also, each r € @ is the image of x = (r +2)/3 € Q.

Clearly x* — 3x? — x € R when x € R. Also, when r € R, x> — 3x> — x =r always has a real root x
whose image is . When r  —3, x> — 3x> —x =r has 3real roots x —1,1,3. Since each hasr —3
as its image, the mapping is not one-to-one.

Prove: If i¥ is a one-to-one mapping of a set S onto a set T, then ¥ has a unique inverse and
conversely.

Suppose 11 is a one-to-one mapping of S onto T; then for any s € S, we have

iws)=teT
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1.20.

1.21.

=
Fig. 1-8

Since ¢ is unique, it follows that = induces a one-to-one mapping
B =s

Now (¥)(s) = ##(x(s)) = H(f) = s; hence, #r = J and [ is an inverse of . Suppose this inverse is not ungiue;
in particular, suppose # and | are inverses of . Since

vwf=fr=J and rpr=vi=J

it follows that

Hup=Hw)=4.707 -
and Hupy=()y =T =17

Thus, # = y; the inverse of « is unique.

Conversely, let the mapping i of S into 7 have a unique inverse « !. Suppose for s1, s € S, with 51 # 50,
we have w(s;) = ri(s2). Then w!(c(s1)) = v l(e(s2)), so that (&' w)(s)) = (! w)(sx) and 5, =5, a
contradiction. Thus,  is a one-to-one mapping. Now, for any ¢ € T, we have #(x71(f)) = (- =~)(f) =
t-.7 —t; hence, ¢ is the image of s = = !(f) € S and the mapping is onto.

Prove: If v is a one-to-one mapping of a set S onto a set 7" and ¢ is a one-to-one mapping of T'
onto aset U, then (uf) '=# !-n 1.

Since (f(& '-iv D=w(A- 8 Dv =w-we ' =7, # 1.4 Lis an inverse of vfi. By Problem 1.19 such an
inverse is unique; hence, (o) ' = A 1 a1,

Supplementary Problems

Exhibit each of the following in tabular form:

(a) the set of negative integers greater than —6,

(b) the set of integers between —3 and 4,

(¢) the set of integers whose squares are less than 20,
(d) the set of all positive factors of 18,

(e) the set of all common factors of 16 and 24,

() {p:peN,p? <10}

(g {b:beN,3=b =8}

h) {x:xe€Z 3x2+7x+2=0}
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1.22.

1.23.

1.24.

1.25.

1.26.

1.27.

1.28.

1.29.

1.30.

1.31.

1.32.

1.33.

1.34.

1.35.
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(i) {x:xe@ 2x*+5x+3=0}
Partial Answer: (a) (-5, —4, —3, —2, —1}, (d) {1,2,3,6,9,18}, (f) {1,2,3}, (h) (-2}

Verify: (@) x: xeN,x <1} =0, (®) {x : x € Z 6x*+5x —4=0}=0
Exhibit the 15 proper subsets of S = {a, b, c,d}.
Show that the number of proper subsets of S = {a;,as,...,a,} is 2" — 1.

Using the sets of Problem 1.2, verify: (@) (AUB)UC=A4AUBUCQC), (b)) ANBNC=ANBNC),
©UAUBNC#AUBNC).

Using the sets of Problem 1.3, verify: (a) (K'Y =K, () KNLY =K' UL, (c)(KULUM) =K'NnL' nM,
@) KN(LUM)=(KnLUKNM).

Let “n|m” mean “n is a factor of m.” Given 4 = {x : x € N, 3|x} and B = {x : x € N, 5|x}, list 4 elements of
each of the sets 4, B’, AUB,ANB,AUB’, AN B’, A’ U B’ where A’ and B’ are the respective complements
of A and B in N.

Prove the laws of (1.8)—(1.12’), which were not treated in Problems 1.8-1.13.

Let A and B be subsets of a universal set U. Prove:

(@ AUB=ANBifand onlyif 4 =B,

() ANB=Aifand onlyif 4 :- B,

(©0 UNBHYUA'NB)=AUBifand onlyif ANB=4.

Given n(U) = 692, n(4) =300, n(B) =230, n(C) =370, n(4N B) =150, n(4N C) =180, n(BN C) =90,
n(A N B’'N C’) = 10 where n(S) is the number of distinct elements in the set S, find:

(@ n(ANBNC)=40 (©0 n4NB'NnCH=172
b m4NBNC’)=130 @ mMANBUMUNCYUBNC) =340

Given the mappings w:n—n*+1 and f:n—3n+2 of N into N, find: ww=n*+2n*+2, BA
wit = 3% 45, and v

Which of the following mappings of Z into Z:

(@ x—>x+2 @d x—>4-x
b)) x—3x @ x—->x
© x—-x2 f) x>x2—x

are (i) mappings of Z onto Z, (ii) one-to-one mappings of Z onto Z?

Ans. (), (ii); (a), (d)

Same as Problem 32 with Z replaced by Q. Ans. (i), (ii); (a), (b), (d)
Same as Problem 32 with Z replaced by R. Ans. (@), (i); (a), (b), (d), ()
(a) If Eis the set of all even positive integers, show that x — x + 1, x € F is not a mapping of E onto the set

F of all odd positive integers.

(b) 1If E* is the set consisting of zero and all even positive integers (i.e., the non-negative integers), show that
x —> x+ 1,x € E* is a mapping of E* onto F.
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1.36. Given the one-to-one mappings

J: J1)=1, J2) =2, J@3) =3, J4)=4
w: () =2, w(2) =3, w(3) =4, w4) =1
b A(D =4, A2 =1, £(3) =2, A4) =3
1 Ml) =3, w2) =4, 13) =1, 14) =2
dr A1) =1, i(2) =4, i(3) =3, i@ =2

of § ={1,2,3,4} onto itself, verify:

(@ vfi=ier=J, hence, A=a b)) we=1rr=4 (¢) wi # fu;
d) w2 =um=1y ) 12=J, hence, l=s ) «*=J, hence, =l

® @'=@"Y



Relations and
Operations

INTRODUCTION

The focus of this chapter is on relations that exist between the elements of a set and between sets. Many
of the properties of sets and operations on sets that we will need for future reference are introduced at
this time.

2.1 RELATIONS

Consider the set P =1a,b,c,...,t} of all persons living on a certain block of Main Street. We shall be
concerned in this section with statements such as ““a is the brother of p,” “c is the father of g,” .. ., called
relations on (or in) the set P. Similarly, “is parallel to,” “is perpendicular to,” “makes an angle of 45°
with,” ..., are relations on the set L of all lines in a plane.

Suppose in the set P above that the only fathers are ¢, d, g and that

LIRS

c is the father of a,g,m,p,q
d is the father of f

g is the father of 4, n
Then, with 7. meaning “is the father of,” we may write
cha, cig, clim cWp, cMHq, ditf,ghh giin

Now ¢ R a (c is the father of a) may be thought of as determining an ordered pair, either (a, c] or ic, a,
of the product set P ~ P. Although both will be found in use, we shall always associate ¢ & a with the
ordered pair (a, cl.

With this understanding, % determines on P the set of ordered pairs

{a,c), ig,cl, im,cl, ip,c), ig,cl, {f,d), h,g], in,g)

As in the case of the term function in Chapter 1, we define this subset of P » P to be the relation 7T:.
Thus,

DEFINITION 2.1: A relation ¥ on a set S (more precisely, a binary relation on S, since it will be
a relation between pairs of elements of S) is a subset of S = S.

18
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EXAMPLE 1.

(@) Let S —[2,3,5,6} and let & mean “divides.” Since 2 %2, 2 K6, 3®3, 36, SKS5 6F6, we have
R= I.[232]a r632]a r3a 3:|a r6a 313 rSa 513 r6a6”

() LetS —|[1,2,3,...,20} and let & mean ‘“is three times.” Then3 K1, 6 2, 9% 3, 12 K4, 15% S5, 18 & 6,
and B = {(1,31,12,6),(3,91,(4,123,:5,151, (6,181}

(¢) Consider & —{ix,y1:2x—y 6,x : R|. Geometrically, each Ix,y} =% is a point on the graph of the
equation 2x — y — 6. Thus, while the choice ¢ ~ a means (g, ¢} : ‘% rather than (¢,a} : =& may have appeared
strange at the time, it is now seen to be in keeping with the idea that any equation y  f(x] is merely a special
type of binary relation.

2.2 PROPERTIES OF BINARY RELATIONS
DEFINITION 2.2: A relation X on a set S is called reflexive if a X a for every a = S.

EXAMPLE 2.

(a) Let T be the set of all triangles in a plane and ™. mean ““is congruent to.” Now any triangle ¢ = T is congruent
to itself; thus, ¢ & ¢ for every ¢t = T, and & is reflexive.

(b) For the set T let X mean ‘“has twice the area of.” Clearly, ¢z & ¢t and T.is not reflexive.

(¢) Let R be the set of real numbers and = mean “is less than or equal to.” Thus, any number is less than or equal
to itself so % is reflexive.

DEFINITION 2.3: A relation X on a set S is called symmetric if whenever a & b then b ® a.

EXAMPLE 3.

(a) Let P be the set of all persons living on a block of Main Street and . mean “has the same surname as.” When
x < P has the same surname as y < P, then y has the same surname as x; thus, x K y implies y K x and 7 is
symmetric.

(b) For the same set P, let @ mean “is the brother of ”” and suppose x ™ y. Now y may be the brother or sister of x;
thus, x &y does not necessarily imply y 7. x and & is not symmetric.

(¢) Let R be the set of real numbers and 7 mean ““is less than or equal to.”” Now 3 is less than or equal to 5 but 5 is
not less than or equal to 3. Hence & is not symmetric.

DEFINITION 2.4: A relation * on a set S'is called transitive if whenever a ™. b and b i ¢ then a it c.

EXAMPLE 4.

(a) Let S be the set of all lines in a plane and F mean “is parallel to.” Clearly, if line a is parallel to line 4 and if b
is parallel to line ¢, then a is parallel to ¢ and X is transitive.

(b) For the same set S, let & mean “is perpendicular to.” Now if line a is perpendicular to line » and if &
is perpendicular to line ¢, then a is parallel to ¢. Thus, & is not transitive.

(¢) Let R be the set of real numbers and * mean “is less than or equal to.” If x = y and y = z, then x = z. Hence,
¥ is transitive.

2.3 EQUIVALENCE RELATIONS

DEFINITION 2.5: A relation X on a set S is called an equivalence relation on S when & is
{i 1 reflexive, {ii } symmetric, and {iii ) transitive.

EXAMPLE 5. The relation “ * on the set R is undoubtedly the most familiar equivalence relation.

EXAMPLE 6. Is the relation “has the same surname as” on the set P of Example 3 an equivalence relation?
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Here we must check the validity of each of the following statements involving arbitrary x, y,z = P:

(i1 x has the same surname as x.
[ii} If x has the same surname as y, then y has the same surname as x.
fiiiv If x has the same surname as y and if y has the same surname as z, then x has the same surname as z.

Since each of these is valid, ‘‘has the same surname as” is (7 ] reflexive, (i ] symmetric, (7ii ) transitive, and hence,

is an equivalence relation on P.

EXAMPLE 7. It follows from Example 3(b) that “is the brother of” is not symmetric and, hence, is not an
equivalence relation on P. See Problems 2.1-2.3.

EXAMPLE 8. 1t follows from Example 3(c) that “is less than or equal to” is not symmetric and, hence, is not an
equivalence relation on R.

24 EQUIVALENCE SETS

DEFINITION 2.6: Let S be a set and % be an equivalence relation on S. If a = S, the elements
y = § satisfying y R a constitute a subset, [a], of S, called an equivalence set or equivalence class.

Thus, formally,
lal—iy:y =S, y Kaj
(Note the use of brackets here to denote equivalence classes.)

EXAMPLE 9. Consider the set T of all triangles in a plane and the equivalence relation (see Problem 2.1) “is
congruent to.” When a,b = T we shall mean by [a] the set or class of all triangles of T congruent to the triangle a,
and by [b] the set or class of all triangles of T congruent to the triangle 5. We note, in passing, that triangle a is
included in [a] and that if triangle ¢ is included in both [4] and [b] then [a] and [b] are merely two other ways of
indicating the class [c].

A set {14,B,C,...} of non-empty subsets of a set S will be called a partition of S provided
il A*MVB'\1C'I---— S and (ii] the intersection of every pair of distinct subsets is the empty set.
The principal result of this section is

Theorem 1. An equivalence relation & on a set S «[Tws:ts a partiticn of S, and conversely, a partition of S
defines an equivalence relation on S.

EXAMPLE 10. Let a relation * be defined on the set R of real numbers by x™.y if and only if x| = [y|, and let
us determine if & is an equivalence relation.

Since a| = a| for all a = R, we can see that a~a and % is reflexive.
Now if a®b for some a,b : R then |a| = b so |b| =|a and a%b and R is symmetric.

Finally, if ab and bRc for some a,b,c = R then |a| =|b| and |b = ¢ thus a| = ¢ and aRc. Hence, N is
transitive.

Since N is reflexive, symmetric, and transitive, 7 is an equivalence relation on R. Now the equivalence set or
class |al = [a, — a} for a / 0 and |0] = [0}. The set [|0}, {1, — 1},4{2, —2},...} forms a partition of R.

EXAMPLE 11. Two integers will be said to have the same parity if both are even or both are odd.
The relation “has the same parity as” on Z is an equivalence relation. (Prove this.) The relation establishes two
subsets of Z:

A—|x:x+: Z, xiseven| and B_|x:x: Z, xis odd|

Now every element of Z will be found either in 4 or in B but never in both. Hence, 4 .. B —Z and A" B — ), and
Lhis Teleliom 2lfeels o parlition o Z.
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EXAMPLE 12. Consider the subsets 4 —|3,6,9,...,24}, B —|1,4,7,...,25}, and C — [2,5,8,...,23} of
S=11,2,3,...,25|. Clearly, ALJB..C Sand Ai"B Ai"C B’ C— A so that {4,B,C]| is a partition of S.
The equivalence relation which yields this partition is “has the same remainder when divided by 3 as.”

In proving Theorem I, (see Problem 2.6), use will be made of the following properties of
equivalence sets:

(1) a<=lal
(2) If b = lal, then |b| — lal.
(3) 1If lal1b] = 4, then [a] = [b].

The first of these follows immediately from the reflexive property a & a of an equivalence relation. For
proofs of the others, see Problems 2.4-2.5.

2.5 ORDERING IN SETS

Consider the subset 4 = {2, 1, 3, 12,4} of N. In writing this set we have purposely failed to follow a natural
inclination to give it as 4 = {1, 2, 3,4, 12} so as to point out that the latter version results from the use of
the binary relation (=) defined on N. This ordering of the elements of 4 (also, of N) is said to be total,
since for every a, b = A (m,n = N either a < b, a=b, or a > b im <n, m =n, m > nl. On the other
hand, the hinary relation (], (see Proolem 1.27, Chaprer 1yeftecs only o partial ordering on A,ie.,2 4
but 2 f3. These orderings of 4 can best be illustrated by means of diagrams. Fig. 2-1 shows the ordering
of A allecied by (=),
We begin at the lowest point of the diagram and follow the arrows to obtain

12234 -12
It is to be expected that the diagram for a totally ordered set is always a straight line. Fig. 2-2 shows the

partial ordering of A allzcrad by the relation { ). See also Problem 2.7.

DEFINITION 2.7: A set S will be said to be partially ordered (the possibility of a total ordering is not
excluded) by a binary relation 7t if for arbitrary a,b,c = S,

(i) W is reflexive, ie., a ® q;
(ii) R is anti-symmetric, i.e., a & b and b R a if and only if a = b,
(iii) R is transitive, i.e., a ®. b and b % ¢ implies a % c.

12 12

4
4

3 3
2

2

Fig. 2-1 Fig. 2-2
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It will be left for the reader to check that these properties are satisfied by each of the relations (=)
and () on 4 and also to verify that the properties contain a redundancy in that (ii) implies (7).
The redupdaascy has been inrodvuced to make perfectly clear the essentinl difference hetween the
relations of this and the previous section.

Let S be a partially ordered set with respect to 7. Then:

(1) every subset of S is also partially ordered with respect to & while some subsets may be totally
ordered. For example, in Fig. 2-2 the subset {1, 2, 3} is partially ordered, while the subset {1,2,4} is
totally ordered by the relation ().

(2) the element a = S is called a first element of S if a ¥ x for every x = S.

(3) theelement g = S'is called a last element of Sif x il g for every x = S. [The first (last) element of an
ordered set, assuming there is one, is unique.]

(4) the element a = S is called a minimal element of S if x K a implies x=a for every x = S.

(5) the element g = S'is called a maximal element of S if g K x implies g=x for every x = S.

EXAMPLE 13.

(a) In the orderings of A of Figs. 2-1 and 2-2, the first element is 1 and the last element is 12. Also, 1 is a minimal
element and 12 is a maximal element.

(b) InFig. 2-3, S =la,b,c,d | has a first element a but no last element. Here, a is a minimal element while ¢ and d
are maximal elements.

(¢ InFig. 2-4,S — la,b,c,d, e} has a last element e but no first element. Here, a and b are minimal elements while
e is a maximal element.

An ordered set S having the property that each of its non-empty subsets has a first element, is said
to be well ordered. For example, consider the sets N and @ each ordered by the relation (). Clearly,
N is well ordered but, since the subset {x : x = Q, x > 2} of @ has no first element, Q is not well ordered.
Is Z well ordered by the relation (~:)? Is 4 =11, 2, 3,4, 12} well ordered by the relation (|)?

Let S be well ordered by the relation *. Then for arbitrary a,b = S, the subset {a, b} of S has a first
element and so either a ® b or b & a. We have proved

Theorem II. Every well-ordered set is totally ordered.

2.6 OPERATIONS
Let@ =1lx:x=@Q,x > 0}. Foreverya,b =Q , we have

a bb a a b baa+-bb+a=0Q
Addition, multiplication, and division are examples of binary operations on @ . (Note that such

operations are simply mappings of @ » @ into @ .) For example, addition associates with each pair
a,b=Q" an element a b=Q . Now a |l b—b a but, in general, a=5b L b—=a; hence, to

Fig. 2-3 Fig. 2-4
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ensure a unique image it is necessary to think of these operations as defined on ordered pairs of elements.
Thus,

DEFINITION 2.8: A binary opertaion “ :. ” on a non-empty set S is a mapping which associates with
each ordered pair (a,b) of elements of S a uniquely defined element a:: b of S. In brief, a binary
operation on a set S is a mapping of S » S into S.

EXAMPLE 14.

(a) Addition is a binary operation on the set of even natural numbers (the sum of two even natural numbers
is an even natural number) but is not a binary operation on the set of odd natural numbers (the sum of
two odd natural numbers is an even natural number).

(b) Neither addition nor multiplication are binary operations on S —10,1,2,3,4} since, for example,
243 _5#Sand 2-3 —6¢#S.

(¢) The operationa::b ais a binary operation on the set of real numbers. In this example, the operation assigns
to each ordered pair of elements [a, b] the first element a.

(d) InTable 2-1, defining a certain binary operation - on the set 4 = {a, b, ¢, d, e| is to be read as follows: For every
ordered pair (x, y) of 4 = A, we find x:: y as the entry common to the row labeled x and the column labeled y.
For example, the encircled element is d = e (not e - d).

Table 2-1
a b ¢ d e
ala b ¢ d e
b|b ¢ d e a
clc d e a b
dld e b i
ele a b ¢ d

The fact that :: is a binary operation on a set S is frequently indicated by the equivalent statement:
The set S is closed with respect to the operation :. Example 14(a) may then be expressed: The set
of even natural numbers is closed with respect to addition; the set of odd natural numbers is not closed
with respect to addition.

2.7 TYPES OF BINARY OPERATIONS

DEFINITION 2.9: A binary operation :: on a set S'is called commutative whenever x : y = y = x for all
x,y 8.

EXAMPLE 15.

(a) Addition and multiplication are commutative binary operations, while division is not a commutative binary
operation on @"'.

(b) The operation in Example 14(c) above is not commutative since 2::3 2and 32 3.

(¢) The operation = on A of Table 2-1 is commutative. This may be checked readily by noting that (i) each row
(b,c,d,e,a in the second row, for example) and the same numbered column (b, ¢, d, e, a in the second column)
read exactly the same or that (ii) the elements of S are symmetrically placed with respect to the principal
diagonal (dotted line) extending from the upper left to the lower right of the table.
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DEFINITION 2.10: A binary operation == on a set S is called associative whenever (x:yi=z=
xuaiysz)forall x,y,z = S.

EXAMPLE 16.

(@) Addition and multiplication are associative binary operations on @'.

() The operation - in Example 14(c) is an associative operation since for all a,b =R, a-:(b=cl=
a:b—_aand la=b):c—a=c—a.

(¢) The operation :: on 4 of Table 2-1 is associative. We find, for instance, (b = ¢id d:+ d band
buict:di=b=a b ; (d=el:d c¢»d aandd:lexdi=d=c a; ... Completing the proof here
becomes exceedingly tedious, but it is suggested that the reader check a few other random choices.

(d) Let = be a binary operation on R defined by

a=b a+2bforalla,b: R
Since [a:.b)..c=la+2bl:c a+2b+2c
whilea:ibzcl=a-b+2c)=a+2ib+2ci=a+2b+4c
the operation is not associative.

DEFINITION 2.11: A set S is said to have an identity (unit or neutral) element with respect to
a binary operation : on § if there exists an element u = S with the property u:x=x:u=x for
every x = S.

EXAMPLE 17.

(a) An identity element of @ with respect to addition is 0 since 0 +x x+0 x for every x : @; an identity
element of @ with respect to multiplication is 1 since 1-x x-1 Xx for every x = Q.

(b) N has no identity element with respect to addition, but 1 is an identity element with respect to multiplication.
(¢) An identity element of the set 4 of Example 14(d) with respect to - is a. Note that there is only one.
In Problem 2.8, we prove

Theorem III. The identity element, if one exists, of a set S with respect to a binary operation on S is
unique.

Consider a set S having the identity element u with respect to a binary operation -:. An element y = S
is called an inverse of x = S provided x :y =y :x =u.
EXAMPLE 18.

(a) The inverse with respect to addition, or additive inverse of x = Zis — x since x | i, x) =0, the additive
identity element of Z. In general, x - Z does not have a multiplicative inverse.

(b) In Example 14(d), the inverses of a,b, c,d, e are respectively a, e, d, c, b.
It iz rot difhien't to prave

Theorem IV. Let:. be a binary operation on a set S. The inverse with respect to -- of x = S, if one exists,
is unique.

Finally, let S be a set on which two binary operations [ and :: are defined. The operation [ is said
to be left distributive with respect to : if

adib:cl {adbiwiadcforall abc=S ia)
and is said to be right distributive with respect to . if

ib:chJa {bOal»icOaforalab,c=S ib]
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When both (@) and (b) hold, we say simply that [] is distributive with respect to ::. Note that the
right members of (a) and (b) are equal whenever [ is commutative.

EXAMPLE 19.

(@) For the set of all integers, multiplication 4[] — -] is distributive with respect to addition I: — +]
since x (y+zi=x-y+x-z forall x,y,z=Z

(b) For the set of all integers, let - be ordinary addition and [J be defined by
xOy—x*y_x2 forallx,y=2Z

Since a(db+cl=a%b+a%c=a by ifadecl
O is left distributive with respect to +. Since

ib+clDa ab?*+2abc+ac?+1bdai—ica)—b*a+c?a

[ is not right distributive with respect to +.

2.8 WELL-DEFINED OPERATIONS
Let S =la,b,c,...} be a set on which a binary operation : is defined, and let the relation % partition S
into a set E — ilal,1bl,lcl,...} of equivalence classes. Let a binary operation : on E be defined by
[a] = [b] — [a :: b] for every [a], Ib] = E

Now it is not immediately clear that, for arbitrary p, ¢ < lal and r,s < |b], we have

Ilp=rl—lg = sl — la:b] ic)
We shall say that 3 is well defined on E, that is,

Ipl &lrl — gl &1s| — lal = 15|

if and only if ic} holds.

EXAMPLE 20. The relation “has the same remainder when divided by 9 as” partitions N into nine equivalence
classes [11,121,131,...,I9]. If = is interpreted as addition on N, it is easy to show that :as defined above is
well defined. For example, when x -y =N, 9x+2 < |2] and 9y + 5 = |5]; then [2]T:[5] — [9x +2) — 19y + 51] =
[97x +yi+ 7] — 7] — |12 + 5] etec.

2.9 ISOMORPHISMS
Throughout this section we shall be using two sets:
A=11,2,3,41 and B=1p,q,r,s!

Now that ordering relations have been introduced, there will be a tendency to note here the familiar
ordering used in displaying the elements of each set. We point this out in order to warn the reader against
giving to any set properties which are not explicitly stated. In (1) below we consider 4 and B as arbitrary
sets of four elements each and nothing more; for instance, we might have used {+, ,$, %} as 4 or B;
in (2) we introduce ordering relations on 4 and B but not the ones mentioned above; in (3) we define
binary operations on the unordered sets A and B; in (4) we define binary operations on the ordered sets
of (2).
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p 4

r 1
Fig. 2-5 Fig. 2-6

(1) The mapping
ir: le—p, 2+—=q, 3+—r, 4+—s

is one of 24 establishing a 1-1 correspondence between A and B.

(2) Let A be ordered by the relation ® = ( |) and B be ordered by the relation &' as indicated
in the diagram of Fig. 2-5. Since the diagram for A4 is as shown in Fig. 2-6, it is clear that the
mapping

f: le—r, 2¢—s5, 3+—q, 4~—p
is a 1-1 correspondence between 4 and B which preserves the order relations, that is, for
u,v = A and x,y = B with u+—x and v+—y then
u R v implies x &y

and conversely.
(3) On the unordered sets A and B, define the respective binary operations = and [1 with operation

tables
Table 2-2 Table 2-3
1 2 3 4 Ojp g r s
1j{1 2 3 4 plg r s p
2(2 41 3 and qglr s p ¢q
3131 4 2 r|s p qr
414 3 2 1 s|p g r s

It may be readily verified that the mapping
¥i: le—=s, 2+—p, 3+—r, 4+—¢q
is a 1-1 correspondence between 4 and B which preserves the operations, that is, whenever
weA+~—=x=sB and vsA+~—y=B
(to be read “w in A corresponds to x in B and v in 4 corresponds to y in B”), then

weve—x [y
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(4) On the ordered sets 4 and B of (2), define the respective binary operations :: and [] with operation
tables

Table 24 Table 2-5
=1 2 3 4 Olp g r s
1j{1 2 3 4 plr s pgq
202 41 3 and gls p g r
3131 4 2 r|\p q r s
414 3 21 s r s p

It may be readily verified that the mapping
G le—r, 2+—s, 3+—q, 4+—p

is a 1-1 correspondence between 4 and B which preserves both the order relations and the
operations.

By an algebraic system S we shall mean a set S together with any relations and operations defined
on S. In each of the cases (1)(4) above, we are concerned then with a certain correspondence between
the sets of the two systems. In each case we shall say that the particular mapping is an isomorphism of
A onto B or that the systems A and B are isomorphic under the mapping in accordance with:

Two systems S and T are called isomorphic provided

(i) there exists a 1-1 correspondence between the sets S and 7, and
(ii) any relations and operations defined on the sets are preserved in the correspondence.

Let us now look more closely at, say, the two systems 4 and B of (3). The binary operation : is
both associative and commutative; also, with respect to this operation, 4 has 1 as identity element and
every element of A has an inverse. One might suspect then that Table 2-2 is something more than the
vacuous exercise of constructing a square array in which no element occurs twice in the same row or
column. Considering the elements of A as digits rather than abstract symbols, it is easy to verify that the
binary operation :- may be defined as: for every x,y = 4, x :- y is the remainder when x - y is divided by 5.
(Forexample,2-4 —8 —1-5 3 and 2::4 — 3.) Moreover, the system B is merely a disguised or coded
version of A4, the particular code being the 1-1 correspondence .

We shall make use of isomorphisms between algebraic systems in two ways:

(a) having discovered certain properties of one system (for example, those of A4 listed above) we may
without further ado restate them as properties of any other system isomorphic with it.

(b) whenever more convenient, we may replace one system by any other isomorphic with it. Examples
of this will be met with in Chapters 4 and 6.

2.10 PERMUTATIONS

Let S =11,2,3,...,n} and consider the set S, of the n! permutations of these » symbols. A permutation
of a set S is a one-to-one function from S onto S. (No significance is to be given to the fact that they
are natural numbers.) The definition of the product of mappings in Chapter 1 leads naturally to the
definition of a “permutation operation” - on the elements of S,,. First, however, we shall introduce more
useful notations for permutations.
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Let i1, i, 3, . . ., iy be some arrangement of the elements of S. We now introduce a two-line notation
for the permutation

(1 2 3n]
=1 ... .
1013 ..l

which is simply a variation of the notation for the mapping

w:l —=i,2—ib,---,n— i, Or

(1) i, w(2) iy, -, win)

Similarly, if ji, j2, j3,.-..,Jjn is @another arrangement of the elements of S, we write

-

(1 2 3n]
J1J2 J3 e Jn.

By the product §: i we shall mean that w and / are to be performed in right to left order; first
apply ® and then /. Now a rearrangement of any arrangement of the elements of S is simply
another arrangement of these elements. Thus, for every «, # = S, #-- = £ Sy, and :- is a binary operation
on S,,.

EXAMPLE 21. Let

12345 ‘12345 ‘12345
n:—( ), H—( ), and 1,_{ )
23451: 13254: 12453,

be 3 of the 5! permutations in the set S5 of all permutations on S — 11,2,3,4, 5}.
Since the order of the columns of any permutation is immaterial, we may rewrite # as

4 (23451)
T 132541

in which the upper line of # is the lower line of .
Then

{"23451) (12345) (12345)
g o

3254 1: 23451. 32541.
In other words, # = w11 = 1)} = A2)=3.

Similarly, rewriting «+ as

13254 12345
, wefind i« A
24315 24315

Thus, - is not commutative.

. 32541
Writing 1+ as , we find
42351

o (32541) (12345) (12345)
SRR i
S 42351 32541 42351
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It is left for the reader to obtain

and show that I}+:: A1.:ev y: (H:ue). Thus, = is associative in this example. It is now easy to show that :: is
associative on Ss and also on S,,.

The identity permutation is
345
345

12
T _L_l 2
since clearly

Tonwp=wal ¥

Finally, interchanging the two lines of i+, we have

1 1

since 42 L i

it — T, Moreover, it is evident that every element of S5 has an inverse.

Another notation for permutations will now be introduced. The permutation
12345
" (2 345 1_)
of Example 21 can be written in cyclic notation as (12345) where the cycle (12345) is interpreted to

mean: 1 is replaced by 2, 2 is replaced by 3, 3 by 4, 4 by 5, and 5 by 1.
The permutation

{12345
Y=112453

can be written as (345) where the cycle (345) is interpreted to mean: 1 and 2, the missing symbols, are
unchanged, while 3 is replaced by 4, 4 by 5, and 5 by 3. The permutation /# can be written as (23)(45).
The interpretation is clear: 1 is unchanged; 2 is replaced by 3 and 3 by 2; 4 is replaced by 5 and 5 by 4.
We shall call (23)(45) a product of cycles. Note that these cycles are disjoint, i.e., have no symbols
in common. Thus, in cyclic notation we shall expect a permutation on # symbols to consist of a single
cycle or the product of two or more mutually disjoint cycles. Now (23) and (45) are themselves
permutations of S =11,2,3,4,5} and, hence # (23] 1{45]) but we shall continue to use juxtaposition
to indicate the product of disjoint cycles. The reader will check that /= w — {135} and o = /& — (124).
In this notation the identity permutation I will be denoted by (1). See Problem 2.11.

2.11 TRANSPOSITIONS

A permutation such as (12), (25),... which involves interchanges of only two of the n symbols of
S=11,2,3, ...,nl is called a transposition. Any permutation can be expressed, but not uniquely, as a
product of transpositions.

EXAMPLE 22. Express each of the following permutations

lay 23], (by (135], leh 12345), d) (12345)
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on S —1{1,2,3,4,5} as products of transpositions.
(@ 23)=(12) = (23) = (13) = (12) = (13) = (12)
) (135 = (15) = (13) = (35) = (15) = (13) = (15) = (13) = (15)
(© (2345) = (25 = (24) = (23) = (35 = (34) = (25
@) (12345) = (15) = (14) = (13) = (12)
The example above illustrates

Theorem V. Let a permutation  on n symbols be expressed as the product of r transpositions
and also as a product of s transpositions. Then » and s are either both even or both odd.
For a proof, see Problem 2.12.

A permutation will be called even (odd) if it can be expressed as a product of an even (odd) number
of transpositions. In Problem 2.13, we prove

Theorem VI. Of the n! permutations of n» symbols, half are even and half are odd.
Example 20 also illustrates

Theorem VII. A cycle of m symbols can be written as a product of m — 1 transpositions.

2.12 ALGEBRAIC SYSTEMS

Much of the remainder of this book will be devoted to the study of various algebraic systems. Such
systems may be studied in either of two ways:

(a) we begin with a set of elements (for example, the natural numbers or a set isomorphic to it), define
the binary operations addition and multiplication, and derive the familiar laws governing
operations with these numbers.

(b) we begin with a set S of elements (not identified); define a binary operation :.; lay down certain
postulates, for example, (i) : is associative, (ii) there exists in S an identity element with respect to :,
(iii) there exists in S an inverse with respect to :: of each element of S; and establish a number of
theorems which follow.

We shall use both procedures here. In the next chapter we shall follow (a) in the study of the natural
numbers.

Solved Problems

2.1. Show that “is congruent to”” on the set T of all triangles in a plane is an equivalence relation.

() ‘“‘ais congruent to a for all a = T is valid.
(@i) “If ais congruent to b, then b is congruent to a” is valid.
(@ii) “If ais congruent to b and b is congruent to ¢, then a is congruent to ¢” is valid.

Thus, “is congruent to” is an equivalence relation on 7.

2.2. Show that “<” on Z is not an equivalence relation.

(i) “a<aforall a=2Z”isnot valid.
@) “If a <b, then b < @” is not valid.
@@ii) “If a<band b <c, then a < ¢” is valid.

Thus “<” on Z is not an equivalence relation. (Note that (i) or (ii ) i suificient.)
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2.3. Let % be an equivalence relation and assume ¢ X a and ¢ K b. Prove a R b.

Since ¢ T a, then a F ¢ (by the symmetric property). Since a & ¢ and ¢ F b, then a & b (by the transitive
property).

2.4. Prove: If b < [a], then [b] =[a].

Denote by % the equivalence relation defining [a]. By definition, b = [a] implies » 7. a and x = [b] implies
x X b. Then x K. a for every x = b (by the transitive property) and [b] = [a]. A repetition of the argument
using a b (which follows by the symmetric property of &) and y & a (whenever y = [a]) yields [a] < [5].
Thus, [6] [a], as required.

2.5. Prove: If [a] i1 [b] = W, then [a] =[].

Suppose [a] 7 [b] ={r,s, ...}. Then [r] =[a] and [r]=[b] (by Problem 4), and [a] =[] (by the transitive
property of ).

2.6. Prove: An equivalence relation X on a set S ffe:ts a partition of S and, conversely, a partition of S
defines an equivalence relation on S.

Let & be an equivalence relation on S and define foreach p © S, T, [p] {x:x : S, xFp}.

Since p = [p], it is clear that S is the union of all the distinct subsets 7, T3, T,, induced by *. Now for any
pair of these subsets, as T, and T,, we have T, ~ T.— i since, otherwise, T, =T, by Problem 5. Thus,
|T,, Tp, T, . . .| La Lo puriilion ol & cllecied by 7.

Conversely, let {T,, Tp, T,, ...} be any partition of S. On S define the binary relation & by p ¢ if and
only if there is a T; in the partition such that p,q = T;. It is clear that & is both reflexive and symmetric.
Suppose p % g and g K r; then by the definition of % there exist subsets T; and T} (not necessarily distinct)
for which p,q=T; and q,r=Tr. Now T; " Ty £ and so T; T. Since p,r = T}, then p R rand & is
transitive. This completes the proof that & is an equivalence relation.

2.7. Diagram the partial ordering of (a) the set of subsets of S — {a, b, c} effected by the binary relation

(), (b) the set B=1{2.4. 3. & 15, 45.60¢ effected by tha binary relation (]).

These figures need no elaboration once it is understood a minimum number of line segments is to be used.
In Fig. 2-7, for example, i is not joined directly to {a,b,c} since A< {a,b,c} is indicated by the path
a<_{a}-{a,b} - {a,b,c}. Likewise, in Fig. 2-8, segments joining 2 to 8 and 5 to 45 are unnecessary.

2.8. Prove: The identity element, if one exists, with respect to a binary operation :: on a set S is unique.

ta, b, c} 8 60 45

{a. b} {b, ¢}

{a}

=

Fig. 2-7 Fig. 2-8
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2.9.

2.10.

2.11.

RELATIONS AND OPERATIONS [CHAP. 2

Assume the contrary, that is, assume g;and ¢ to be identity elements of S. Since ¢; is an identity element
we have q; ::q2  ¢o, while since ¢, is an identity element we have ¢1:: ¢ ¢;. Thus, 1 q1= ¢ ¢
the identity element is unique.

Show that multiplication is a binary operation on S {1, 1,i, i} wherei - 1.

This can be done most easily by forming the adjoining table and noting that each entry is a unique
element of S.

Table 2-6

The order in which the elements of .S are placed as labels on the rows and columns is immaterial; there is
some gain, however, in using the same order for both.

The reader may show easily that multiplication is on S and is both associative and commutative, that 1 is
the identity element and that the inverses of 1, —1,, —i are respectively 1, —1, —i, i.

Determine the properties of the binary operations :: and [1 defined on S= {a, b, ¢, d} by the given
tables:

Table 2-7 Table 2-8
a b ¢ d Ol a b ¢ d
ala b ¢ d ald a ¢ b
b|b d b b
clc d a c| b c
dld a b ¢ dl ¢ b d a

The binary operation : defined by Table 2-7 is commutative (check that the entries are symmetrically placed
with respect to the principal diagonal) and associative (again, a chore). There is an identity element a (the
column labels are also the elements of the first column and the row labels are also the elements of the first
row). The inverses of a, b, ¢, d are respectively a,d,c,b (a:a b=d c:=:c d=b a).

The binary operation [1 defined by Table 2-8 is neither commutative (¢ [0 ¢ ¢, ¢ O a b) nor
associative a0 (dc)—adb—a, (adb)0Oc—allc—c). There is no identity element and, hence, no
element of S has an inverse.

Since ad(d=¢) a;d (ald)»(@0c) and (d::c)0a 7 (d0a):(cda), O is neither left nor right
distributive with respect to «; since d=(c0b) ¢,/ a (d-c)d(d: b)and - is commutative, = is neither left
nor right distributive with respect to .

(@) Write the permutations (23) and (13)(245) on 5 symbols in two line notation.
(b) Express the products (23) :: (13)(245) and (13)(245) == (23) in cyclic notation.
(c¢) Express in cyclic notation the inverses of (23) and of (13)(245).
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@
12345 , 12345
r23)=( Y oand a3 =| )
13245, 34152,
®
712345y 13245
(23) » (13)(245) = :
23101340243 {._13245) {._31452)
12345y
( )—|~12453:
24153,

and

‘12345, 734152
(131245} (231 = {__3 415 2) {._2 415 3.)

12345y
( )—|~13452:
314502,

(¢) The inverse of (23) is

(.13245) (-12345)_|,23]
12345, 13245} 7
The inverse of (13)(245) is

34152 12345)_,

(_1 234 5)—(3 5124, =1(13}254).

2.12. Prove: Let the permutation = on n symbols be expressed as the product of r transpositions
and also as the product of s > r transpositions. Then r and s are either both even or both odd.

Using the distinct symbols x;, x5, X3, ..., X,, we form the product

A—ixy —Xolix; —x30x; — Xq0---1X1 — Xp)
Xy — Xx30(Xp — X4+ -+ [ X2 — Xp)

A transposition (u, v), where u < v, on A4 has Ul Tollowdrs oflect: 1) uny Taeor which i olves reither x,,
nor X, is unchanged, (2) the single factor x, — x, changes sign, (3) the remaining factors, each of which
contains either x, or x, but not both, can be grouped into pairs, (x, x,)(x, x,) where u <v<w,
(x, — x)(% — x,) where u <w <v, and (x,,—x,)(x,, —X,) where w <u < v, which are all unchanged.
Thus, the elleet ol the lrunspostliom on 4 is to change its sign.

Mo 1he ellecl ol i on A4 is to produce (—1)"4 or (—1)°4 according as 4+ is written as the product of r or s
transpositions. Since (—1)4 (—1)°4, we have 4 (—1)°""A4 so that s—r is even. Thus, r and s are either
both even or both odd.

2.13. Prove: Of the n! permutations on » symbols, half are even and half are odd.
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2.14.

2.15.

2.16.

2.17.
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Denote the even permutations by pi, p2, p3, . . ., py and the odd permutations by ¢i, ¢2,93, . . ., gy. Let ¢ be any
transposition. Now ¢ ::py, ¢ py, ¢t ps,...,t:p, are permutations on n symbols. They are distinct since
P1,D2, D3, - - - » Py are distinct and they are odd; thus u = v. Also, ¢+ q1,¢- ¢, g3, ..., q, are distinct and
even; thus v < u. Hence u — v — 1n!

Supplementary Problems

Which of the following are equivalence relations?
(a) “Is similar to” for the set T of all triangles in a plane.
(b) ‘“‘Has the same radius as” for the set of all circles in a plane.
(¢) “Is the square of ” for the set N.
(d) “Has the same number of vertices as” for the set of all polygons in a plane.
(e) “:.” for the set of sets § {4,B,C,...}.
(f) ‘- for the set R.
Ans. (a),(b), (d).

(a) Show that ““is a factor of ” on N is reflexive and transitive but is not symmetric.

(b) Show that ““costs within one dollar of” for men’s shoes is reflexive and symmetric but not
transitive.

(¢) Give an example of a relation which is symmetric and transitive but not reflexive.

(d) Conclude from (a),(d),(c) that no two of the properties reflexive, symmetric, transitive of a
binary relation implies the other.

Diagram the partial ordering of
(@ A4-—11,2,8,6}

() B-—1]1,2,3,5,30,60] and
(© C=113,5,15,30,45|

effected oncach by the relation ().

Let S {a,b,c,d,e,f} be ordered by the relation & as shown in Fig. 2-9.
(a) List all pairs x,y =S for which 1. y.
(b) List all subsets of three elements each of which are totally ordered.

Fig. 2-9
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2.18.

2.19.

2.20.

2.21.

2.22.

2.23.

2.24.

2.25.

Verify:
(a) the ordered set of subsets of Sin Problem 2.7 (a) has ¥ as first element (also, as minimal element)
and S as last element (also, as maximal element).

(b) the ordered set B of Problem 2.7 (b) has neither a first nor last element. What are its minimal
and maximal elements?

(¢) the subset C {2,4,5,15,60} of B of Problem 2.7 (b) has a last element but no first element.
What are its minimal and maximal elements?

Show:
(a) multiplication is a binary operation on S {1, —1} butnot on 77 {1,2},
(b) addition is a binary relation on § {x:x: Z,x < 0} but multiplication is not.

Let S—{4,B, C,D} where 4 —\i, B—{a,b}, C—{a,c}, D—{a,b,c}. Construct tables to show that .. is a
binary relation on S but ™ is not.

For the binary operations - and [ defined on S {a, b, ¢, d, e} by Tables 2-9 and 2-10, assume associativity
and investigate for all other properties.

Table 2-9 Table 2-10
a b ¢ d e Ola b ¢ d e
ala d a d e ala ¢ ¢ a a
b|d b b d e b|lc ¢c ¢c b b
cla b ¢ d e clc ¢c ¢c ¢ ¢
dld d d d e d|la b ¢ d d
ele e e e e e|la b c d e

Let S {A4,B,C,D} where A—¥, B {a}, C {a,b}, D {a,b,c}.
(a) Construct tables to show that LJ and i~ are binary operations on S.
(b) Assume associativity for each operation and investigate all other properties.

For the binary operation on S—{a,b,c,d,e,f,g h} defined by Table 2-11, assume associativity and
investigate all other properties.

Table 2-11

a b ¢c d e f g h
ala b ¢ d e f g h
b|b ¢c d a h g e f
clc d a b f e h g
dld a b ¢ g h f e
ele g f h a ¢ b d
flf h e g ¢ a d b
glg f h e d b a ¢
hlh e g f b d ¢ a

Show that - defined in Problem 2.23 is a binary operation on the subsets So — {a}, S1—{a,c}, S>—{a, e},
S3 = {aaf}a S4 = {aag}a S5= {aa h}a SG = {aa ba c, d}a S7= {aa c, eaf}a S8 = {aa 8, h} but not on the Subsets
T, {a,b}and T» {a,f,g} of S.

Prove Theorem IV.
Hint: Assume y and z to be inverses of x and consider z = (x::y} (z:x):y.



36 RELATIONS AND OPERATIONS [CHAP. 2

2.26. (a) Show that the set N of all natural numbers under addition and the set M — [2x : x = N} under addition
are isomorphic.

Hint: Usen =N+ = 2n= M.
(b) Is the set N under addition isomorphic to the set P = |[2x 1:x = NJ| under addition?
(¢) Is the set M of (@) isomorphic to the set P of (b)?

2.27. Let 4 and B be sets with respective operations - and . Suppose 4 and B are isomorphic and show:
(a) if the associative (commutative) law holds in 4 it also holds in B.
(b) if A has an identity element wu, then its correspondent u’ is the identity element in B.

(¢) if each element in 4 has an inverse with respect to ::, the same is true of the elements of B with
respect to (1.

Hint: In (a),leta=A + ~a =B,b+ »b'yc+ »c'. Then

a-lbzc)~ -a' OB Oc), lazbl.c+ -a'Ob10c

and a-fbzci=1axbl.c impliess a' QB Oc)+ -ia’'Odb10c".

2.28. Express each of the following permutations on 8 symbols as a product of disjoint cycles and as a product of
transpositions (minimum number).

o (123456784 -'12345678‘) 3 -'12345678‘)
4 L23415678] : L34567812 € L34168275

d) 124681 [348) el 11512468 - (37415468 (f 1 11351034561 (4678)
Partial answer:
(@) (1234) (14)(13)(12)
(0 (13)(246)(58)  (13)(26)(24)(58)
(@) (368)(24) —(38)(36)(24)
(f) (1345678) (18)(17)(16)(15)(14)(13)
Note: For convenience, - has been suppressed in indicating the products of transpositions.

2.29. Show that the cycles (1357) and (2468) of Problem 2.28(b) are commutative. State the theorem covering this.
2.30. Write in cyclic notation the 6 permutationson S  {1,2,3}, denote them in some order by p;, s, ps, ..., ps and
form a table of products p; = p;.

2.31. Form the operation (product) table for the set S—{(1), (1234), (1432), (13)(24)} of permutations on four
symbols. Using Table 2-3, show that S is isomorphic to B.



The Natural Numbers

INTRODUCTION

Thus far we have assumed those properties of the number systems necessary to provide examples and
exercises in the earlier chapters. In this chapter we propose to develop the system of natural numbers
assuming only a few of its simpler properties.

3.1 THE PEANO POSTULATES

These simple properties, known as the Peano Postulates (Axioms) after the Italian mathematician who
in 1899 inaugurated the program, may be stated as follows:

Let there exist a non-empty set N such that

Postulate I. 1€ N.

Postulate II.  For each n € N there exists a unique #n” € N, called the successor of n.
Postulate III. For each n € N we have n” # 1.

Postulate IV. If m,n € N and m" = n", then m=n.

Postulate V. Any subset K of N having the properties

(@ lekK
(b) k' € K whenever k € K
is equal to N.

First, we shall check to see that these are in fact well-known properties of the natural numbers.
Postulates I and II need no elaboration; III states that there is a first natural number 1; IV states that
distinct natural numbers m and n have distinct successors m + 1 and n + 1; V states essentially that any
natural number can be reached by beginning with 1 and counting consecutive successors.

It will be noted that, in the definitions of addition and multiplication on N which follow, nothing
beyond these postulates is used.

3.2 ADDITION ON N
Addition on N is defined by

(i) n+1=n",foreveryneN
(ii) n+m =(n+m)", whenever n + m is defined.

37
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It can be shown that addition is then subject to the following laws:
For all m,n,p e N,

A; Closure Law: n+me N

A, Commutative Law: n4+m=m+n

A; Associative Law: m+(n+p)=(m+n)+p

A, Cancellation Law: If m+ p = n+ p, then m=n.

3.3 MULTIPLICATION ON N
Multiplication on N is defined by

(i) n-1=n
(iv) n-m" =n-m+ n, whenever n - m is defined.

It can be shown that multiplication is then subject to the following laws:
For all m,n,p e N,

M; Closure Law: n-me N

M; Commutative Law: m -n=n-m

M; Associative Law: m-in-p)y=(m-nl-p

M, Cancellation Law: If m-p =n- p, then m=n.

Addition and multiplication are subject to the Distributive Laws:
For all m,n,p e N,

DA m-in+p=m-n+m-p
D, n+pi-m=n-m+p-m

3.4 MATHEMATICAL INDUCTION
Consider the proposition
P(m) : m’ #m, for everyme N
We shall now show how this proposition may be established using only the Postulates I-V. Define
K ={k:keN, P(k) is true}

Now 1 € N by Postulate I, and 17 # 1 by Postulate III. Thus, P(1) is true and 1 € X.
Next, let k be any element of K; then

(@@ Pk): k" #k
is true. Now if (k")” =k~ it follows from Postulate IV that k" = k, a contradiction of (a). Hence,
Pk : (k) #k°

is true and so k™ € K. Now K has the two properties stated in Postulate V; thus K =N and the
proposition is valid for every m € N.

In establishing the validity of the above proposition, we have at the same time established the
following:

Principle of Mathematical Induction. A proposition P(m) is true for all m € N provided P(1) is true
and, for each k € N, P(k) is true implies P(k") is true.
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The several laws A;—A4, M; —My, D;—D; can be established by mathematical induction. A; is
established in Example 1, A3 in Problem 3.1, A, in Problems 3.2 and 3.3, and D, in Problem 3.5.

EXAMPLE 1. Prove the Closure Law: n+ m € N for all m,n € N.

We are to prove that n + m is defined (is a natural number) by (i) and (i7) for all m,n € N. Suppose n to be
some fixed natural number and consider the proposition

P(m) : n+meN, for every m e N.

Now P(1): n+1eNis true since n+ 1 =n" (by (i)) and n* € N (by Postulate II). Suppose next that for
some k e N,

P(k) : n+keN is true.

It then follows that P(k*): n+k* € N is true since n+k* =(n+ k)" (by (ii)) and (n+k)° € N whenever
n+ k € N (by Postulate II). Thus, by induction, P(m) is true for all m € N and, since » was any natural number,
the Closure Law for Addition is established.

In view of the Closure Laws A; and M;, addition and multiplication are binary operations (see Chapter 2) on N.
The laws Az and M; suggest as definitions for the sum and product of three elements a,, a;, a3 € N,

v atmta=@+ta)ta=a+(a+a)
and (vi) a-ay-a3=(a;-ap) a3 =a; -ay - as)

Note that for a sum or product of three natural numbers, parentheses may be inserted at will.
The sum of four natural numbers is considered in Problem 3.4. The general case is left as an exercise.
In Problem 3.6, we prove

Theorem 1. Every element n # 1 of N is the successor of some other element of N.

3.5 THE ORDER RELATIONS

For each m, n € N, we define “<” by
(vii) m < n if and only if there exists some p e Nsuchthatm+p=n

In Problem 3.8 it is shown that the relation < is transitive but neither reflexive nor symmetric.
By Theorem I, 1 < n for all n#1 and, by (i) and (vii), n < n" for all n € N. For each m,n € N, we
define “>" by

(viii) m>nif and only if n <m

There follows

THE TRICHOTOMY LAW: For any m,n € N one and only one of the following is true:
(@ m=n,
(b)) m<n,
(c) m>n.

(For a proof, see Problem 3.10.)
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Further consequences of the order relations are given in Theorems II and II":
Theorem II. 1f m,n € N and m < n, then for each p e N,
(@ m+p<n+p
(b m-p<np
and, conversely, (a) or (b) with m,n, p € N implies m < n.
Theorem II'. If m,n € N and m > n, then for each p € N,
(@ m+p>n+p
(b mp>np
and, conversely, (a) or (b) with m, n, p € N implies m > n.

Since Theorem II' is merely Theorem II with m and » interchanged, it is clear that the proof of
any part of Theorem II (see Problem 3.11) establishes the corresponding part of Theorem II'.

The relations “less than or equal to” (=) and “greater than or equal to” (=) are defined as
follows:

For mneN, m - nif eitherm<norm=n

For mneN, m=nif eitherm>norm=n

DEFINITION 3.1: Let A be any subset of N (i.e., 4 7~ N). An element p of 4 is called the least element
of A provided p - a for every a € 4.

Notice that in the language of sets, p is the first element of 4 with respect to the ordering ~.
In Problem 3.12, we prove

Theorem III. The set N is well ordered.

3.6 MULTIPLES AND POWERS

Let a € S, on which binary operations + and - have been defined, and define la =a and a! = a.
Also define (k + 1)a = ka + a and a*t! = a* - a, whenever ka and a*, for k € N, are defined.

EXAMPLE 2. Since la=a, we have 2a=(1+ Da=1la+la=a+a, 3a=Q2+ Da=2a+ la=a+ a+a, etc.

Since a! =g, wehave a® = a't!' =gl -a=a-a,a>=a?**'=a?2-a=a-a-a, etc.

It must be understood here that in Example 2 the 4 in 1 4 1 and the + in a 4 a are presumed to be
guite diferent. since the first denotes addirlon on N and the second on S. (It might be helpful to denote
the operations on S by = and #.) In particular, k-a=a+a - | ais a multiple of a, and can be
written as k-a = ka only if k € S.

Using the induction principle, the following properties may be established for all a,b € S and all
m,neN:

(ix) ma+na=(m+na () a™ a"=a™"

®) m(na)=(m n)a ® @)"=am"
and, when + and - are commutative on S,

(xi) na+nb = n(a+b) iy a" b = (ab)"
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3.7 ISOMORPHIC SETS

It should be evident by now that the set {1,1",(1")",...}, together with the operations and relations
detined on it developed here, differs from the fwuliar set {1,2,3,...} with operations and relations
in vogue at the present time only in the symbols used. Had a Roman written this chapter, he or she
would, of course, have reached the same conclusion with his or her system {I, II, III, . . .}. We say simply
that the three sets are isomorphic.

Solved Problems
3.1. Prove the Associative Law Asz: m+(n+p)=(m+n)+p forall m,n,p e N.

Let m and n be fixed natural numbers and consider the proposition
Pp):m+(m+p =m+n)+p for all peN
We first check the validity of P(1) : m + (n+ 1) = (m +n) + 1. By (i) and (i), Section 3.2,
m+@m+D)=m+n"'=m+n)’'=m+n+1

and P(1) is true.
Next, suppose that for some k € N,

P(k) : m+@m+k)=m+n+k
is true. We need to show that this ensures

PEk:m+m+k)=(m+n)+k*
is true. By (i),

m+@+k)=m+@n+k)’=[m+@m+kiI
and m+n+k =[m+n+kl*
Then, whenever P(k) is true,

m+m+k)y =m+@+kV =[(m+n)+klI’=(m+n) +k°

and P(k*) is true. Thus P(p) is true for all p € N and, since m and » were any natural numbers, Az follows.

32. Prove Pn):n+1=1+4+nforallneN.
Clearly P(1): 14+ 1 =1+ 1 is true. Next, suppose that for some k € N,

P(k): k+1=1+k
is true. We are to show that this ensures

P(k?) : EF+l=14+FK

is true. Using in turn the definition of k*, the Associative Law Aj, the assumption that P(k) is true, and the
definition of k*, we have

1+ =1+k+D)=01+bH+1=(+D)+1=Fk+1
Thus P(k*) is true and P(n) is established.
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3.3. Prove the Commutative Law A, : m+n=n-+m for all m,n € N.
Let n be a fixed but arbitrary natural number and consider
Pm)y:m+n=n+m forall meN
By Problem 2, P(1) is true. Suppose that for some k € N,
Pk):k+n=n+k
is true. Now
EF+n=k+D+n=k+(1+n=k+m+)=k+n*
=k+n=@+kyf=n+k

Thus, P(k*) is true and A, follows.

Note: The reader will check carefully that in obtaining the sequence of equalities above, only definitions,

postulates, such laws of addition as have been proved, and, of course, the critical assumption that P(k) is

true for some arbitrary k € N have been used. Both here and in later proofs, it will be understood that when
the evidence supporting a step in a proof is not cited, the reader is expected to supply it.

34 (a) Let aj,ar,a3,a4 €N and define a; +ay+a3+a4=(a; +ay+a3)+as. Show that in
a) + a; + a3 + a4 we may insert parentheses at will.

Using (v), wehaveai+ oy + a3 +as =@+ +a)tas=(a+a)+as+as=(a1 +a)+ (a3 +as) =
a; + ay + (a3 + ag) = ar+ (a2+ a3 + ay), etc.

(b) For b,a;,az,a3eN, prove b-ia; +ay+a3)=b-a1+b-a,+b-as.
b-iamy+m+a)=>b llag+a)+asl—b-laj+a)+b-as=b-ay+b-ay+b-as.

3.5. Prove the Distributive Law Dy: (n+p)-m=n-m+p mfor all m,n,p € N.

Let n and p be fixed and consider P(m) : (n+p)m=n-m+ p-m for all m € N. Using A; and (i), we
find that P(1):(n+p)-1=n+p=n-1+p-1is true. Suppose that for some ke N, Pk):(n+p) -k =
n-k+p-kis true. Then n+pv-k*=m+pi-k+(n+p)=n-k+p-k+n+p=n-k+@-k+n+p=
n-k +(n+p-k)+p=m-k+n) +(p-k+p)=n k*+p-k* Thus, Pk*):(n+p)-k* =n-k*+p-k* is
true and D, is established.

3.6. Prove: Every element 7 # 1 of N is the successor of some other element of N.

First, we note that Postulate III excludes 1 as a successor. Denote by K the set consisting of the element 1
and all elements of N which are successors, i.e., K ={k:k e N,k =1 or k = m” for some m € N}. Now
every k € K has a unique successor k* € N (Postulate II) and, since k* is a successor, we have k* € K. Then
K = N (Postulate V). Hence, for any n € N we have either n=1 or n = m* for some m € N.

3.7. Prove: m+n# mfor all m,n € N.

Let n be fixed and consider P(m) : m +n # m for all m € N. By Postulate III, P(1): 1 +n # 1 is true.
Suppose that for some k€N, Pk):k+n#k is true. Now, (k+n)" #k* since, by Postulate IV,
(k +n)" = k* implies k + n = k, a contradiction of P(k). Thus P(k*) : k* + n # k* is true and the theorem is
established.

3.8. Show that < is transitive but neither reflexive nor symmetric.

Let m,n, p € N and suppose that m < n and n < p. By (vii) there exist r, s € N such that m 4+ r =n and
n+s=p.Thenn+s=(m+r)+s=m+(r+s) =p. Thus m < p and < is transitive.
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3.9.

3.10.

3.11.

3.12.

Let n € N. Now n < n is false since, if it were true, there would exist some k € N such that n+ k =n,
contrary to the result in Problem 3.7. Thus, < is not reflexive.

Finally, let m,n € N and suppose m < n and n < m. Since < is transitive, it follows that m < m, contrary
to the result in the paragraph immediately above. Thus, < is not symmetric.

Prove: 1 = n, for every n € N.

When n=1 the equality holds; otherwise, by Problem 3.6, n = m* =m+ 1, for some m € N, and the
inequality holds.

Prove the Trichotomy Law: For any m, n € N, one and only one of the following is true:

(@) m=n
b m<n
(c) m>n

Let m be any element of N and construct the subsets Ny ={m}, No={x:xeN,x <m}, and
N; = {x:x €N, x > m}. We are to show that {N;, N,, N5} is a partition of N relative to {=, <, >}.

(1) Suppose m=1; then N; ={l}, N, =0 (Problem 3.9) and N;={x:xeN,x>1}. Clearly
Ny UN,UN;3; =N. Thus, to complete the proof for this case, there remains only to check that
N NNy =N NN3;=N,NN;3; =40.

(2) Suppose m#1. Since 1 € N, it follows that 1 € N; U N, U N3. Now select any n# 1 € Ny U N, U Ns.
There are three cases to be considered:

({) n € N;. Here, n=m and so n* € N3.
({i) neNysothatn+p=mforsomep e N.Ifp=1,thenn* =m e Ny;if p#1so thatp =1+ g for
some g € N, then n* + g = m and so n* € N;.
({ii) n e N;3. Here n* >n > m and so n* € Ns.

Thus, for every n € N, n € N; U N, U N3 implies n* € N; UN, U N5. Since 1 € N; U N, U N3 we conclude
that N =N1 UN2 UN3.

Now m¢ N,, since m £ m; hence NyN N, =@. Similarly, m # m and so N; N N3 =@. Suppose
p € NN N; for some p € N. Then p < m and p > m, or, what is the same, p <m and m < p. Since < is
transitive, we have p < p, a contradiction. Thus, we must conclude that N; N N3 = @ and the proof is now
complete for this case.

Prove: If m, n € N and m < n, then for each p e N, m 4+ p < n+ p and conversely.

Since m < n, there exists some k € N such that m + k = n. Then
ntp=(m+k)+p=m+k+p=m+p+k=(m+p)+k

andsom+p<n+p.

For the converse, assume m+p <n+p. Now either m=n, m<n, or m>n If m=n, then
m+p=n+p; if m>n, then m+p >n+p (Theorem II”). Since these contradict the hypothesis, we
conclude that m < n.

Prove: The set N is well ordered.

Consider any subset S # @ of N. We are to prove that S has a least element. This is certainly true if 1 € S.
Suppose 1¢S; then 1 < s for every s € S. Denote by K the set

K={k:keNk-=s foreach s e S}

Since 1 € K, we know that K # @J. Moreover K # N; hence, there must exist an r € K such that r* ¢ K. Now
this r € S since, otherwise, r < s and so r* = s for every s € S. But then r* € K, a contradiction of our
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3.13.

3.14.

3.15.

3.16.

3.17.

3.18.

3.19.

3.20.

3.21.

3.22.

3.23.

3.24.

3.25.
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assumption concerning r. Thus S has a least element. Now S was any non-empty subset of N; hence, every
non-empty subset of N has a least element and N is well ordered.

Supplementary Problems

Prove by induction that 1 -7 = n for every n € N.

Prove M;, M;, and M3 by induction.

Hint: Use the result of Problem 3.13 and D in proving Ma.

Prove: (a) D; by following Problem 3.5, () Dy by using M.

Prove the following:

@ Mm+n?) =m*+nt

b m-r) =m-n+m®

© m )Y =m*+m-n+nt

where m,n € N.

Prove the following:

@ (m+n p+g=(@m-p+m-@)+@-p+n-q)
() m-in+plg=(m-ni-q+m-ip-q)

© m+n=m+n’+1

d m* n=mn*+m+n

Let m,n,p,q e Nanddefinem -n-p-g=(m-n pl-q.(a) Show thatin m - n - p - g we may insert parentheses
at will. (b) Prove that m - (n+p+q)=m-n+m-p+m-q.

Identify the set S = {x:x € N,n < x < n* for some n € N}.
If myn,p,geNand if m <nand p <gq, prove: (@ m+p<n+q,(b)m p<n-q.

Let m,n e N. Prove: (a) If m=n, then k*-m >n for every keN. (b) If k* -m=n for some k eN,
then m < n.

Prove A4 and My using the Trichotomy Law and Theorems II and IT'.

For all m e N define m! =m and m?*! = m? - m provided m? is defined. When m,n,p,q € N, prove:
(@ m? -m%=mPt, (b) (m")! =mP9, (c) m-n)P =m” -n?, (d) (1) =1.

Form,neNshowthat @ m> <m n<n?ifm<n, B) m* +n*>2m-nif m#£n.

Prove, by induction, for all n € N:

@ 142434...+n=1/Dn@r+1)
®) 12422432 4. . +n2=1/6)n(n+1)2n+1)
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3.26.

3.27.

© PB+2+3%4+.. .+ =1/HP@n+ 1)
@ 1420422 4. F22=2m1

Foraj,ay,a3,..,a, e Ndefinea) +ay + a3+ ... +ar=(@+ar+as+...+a,_1) +a,fork =3,4,5,..

Prove:

@ atat+st+  -—a=@t+ot+ta—-+a)+ @ tantast+-+a)
(b) In any sum of »n natural numbers, parentheses may be inserted at will.

Prove each of the following alternate forms of the Induction Principle:

(a) With each n € N let there be associated a proposition P(n). Then P(n) is true for every n € N
provided:

(@) P(1)is true.
(ii) For each m € N the assumption P(k) is true for all £ < m implies P(m) is true.

(b) Let b be some fixed natural number, and with each natural number 7 = b let there be associated
a proposition P(n). Then P(n) is true for all values of n provided:

(@) P(b) is true.
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.,

(ii) For each m > b the assumption P(k) is true for all £ € N such that b = k < m implies P(n) is true.



The Integers

INTRODUCTION

The system of natural numbers has an obvious defect in that, given m,s € N, the equation m+ x = s
may or may not have a solution. For example, m + x = m has no solution (see Problem 3.7, Chapter 3),
while m + x = m™ has the solution x = |. Evervone knows thar this siate of affalrs 15 remedied by
adjoining to the natural numbers (then called positive integers) the additional numbers zero and the
negative integers to form the set Z of all integers.

In this chapter it will be shown how the system of integers can be constructed from the system of
natural numbers. For this purpose, we form the product set

L=N>N={sm):se N,meN}

Now we shall not say that (s, m) is a solution of m 4 x = s. However, let it be perfectly clear, we shall
proceed as if this were the case. Notice that if (s, m) were a solution of m + x = s, then (s, m) would also
be a solution of m”~ + x = s~ which, in turn, would have (s”, m") as a solution. This observation motivates
the partition of L into equivalence classes such that (s,m) and (s°,m") are members of the same class.

4.1 BINARY RELATION --
DEFINITION 4.1: Let the binary relation “~,” read “wave,” be defined on all (s, m), (t,n) € L by

(s,ml ~it,n)if and only if s+n=t+m

EXAMPLE 1.

(@ (5,21~ 19,6)since 5+6=9+2
®) (5,2)7i8,4)since 5+4#8+2
© (r,ri--is,s)ysincer+s=s+r

@ (r,ri~is*,s)sincer'+s=s"+r
(e (,s*)~1Ir,s)since r* +s=r+s*
whenever r,s € N.
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Now -~ is an equivalence relation (see Problem 4.1) and thus partitions L into a set of equivalence
classes J = {[s,m|, [t,nl,...} where

[s,m] {ia,b):(a,b) e L,(a,bl ~ is,m)}
We recall from Chapter 2 that (s, m) € [s, m] and that, if (c,d) € [s,m], then [c,d] [s,m]. Thus,
[s,m] — [t,n] if and only if (s, m) - {t,n)

It will be our purpose now to show that the set 7 of equivalence classes of L relative to -~ is, except
for the symbols used, the familiar set Z of all integers.

4.2 ADDITION AND MULTIPLICATION ON J
DEFINITION 4.2: Addition and multiplication on J will be defined respectively by

@) [sml+ltnl  [is+1),(m+n)
@) [s,m]-It,nl—[s-t+m n),(s-n+m-t)

for all [s,m|,[t,n| = .7.
An examination of the right members of (i) and (i) shows that the Closure Laws

A :x+yeJforallx,yeJ

and M,:x-yeJforallx,yeJ

are valid.
In Problem 4.3, we prove

Theorem 1. The equivalence class to which the sum (product) of two elements, one selected from each
of two equivalence classes of J, belongs is independent of the particular elements selected.

EXAMPLE 2. If (a,b),(c,d) € [s,m] and (e,f ), (g, h) € [¢,n], we have not only
[a,b] =lc,d]1=I|s,m]l and [e,f 1 = |g, hl = |t,n]

but, by Theorem I, also
[a,b] le,f1=lc,d1 | Ig,hl =Is,m] |t,nl

and [a,b] le.f | —lc,d |- g, hl —ls,m| - |t,nl

Theorem I may also be stated as follows: Addition and multiplication on J are well defined.

By using the commutative and associative laws for addition and multiplication on N, it is not
difficult to shew thac addition and nwltiplication on J obey these same laws. The associative law for
addition and one of the distributive laws are proved in Problems 4.4 and 4.5.

4.3 THE POSITIVE INTEGERS

Let r € N. From 1 +r =r" it follows that r is a solution of 1 4+ x = r*. Consider now the mapping

[v",1] =n, neN )
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For this mapping, we find

P10 +0s7,10 Tir+8),0+ 101 [ir+s)7,11=r+s

and [F1-Is7, 10 fir-s"+1-D,¢" - 14+s" 101 [ir-s),1l—r-s
Thus, (1) is an isomorphism of the subset {[»", 1| : n € N} of J onto N.
Suppose now that [s, m| — |r", 1]|. Then (s,m) ~ ir",1),s =r+ m, and s > m.

DEFINITION 4.3: The set of positive integers Z* is defined by
Z* ={s,m| :[s,m| € T, s > m}

In view of the isomorphism (1) the set Z" may be replaced by the set N whenever the latter is found
more convenient.

4.4 ZERO AND NEGATIVE INTEGERS
Let r,s € N. Now [r,r] — [s, s] for any choice of r and s, and [r,r] — [s, ] if and only if = s.
DEFINITION 4.4: Define the integer zero, 0, to correspond to the equivalence class [r,7[,r € N.

Its familiar properties are
[s,ml +Ir,rl —Is,m|  and  [s,m|-Ir,r]| —Ir,7I

proved in Problems 4.2(b) and 4.2(c). The first of these leads to the designation of zero as the identity
element for addition.

DEFINITION 4.5: Define the set Z of negative integers by
Z ={s,m|:[s,m|<.T,5s <m}

It follows now that for each integer [a,b], a # b, there exists a unique integer [b,a] such that
(see Problem 4.2(d))

[a,b] +1b,al —Ir,r| + 0 2)

We denote [b, a] by —[a, b] and call it the negative of [a, b]. The relation (2) suggests the designation of
[b,a] or — [a, b] as the additive inverse of [a, b].

4.5 THE INTEGERS

Let p,q € N. By the Trichotomy Law for natural numbers, there are three possibilities:

(@ p=gq, whence [p,q] Ig,pl 0
(b) p<gqg,sothat p+a=gqforsomeaecN;thenp+a =¢g+1and[g,pl—la,ll+a
(¢) p>q,sothat p=g+a for some a € N and [p,q| + a.

Suppose [p,q| + n € N. Since [g,p| — —Ip, q|, we introduce the symbol —n to denote the negative of
n € N and write [g, p] <+ —n. Thus, each equivalence class of 7 is now mapped onto a unique element
of Z={0, L1, _2,...}. That J and Z are isomorphic follows readily once the familiar properties
of the minus sign have been established. In proving most of the basic properties of integers, however,
we shall find it expedient to use the corresponding equivalence classes of 7.
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EXAMPLE 3. Let ag,beZ Show that [ a)-b= ia-b). Let a<[s,ml so that —a<[m,s] and let

b < [t,n]. Then

[ a)yboms]l-lt,nl=lm-t+s-n),m-n+s-t)
while a-beIs,ml lt,nl=|is-t4+m-n), (s-n+m-t}
Now —la-b)o[sn+m-0,(s-t+m- n)]+|i—a)- bl
and so [ a)b= ia-b)

See Problems 4.6-4.7.

4.6 ORDER RELATIONS

DEFINITION 4.6: For a,b € Z, let a <> [s,m] and b <> [t,n]. The order relations “<” and “>" for
integers are defined by

a<bif and only if (s+n) <(t+m)

and a> bif and only if (s +n) > (¢t +m)
In Problem 4.8, we prove the Trichotomy Law: For any a,b € Z, one and only one of
(a) a=0b, () a < b, (c)a>b

is true.
When a, b, c € Z, we have

(1) a+c<b+cif and only if a < b.

(1) a+c¢>b+cif and only if a > b.

(2) Ifc>0, thena-c<b-cif and only if a < b.

2) Ifc>0, thena-c> b-cif and only if a > b.

(3) Ifc<0, thena-c<bd-cif and only if a > b.

(3) Ifc<0,thena-c> b-cif and only if a < b.

For proofs of (1) and (3), see Problems 4.94.10.
The Cancellation Law for multiplication on Z,

My: Ifz#0andif x-z=y-z, thenx=y

may now be established.
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As an immediate consequence, we have

Theorem II. If a,b € Z and if a - b = 0, then either a =0 or 5 = 0.
For a proof see Problem 4.11.
The order relations permit the customary listing of the integers

ey —5,—4,-3,-2,-1,0,1,2,3,4,5, ...

and their representation as equally spaced points on a line as shown in Fig. 4-1. Then “a < b means
“a lies to the left of 4,” and “a > b” means “a lies to the right of 5.”

T T T T T T —L
-1 0 1 2 3 4 5

Fig. 4-1

From the above listing of integers, we note

Theorem III. There exists no n € Z" such that 0 < n < 1.
This theorem (see Problem 4.12 for a proof) is a consequnce of the fact that the set Z" of positive
integers (being isomorphic to N) is well ordered.

4.7 SUBTRACTION “ »
DEFINITION 4.7: Subtraction, “—,” on Z is defined by a — b = a— i—b).

Subtraction is clearly a binary operation on Z. It is, however, neither commutative nor associative,
although multiplication is distributive with respect to subtraction.

EXAMPLE 4. Prove:a—1b—c)#(a—-b) cfora,b,ceZand c#0.
Let a < [s,m],b < [t,n], and ¢ < [u, p]. Then

b—c=b+i—0)e(t+p),m+ul—ib—c)[(n+w,(E+pl

and a b-¢=ali b—c)o[s+n+w,m+t+pll
while a—b=a+i-b) < [(s+n),(m+1)
and (a-bl—c=@+bt+i—c) o [(s+n+p),(m+1t+uj

Thus, when c #0,a—ib—c) #(a—bi—c.
4.8 ABSOLUTE VALUE |q]

DEFINITION 4.8: The absolute value, “|a|,” of an integer a is defined by

a whena+0

al =
lal a whena<0

Thus, except when a = 0, |a] € Z.
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The following laws

(11 —a =a= q ) la bl=la - b
(3) la — bl = la+b] (3) la+bl = lal + 5|
@ la bl =la—0b] @) la—>bl = lal + 5|

are evidently true when at least one of a, b is 0. They may be established for all a, b € Z by considering
the separate cases as in Problems 4.14 and 4.15.

4.9 ADDITION AND MULTIPLICATION ON Z

The operations of addition and multiplication on Z satisfy the laws A;—A4, M1-M,4, and D-D; of
Chapter 3 (when stated for integers) with the single modification

M,. Cancellation Law: If m-p=n-pandif p #0 € Z, then m =n for all m,n € Z.
We list below two properties of Z which N lacked

As. There exists an identity element, 0 € Z, relative to addition, such that »+0=0+n#n=n for every
nel.

Ag. For each ne€Z there exists an additive inverse, —n € Z, such that n+(—n)=(—n)+n=0 and a
common property of N and Z.

Ms;. There exists an identity element, 1 € Z, relative to multiplication, such that 1-n=n-1=n for every
nelZ.

By Theorem III, Chapter 2, the identity elements in A5 and M; are unique; by Theorem IV,
Chapter 2, the additive inverses in Ag are unique.

4.10 OTHER PROPERTIES OF INTEGERS

Certain properties of the integers have been established using the equivalence classes of J. However,
once the basic laws have been established, all other properties may be obtained using the elements of Z
themselves.

EXAMPLE 5. Prove: for all a,b,c € Z,

(@ a 0=0-a=0 () ai-bl —iab) (¢ ab—c)=ab—ac

(a) a+0=a (As)
Then a-a+0=a-a=a(@+0)=a-a+a-0 D)
and 0=a0 (A4)

Now, by My, 0-a=a-0=0, as required. However, for reasons which will not be apparent until a
later chapter, we will prove

0a=a-0
without appealing to the commutative law of multiplication. We have

a-a+0=a-a=@+0a=a-a+0-a D2)
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hence 0=0a
and 0-a=a-0
()] 0=a-0=alb+i1-bil —a b+ali—b) D)

thus, a I—b) is an additive inverse of a - b. But —{a - b) is also an additive inverse of a - b; hence,

al b= la-b) (Theorem IV, Chapter 2)
©
alb—c)=alb+i—cil —ab+ai—c) D)
=ab | | ac) ((b) above)
=ab—ac

Note: In (c) we have replaced a - b and —ia - ¢) by the familiar ab and — ac, respectively.

Solved Problems

4.1. Show that ~ on L is an equivalence relation.
Let (s,m), (¢, n), (u,p) € L. We have
(@) (s,m)~(s,m) since s +m=s+m; ~ is reflexive.
(b) If (s,m) ~ (t,n), then (¢,n) ~ (s, m) since each requires s+n=1¢+m; - is symmetric.

(¢) If(s,m) (t,n)and (¢,n) = (u,p), thens+n=t+m,t+p=u+n,ands+n+t+p=t+m+u+n. Using
A4 of Chapter 3, the latter equality can be replaced by s+p=m+u; then (s,m) ~ (4,p) and -~ is
transitive.

Thus, -, being reflexive, symmetric, and transitive, is an equivalence relation.

4.2. When s,m,p,r € N, prove:
(d) [(r+p)ap)]=[r*al] (C) [s,m] -[r,r]=[r, 7'] (e) [s,m]-[r*,r]:[s,m]
®) [s,ml+[r,rl1=[sm] @ [s,m]+[m,s]=][r,7]

(@ ((r+p),p) ~ (r*, 1) since r+p+ 1 =r*+p. Hence, [(r+ p), pl =[r*, 1] as required.

®) I[s,ml+[r.r1=[s+7r),(m+r). Now ((s+7),(m+r) ~ (s,m) since (s+r)+m=s+(m+r). Hence,
(s +n), (m+n]=[s, ml+[r,rI=[s, m].

© bml-lInr=[(s-r+m-n,(s-r+m-r]=[r,r] since s-r+m-r+r=s-r+m-r+r.

@ [s,ml+[m,s1=[(s +m),(s+m)]=][r,r].

@ [s,m]-Ir*rl=l(s-r*+m-r),(s-r+m-r*)]=[s,m]sinces-r*+m-r+m=s+s-r+m-r¥=s-r* + m-r*.

4.3. Prove: The equivalence class to which the sum (product) of two elements, one selected from each of
the two equivalence classes of 7, belongs is independent of the elements selected.
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Let [a,b]=[s,m] and [c,d]=][¢t,n]. Then (a,b)~(s,m) and (c¢,d)~~(¢,n) so that a+ m=s+b and
c+n=t+d. We shall prove:

(a) [a,bl+[c,d]=Is,m]+[t,n], the first part of the theorem;

b) ac+b-d+s n+m-t=a-d+b c+s-t+m-n, a necessary lemma,
(©) la,b] [c,d]=][s,m]-[t,n], the second part of the theorem.

(a) Since,a+m+c+n=s+b+1t+d,

a@a+o+m+n=c+0+0+d)
((a+c),B+dN—ils+1),(m+n)
[@a+c),b+dil=lis+1),m+nl

and [a,b] lc,dl=Is,m] lt,nl

(b) We begin with the evident equality

(a+mi-ic+D)+@E+bi-id+n)+(c+ni-la+s)+[d+1)-1b+m)
=@+b)-ic+)+@+mi-d+n)+d+tv-Ta+s)+(c+n)-1b+m)

which reduces readily to

2a-c+b-d+s-n+m-)+(@-t+m-c+s-d+b-n)+(Gs-c+n-a+b t+m-d)
=2a-d+b-c+s-t+m-n+@-t+m-c+s-d+b-n+(@-c+n-a+b-t+m-d)

and, using the Cancellation Laws of Chapter 3, to the required identity.
(¢) From (b), we have

(@ c+b-d)y+(s-n+m-H)=(@-t+m-n)+@-d+b-c)
Then (@a-c+b-d),(a-d+b-chh—liis-t+m-n),(s-n+m-1))
[@-c+b-d),(a-d+b-cl=lis t+m-n),(s-n+m-t)

and so [a,bl-le,d | —|s,m| - |t,n|

4.4. Prove the Associative Law for addition:
([s,m1 lt,nll lu,pl=Is,ml (lt,n] |u,pl

for all [s, m|, [¢,nl, [u,pl = /7.

We find ([s,m] | |t,n]] lu,pl=Ilis+8),m+n |upl=Iis+¢+uw),(m+n+pl
while [s,m] —Tlz,nl | |u,plt— |s,m] + [t +w),(n + p)] — |is + ¢ + u), (n + n + p}] and the law follows.

4.5. Prove the Distributive Law D5:
(Is,ml |t,nli lu,pl — Is,m| - lu,p| |t,nl-|u,pl

for all [s, ml, [¢,nl, [u,pl: 7.
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We have

([s,m] — lt,nl) - lu,pl = [is + 9),(m + n}l - [u, p]
=[G+ ut(m+ni-p),(s+2p+(m+n) ul
=[s-u+t-u+m-p+n-p),(s-p+t-p+m-u+n-ujl
=[s-ut+m-p),(s-p+m-ull—|it-u+n-p),(¢t-p+n-ul
=[s,m] - lu,p] —t,n]- |u, p]

4.6. (a) Show that a—i—a) =0 for every a € Z.
Let a < [s,m]; then —a < [m,s],
a—i—a)<[s,ml | Im,s]—|is+m),(m+si)]—|r,rl <+ 0
and al: a)=0.

b) Ifx+a=b>bforabeZ showthatx=5b 1 a).

When x=b+(-a), x+a=0b+(—a)+a=b+(—a)+a)=>b; thus, x=b+(—a) is a solution of
the equation x+a=»~. Suppose there is a second solution y. Then y+a=b=x+a and, by Ay, y=x.
Thus, the solution is unique.

4.7. When a,b € Z, prove: (1) {—a)l —i{—b)l — —ia+b), 2) i—al-i—b)=ab.

Let a < [s,m| and b < [t,nl; then —a < [m, s| and —b < [n, 1.

L {—a)— (—b) & [m,s| | In 2] = |im +n),(s + 2]
and a+b <o [s,ml | |t,n] =|is +7),(m+nll
Then —fla+b) o [(m+n),(s+ )] = —ar+1i—b)
and [ all [ bl= ia+b)

(2! i—a) i=b) o [m,s|-In ]l —|im-n+s-1),(m-t+s-nj
and a-be[s,m| |t,nl—|is-t+m-n),(s-n+m-1)]
Now [((m-nts-O,m-t+s-nil=|is-t+m-n),(s n+m-tll
and i al-i b)y=a-b

4.8. Prove the Trichotomy Law: For any a,b € Z one and only one of

(@ a=b, (b) a<hb, (c) a>b

is true.
Let a < [s,m] and b < [t,n]; then by the Trichotomy Law of Chapter 3, one and only one of
(@s+n=t+manda=>b,(b)s+n<t+manda<b,(c)s+n>t+manda>bis true.
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4.9. When a,b,c € Z, prove: a+ ¢ > b+ c if and only if a > b.

4.10.

4.11.

Take a < [s,m|, b < [t,nl, and ¢ < [u, pl. Suppose first that
a+c>b+c or ([s,m] + lu, p11 > ([t,n] — |u, pl ]

Now this implies [(s +u),(m+p) > [(t +w), (m+ pl]
which, in turn, implies C+w+@m+p >@t+w+@m+p)
Then, by Theorem II', Chapter 3, (s +n) > (¢ + m) or [s,m| > [t,n| and a > b, as required.

Suppose next that a > b or [s, m| > [¢,nl; then (s + n) > (¢ + m). Now to compare

a+co[(s+u,(m+pll and b+ce[(t+uw,@n+pll

we compare [(s + %), (m + p) and [(z+ ), + pll
or C+w+@m+p) and (t+w+@m+p)
or C+m)+@u+p) and t+m+u+p

Since (s 4+ n) > (¢ + m), it follows by Theorem II', Chapter 3, that
(+m+@+p)>@E+m+u+p)
Then C+wy+@m+p >¢+uwy+m+p)
[(s +u), (m + pIl > [(¢ + ), (n + P
and at+c>b+c

as required.

When a,b,c € Z, prove: If c <0, then a- ¢ < b- ¢ if and only if a > b.

Take a < [s,m],b < [¢,n], and ¢ < [u, p] in which u < p since ¢ < 0.

(@) Supposea c<b c; then
(s u+m-p),(s-p+m-ull<[(t-u+n-p),(t -p+n-uj
and (- u+mp+(@ p+n-wy<(-ut+np+@E-p+m-w

Since u < p, there exists some k € N such that 4 k= p. When this replacement for p is made in
the inequality immediately above, we have

(-u+tm-u+m-k+t u+t-k+n-wy<@ u+n-u+n-k+s u+s-k+m-u

whence m-k+t-k<n-k+s-k

Then m+ti-k<@m+si-k
m+t<n+s
stn>t+m

and a>b

(b) Suppose a>b. By simply reversing the steps in (@), we obtain a - c<b - ¢, as required.

Prove: If a,b € Z and a- b = 0, then either a =0 or 5 = 0.
Suppose a # 0; then a-b =0 =a -0 and by My, b = 0. Similarly, if 5 # 0 then a = 0.
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4.12.

4.13.

4.14.

4.15.

4.16.

4.17.

4.18.

4.19.
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Prove: There exists no #n € Z* such that 0 < n < 1.

Suppose the contrary and let m € Z* be the least such integer. From 0 < m < 1, we have by the use of (2),
0<m?*<m<1. Now 0<m?<1 and m? <m contradict the assumption that m is the least, and the
theorem is established.

Prove: When a,b € Z, then a < b if and onlyif a— b < 0.

Let a < [s,m] and b < [t,n]. Then

a—b=ali b)o[s,mll |ntl=I|is+n),(m+tzl
Ifa<b,thens+n<m+tand a—b<0. Conversely,if a —b <0, then s+n<m+¢tand a < b.

Prove: |a+ b| = |a| + |b| for all a,b € Z.

Suppose a>0 and b>0; then |a+bl=a+b=]al+|b|l. Suppose a<0 and b <0; then
la+bl= {a+bt= ali b)=]|al+1|b]. Suppose a>0 and b<0 so that |¢| =a and |b] — —b.
Now, either a+b=0and |[a+b| =0 < |a| + || or

a+b<0 and |a+bl= ila+bl= ali b= la|l+|b| <|al+|b|

or a+b>0 and |a+bl=a+b=a . b)=la|l—|b| <|a|l+ 5|
The case a < 0 and b > 0 is left as an exercise.

Prove: |a -b| = |a - b| for all a,b € Z.

Suppose a > 0 and b > 0; then |a| = aand |b| = b. Then |a-b| =a-b = |al |b|. Suppose a < 0and b < 0,
then |a| = —a and |b| = —b. Now a-b > 0; hence, |a-b| =a-b —i—at-i—b) = |a| - |b|. Suppose a > 0 and
b < 0; then |a| =a and |b| — —b. Since a-b <0, |[a-bl = T{a-b)y=a i b)=]|al|-|b|.

The case a < 0 and b > 0 is left as an exercise.

Prove: If a and b are integers such that a - 5 = 1 then a and b are either both 1 or both —1.

First we note that neither a nor b can be zero. Now |a - b| = |a|l |b| = 1 and, by Problem 4.12, |a| = 1 and
|6] = 1. If |a| > 1 (also, if |b] > 1), |a| - |b] # 1. Hence, |a| = |b] =1 and, in view of Problem 4.7(b), the
theorem follows.

Supplementary Problems

Prove: When r,s € N,

@ (rri=is,s)~1(1,1) @ @ r FhHr,r?)
@) @,r1- s, s~ 02,1) e @50 fI1s,5%)
© (rre--iss*)~il,2) () *-st 41,/ +50~iir-s)°,1)

State and prove: (a) the Associative Law for multiplication, (b) the Commutative Law for addition,
(¢) the Commutative Law for multiplication, (d) the Cancellation Law for addition on J.

Prove: [r*,r]l <> 1 and [r,r*] <+ 1.
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4.20.

4.21.

4.22.

4.23.

4.24.

4.25.

4.26.

4.27.

4.28.

4.29.

4.30.

4.31.

IfaeZ prove: (a)a-0=0-a=0,b)i 11-a — —a,(c) —0=0.

If a,b € Z, prove: (@) —i—a) = +a, (b) t—aW—b)=a-b, (¢c) I—a)+b —(a+:i-b)).
When b € Z*, show thata—b <a+ b foralla e Z,

When a,b € Z, prove (1), (2), (2/), and (3') of the order relations.

When a,b,c € Z, provea - lb—c)=a-b—a-c.

Prove: If a,b € Z and a < b, then there exists some ¢ € Z* such that a + ¢ = b.

Hint. For a and b represented in Problem 7, take ¢ < [(z + m), (n + s}.

Prove: When a,b,c,d € Z,

(@) —a>-bifa<b.

b) a+c<b+difa<band c<d.

(¢ fa<(b+c),thena b<ec.

d a-b=c-difandonlyifa+d=>b+c.

Prove that the order relations are well defined.
Prove the Cancellation Law for multiplication.

Define sums and products of n > 2 elements of Z and show that in such sums and products parentheses may
be inserted at will.

Prove:

(@) m? > 0 for all integers m # 0.
() m?® > 0 for all integers m > 0.
(¢) m?® <0 for all integers m < 0.

Prove without using equivalence classes (see Example 5):
(@) ——a)=a

(b) 1—ak—b)=ab

© b—c=®B+ar (c+a

@d ab—c)=ab—ac

(&) (@+b)c+d)=(ac+ad)+ (bc+bd)

() (@a+b)c—d)=(ac+bct—iad+bd)

() (@—b)c—d)=(ac+bd})—iad+ bc)



Some Properties
of Integers

INTRODUCTION

In Chapter 4, you were introduced to the system of integers with some of its properties. In this chapter,
you will be introduced to some further properties of the system of integers.

5.1 DIVISORS

DEFINITION 5.1: An integer a # 0 is called a divisor (factor) of an integer b (written “‘a|b”) if there
exists an integer ¢ such that & = ac. When a|b we shall also say that b is an integral multiple of a.

EXAMPLE 1.

(a) 2|6since6=2-3

() -3|15since 15=1i 3} 5)

(¢©) al0,forallaeZ, since0=a-0

In order to show that the restriction a # 0 is necessary, suppose 0]b. If  # 0, we must have b =0 - ¢
for some ¢ € Z, which is impossible; while if 5 = 0 we would have 0 = 0 - ¢, which is true for every ¢ € Z.

DEFINITION 5.2: When b, c;x,y € Z, the integer bx + cy is called a linear combination of b and c.
In Problem 5.1, we prove
Theorem 1. If a|b and a|c then a|(bx + cy) for all x,y € Z.
See also Problems 5.2, 5.3.

52 PRIMES
Since a-1 — [ ali 1)=aforevery a € Z, it follows that —1 and + a are divisors of a.
DEFINITION 5.3: An integer p # 0, —1 is called a prime if and only if its only divisors are —1 and +p.

58
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EXAMPLE 2.
(a) The integers 2 and —5 are primes, while 6 =2 -3 and —39 = 3;—13) are not primes.
(b) The first 10 positive primes are 2,3,5,7,11,13,17,19,23,29.

It is clear that —p is a prime if and only if p is a prime. Hereafter, we shall restrict our attention
mainly to positive primes. In Problem 5.4, we prove:

The number of positive primes is infinite.

When a = bc with || > 1 and |c| > 1, we call a composite. Thus, every integer a # 0, — 1 is either a
prime or a composite.

5.3 GREATEST COMMON DIVISOR

DEFINITION 5.4: When «a|b and a|c, we call a a common divisor of b and c. When, in addition, every
common divisor of b and c is also a divisor of a, we call a a greatest common divisor (highest common
Jfactor) of b and c.

EXAMPLE 3.

(@) +1,£2, £3, £4, £6, + 12 are common divisors of 24 and 60.
(b) 112 are greatest common divisors of 24 and 60.

(¢) the greatest common divisors of » = 0 and ¢ # 0 are =*c.

Suppose ¢ and d are tao difterent areatest commeon divisors of @ #£ 0 and b # 0. Then c|d and d|c;
hence, by Problem 3, ¢ and 4 difer coly in siga. As a matter of convenience, we shall hersatter limit
our attention to the positive greatest common divisor of two integers @ and b and use either d or (a, b)
to denote it. Thus, d is truly the largest (greatest) integer which divides both a and &.

EXAMPLE 4. A familiar procedure for finding (210, 510) consists in expressing each integer as a product of its
prime factors, ie., 210=2-3-5-7, 510 =2-3-5-17, and forming the product 2-3 -5 =30 of their common
factors.

In Example 4 we have tacitly assumed (a) that every two non-zero integers have a positive greatest
common divisor and () that any integer a > 1 has a unique factorization, except for the order of the
factors, as a product of positive primes. Of course, in (b) it must be understood that when a itself is
prime, “a product of positive primes”™ consists of a single prime. We shall prove these propositions later.
At the moment, we wish to exhibit another procedure for finding the greatest common divisor of two
non-zero integers. We begin with:

The Division Algorithm. For any two non-zero integers a and b, there exist unique integers ¢ and r,
called, respectively, quotient and remainder, such that

a=bg+r, 0-r<|b (1)
For a proof, see Problem 5.5.

EXAMPLE 5.
(@ 780 —48( 16)+12 (©) 826=2533+1
() —2805=119(—24)+51 (d) 758=242(3)+32

From (1) it follows that b|a and (a, b) = b if and only if r = 0. When r # 0 it is easy to show that a
common divisor of a and b also divides r and a common divisor of b and r also divides a. Then (a, b)|(b, r)
and (b,r)|(a,b) so that (by Problem 5.3), (a,b) = (b,r). (See Problem 5.3.) Now either r|b (see
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Examples 5(a) and 5(c)) or r )} b (see Examples 5(b) and 5(d)). In the latter case, we use the division
algorithm to obtain

b=rq +r, O<r<r #)
Again, either r|r and (a, b) = (b,r) = r; or, using the division algorithm,
r=riqy+ro, O<r<n &)

and (a’b)=(b’r)=(r’rl)=(rlar2)'

Since the remainders r;,7;,..., assuming the process to continue, constitute a set of decreasing
non-negative integers there must eventually be one which is zero. Suppose the process terminates
with

(%) re3=rg2 qe1tre1 0<rm1<re2
k+1) repa=r 1 q+r 0<re<re

k+2) e 1=rc-qg1+0
Then (a,b) = (b,) = (r,r1) --- irk 2,7 1) =% 1,7) = I.

EXAMPLE 6.
(a) In Example 5(b), 51 f 119. Proceeding as in (2), we find 119 = 51(2) 4+ 17. Now 17|51; hence, [ 2805,119) = 17.
(b) In Example 5(d), 32 } 242. From the sequence

758 = 242(3) + 32
242 = 32(7) + 18
32 =18(1) + 14

18 = 14(1) + 4
14 = 4(3) +2
4=202)

we conclude (758, 242) = 2.
Now solving (I) forr=a—-bg=a i qb=ma+mb, and
substituting in (2), r; =b—rq, = b —ima+mb)q;
—-mq1a+ (1 nlql)b = nmpa+ nzb
substituting in (3), r, =r — r1q> = (ma + n b) — imza + mb)q,

= (m1 — gomp)a + (n1 — gonz)b = m3a + n3b
and continuing, we obtain finally
rx = Mp1a + Ny b

Thus, we have

Theorem II. When d = (a, b), there exist m,n € Z such that d = (a, b) = ma + nb.
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EXAMPLE 7. Find (726,275) and express it in the form of Theorem II.

From We obtain
726 =275-2+ 176 11=77-22-3=77 99-771:3
275=176-1+99 =77-4-99-3
176 =99-1+77 =176 -991-4-99-3
9=77-1+22 =176 -4-99 -7
77=22-3+11 =176 -4 1275—-1761:7
22=11-2 =176 - 11 —275-7

= (726 —275-2)1-11 —275-17
=11-726 —,-29)-275

Thus, m = 11 and n — —29.

Note 1. The procedure for obtaining m and » here is an alternate to that used in obtaining
Theorem II.
Note 2. In (a,b) = ma + nb, the integers m and »n are not unique; in fact, (a,b) = (m+ kb)a+
(n — ka)b for every k € N. See Problem 5.6.
The importance of Theorem II is indicated in
EXAMPLE 8. Prove: If alc, if blc, and if (a,b) = d, then ab|cd.
Since alc and b|c, there exist integers s and ¢ such that ¢ = as = bz. By Theorem II there exist m,n € Z such that

d = ma + nb. Then

cd = cma + cnb = btma + asnb = ab(tm + sn)

and ablcd.
A second consequence of the Division Algorithm is

Theorem III. Any non-empty set K of integers which is closed under the binary operations addition and
subtraction is either {0} or consists of all multiples of its least positive element.

An outline of the proof when K # {0} follows. Suppose K contains the integer a # 0. Since K is
closed with respect to addition and subtraction, we have:
(i) a—a=0ekK
@) 0 a —-aek
(iii) K contains at least one positive integer.
(iv) K contains a least positive integer, say, e.
(v) By induction on n, K contains all positive multiples ze of e (show this).

(vi) K contains all integral multiples me of e.
(vii) Ifb e K, then b = ge + r where 0 = r < e; hence, r = 0 and so every element of K is an integral multiple of e.

5.4 RELATIVELY PRIME INTEGERS

For given a,b € Z, suppose there exist m,n € Z such that am + bn = 1. Now every common factor of a
and b is a factor of the right member 1; hence, (a,b) = 1.

DEFINITION 5.5: Two integers a and b for which (g, ) = 1 are said to be relatively prime.
See Problem 5.7.
In Problem 5.8, we prove

Theorem IV. If (a,s) = (b,s) =1, then (ab,s) = 1.
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5.5 PRIME FACTORS

In Problem 5.9, we prove

Theorem V. If p is a prime and if p|ab, where a,b € Z, then pla or p|b.
By repeated use of Theorem V there follows

Theorem V'. 1If pis a prime and if p is a divisor of the producta-b -c - ... -t of n integers, then pis a
divisor of at least one of these integers.

In Problem 5.10, we prove

The Unique Factorization Theorem. Every integer a > 1 has a unique factorization, except for order

(a) a=py-p2'p3 ... Pn

into a product of positive primes.
Evidently, if (a) gives the factorization of a, then

—a— (p1-p2-p3-...-pn)

Moreover, since the ps of (a) are not necessarily distinct, we may write

1 I

a=p1 .p2'12.p3”3.....ps
where each i»; = 1 and the primes p;, p2, ps, ... ps are distinct.

EXAMPLE 9. Express each of 2,241,756 and 8,566,074 as a product of positive primes and obtain their
greatest common divisor.

2,241,756 =22-3%-11-17 - 37 and 8,566,074 =2 -3*-112-19 - 23

Their greatest common divisor is 2 - 3% - 11.

5.6 CONGRUENCES

DEFINITION 5.6: Let m be a positive integer. The relation “congruent modulo m,” {= imod m)), is
defined on all a,b € Z by a = b(mod m) if and only if m|(a — b).

EXAMPLE 10.
(@ 89 25(mod 4) since 4[(89 — 25) = 64 (e) 24 / 3(mod 5)since 5 } 21
() 89 1(mod 4) since 4|88 (f) 243 / 167(mod 7)since ¢t f 76
(© 25 =1(mod 4) since 4|24 (g) Any integer a is congruent
@d) 153 7(mod 8) since 8[160 modulo m to the remainder

obtained by dividing a by m.

An alternate definition, often more useful than the original, is a = b(mod m) if and only if a and b
have the same remainder when divided by m.

As immediate consequences of these definitions, we have:
Theorem VI. 1If a = b(mod m) then, for any n € Z, mn + a = b(mod m) and conversely.
Theorem VII. 1If a = b(mod m), then, for all x € Z, a + x = b 4 x(mod m) and ax = bx(mod m).
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Theorem VIII. If a = b(mod m) and ¢ = e(mod m), then a+ c=b+ e(mod m), a — c = b — e(mod m),

ac = be(mod m). See Problem 5.11.
Theorem IX. Let (¢, m)=d and write m=mid. If ca= cb(mod m), then a= b(mod m;) and
conversely. For a proof, see Problem 5.12.

As a special case of Theorem IX, we have

Theorem X. Let (c,m) = 1. If ca = cb(mod m), then a = b(mod m) and conversely.

DEFINITION 5.7: The relation = imod m) on Z is an equivalence relation and separates the integers
into m equivalence classes, [0], [1],[2], ..., [# — 1], called residue classes modulo m, where

[rl—la:aeZ,a=r(mod m)}

EXAMPLE 11. The residue classes modulo 4 are:

[01=1..., —16, —12, —8, —4,0,4,8,12,16,.. .}
[t-1.., 15 11, 7, 3,1,59,13,17,..}
21=I..., —14, —10, — 6, —2,2,6,10,14,18,.. .}
Bl=I...,—-13, -9, -5, -1,3,7,11,15,19,.. .}

We will denote the set of all residue classes modulo m by Z,,. For example, Z4 = {[0], [1],[2], [3]}
and Z,, = {[OL[11,[2,[3],...,[m—1]}. Of course, [3| £ Z4 =[3| & Z,, if and only if m = 4. Two basic
properties of the residue classes modulo m are:

If a and b are elements of the same residue class [s], then a = b(mod m).

If [s| and [¢]| are distinct residue classes with a € [s| and b € [¢], then a #* b(mod m).

5.7 THE ALGEBRA OF RESIDUE CLASSES
Let “3” (addition) and ““:>” (multiplication) be defined on the elements of Z,, as follows:

[al &1b] — la + bl
[al i 16] — la - b]
for every [al,[b]| & Z,,.

Since : and 7 on Z ,, are defined respectively in terms of + and - on Z, it follows readily that T: and
> satisfy the laws A;-A4, M;-My, and D;-D, as modified in Chapter 4.

EXAMPLE 12. The addition and multiplication tables for Z 4 are:

Table 5-1 Table 5-2
1 2 1

0
0
1 and
2
3

where, for convenience, [0l,[11,[2,[3] have been replaced by 0, 1,2, 3.
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5.8 LINEAR CONGRUENCES
Consider the linear congruence
() ax = b(mod m)

in which a, b, m are fixed integers with m > 0. By a solution of the congruence we shall mean an integer
x = x; for which m|(ax; — b). Now if x; is a solution of () so that m|(ax; — b) then, for any k € Z,
ml(a(x, + km) — b) and x; + km is another solution. Thus, if x; is a solution so also is every other
element of the residue class [x;] modulo m. If then the linear congruence (b) has solutions, they consist
of all the elements of one or more of the residue classes of Z,,.

EXAMPLE 13.

(a) The congruence 2x = 3(mod 4) has no solution since none of 2:-0—3,2-1-3,2:2—-3,2-3 -3 has 4 as
a divisor.

() The congruence 3x 2(mod 4) has 6 as a solution and, hence, all elements of [2]: Z4 as solutions.
There are no others.

(¢) The congruence 6x 2(mod 4) has 1 and 3 as solutions.

Since 3 # 1(mod 4), we shall call 1 and 3 incongruent solutions of the congruence. Of course, all elements
of [11,[3| © Z4 are solutions. There are no others.

Returning to (b), suppose (@, m) = 1 = sa + tm. Then b = bsa + btm and x, = bs is a solution. Now
assume x; # x;(mod m) to be another solution. Since ax; = b(mod m) and ax, = b(mod m), it follows
from the transitive property of = imod m) that ax; = ax,(mod m). Then m|a(x; — x,) and x; = x,(mod
m) contrary to our assumption. Thus, (b) has just one incongruent solution, say x;, and the residue class
[x:1| £ Z,, also called a congruence class, includes all solutions.

Next, suppose that (a,m)=d =sa+tm, d > 1. Since a = a;d and m = md, it follows that if
(b) has a solution x = x; then ax; — b = mq = m;dq and so d|b. Conversely, suppose that d = (a,m) is a
divisor of b and write b = b;d. By Theorem IX, any solution of (b) is a solution of

(© a1x = bj(mod my)

and any solution of (c) is a solution of (). Now (a;,m;) = 1 so that (c) has a single incongruent solution
and, hence, (b) has solutions. We have proved the first part of

Theorem XI. The congruence ax = b(mod m) has a solution if and only if d = (a, m) is a divisor of b.
When d|b, the congruence has exactly d incongruent solutions (d congruence classes of solutions).

To complete the proof, consider the subset
S = {x1,x1 +my, x1 +2my, x1 +3my, ..., x1 +(d — D)m;}

of [x) |, the totality of solutions of a;x = b;(mod m;). We shall now show that no two distinct elements of
S are congruent modulo m (thus, (b) has at least d incongruent solutions) while each element of [x;| — S
is congruent modulo m to some element of S (thus, (») has at most d incongruent solutions).

Let x; +sm; and x; + tm; be distinct elements of S. Now if x; + sm; = x; + tm;(mod m) then
m|(s — ©)my; hence, d|(s — t) and s = ¢, a contradiction of the assumption s # t. Thus, the elements of
S are incongruent modulo m. Next, consider any element of [x;| — S, say x; + (gd + r)m; where g = 1
and 0 <r<d. Now x;+(qd +rym; =x; +rm +gm = x; + rmy(mod m) and x; +rm; € S. Thus,
the congruence (b), with (a,m) = d and d|b, has exactly d incongruent solutions. ~ See Problem 5.14.

5.9 POSITIONAL NOTATION FOR INTEGERS

It is well known to the reader that

827,016 = 8-10°+2-10*+7-10°+0-10>+1-10+6
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What is not so well known is that this representation is an application of the congruence properties
of integers. For, suppose a is a positive integer. By the division algorithm, a = 10 - go + rp, 0 ~ 79 < 10.
If go=0, we write a=rg;, if go >0, then go=10-4; +r;, 0 <r; <10. Now if ¢q; =0, then
a=10-r; +r, and we write a = rry; if ¢, > 0, then g =10-g, + 12, 0 < r, < 10. Again, if g, =0,
then a =102 -7, 4+ 10 -r; +ro and we write a = rar7o; if g2 > 0, we repeat the process. That it must
end eventually and we have

a=10° r,+10" 7y | — - +10: 711 +rg = 1575 1 -+ 1170

follows from the fact that the gs constitute a set of decreasing non-negative integers. Note that
in this representation the symbols r; used are from the set {0,1,2,3,...,9} of remainders modulo 10.
(Why is this representation unique?)

In the paragraph above, we chose the particular integer 10, called the base, since this led to our
system of representation. However, the process is independent of the base and any other positive integer
may be used. Thus, if 4 is taken as base, any positive integer will be represented by a sequence of the
symbols 0, 1,2, 3. For example, the integer (base 10) 155 =43 - 2+4? - 1+4 2+ 3 = 2123 (base 4).

Now addition and multiplication are carried out in much the same fashion, regardless of the base;
however, new tables for each operation must be memorized. These tables for base 4 are:

Table 5-3 Table 54
+ | 0 1 2 3 1
o(o0 1 2 3 0
1{1 2 3 10 and 1
212 3 10 11 2
313 10 11 12 3
See Problem 5.15.
Solved Problems

5.1. Prove: If a|b and alc, then a|(bx + cy) where x,y € Z.
Since alb and alc, there exist integers s,¢ such that » =as and ¢ =at. Then bx+cy = asx + aty =
a(sx + ty) and a|(bx + cy).
5.2. Prove: If alb and b # 0, then |6 = |al.
Since alb, we have b = ac for some ¢ € Z. Then |b| = |al |c| with |¢| == 1. Since |c| == 1, it follows that
lal - ¢| = |al, that is, |b] = |al.
5.3. Prove: If a|b and b|a, then b = a or b = —a.

Since alb implies a #0 and bla implies b #0, write b =ac and a = bd, where c¢,d € Z. Now
a-b = (bd)(ac) = abcd and, by the Cancellation Law, 1 = c¢d. Then by Problem 5.16, Chapter 4, c =1 or
—land b=ac=aor —a.

5.4. Prove: The number of positive primes is infinite.

Suppose the contrary, i.e., suppose there are exactly n positive primes p;, ps, p3,. . . , Pn, Written in order of
magnitude. Now form a=p;-p2-p3 - ... ' p, and consider the integer @ + 1. Since no one of the ps is a
divisor of a + 1, it follows that a + 1 is either a prime > p, or has a prime > p, as a factor, contrary to the
assumption that p, is the largest. Thus, there is no largest positive prime and their number is infinite.
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5.5.

5.6.

5.7.

5.8.

5.9.

5.10.
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Prove the Division Algorithm: For any two non-zero integers a and b, there exist unique integers
g and r such that

a=bq+r0-=r<|b|

Define S ={a —bx:xe€ Z}.1Ifb<0,ie., b= —1,thenbd-|a| = —|a| “aanda—>b- a| = 0.Ifb > 0, i.e.,
bx=1,then b i lali= a|=aanda—>bl lal): 0. Thus, S contains non-negative integers; denote by r

the smallest of these (r :: 0) and suppose r =a —bg. Now if r = |b|, then r —|b| =0 and r — |b| =
a—bq—|bl=a Ig+1)b<rora iq—1)b<r,contrary to the choice of r as the smallest non-negative
integer € S. Hence, r < |b|.

Suppose we should find another pair ¢’ and r’ such that
a=bq' +r',0 <r' <|b|
Now bg' +r'=bg+r or b(qg' —q) =r—r’ implies b|(r —r’) and, since |r —r’| < |b|, then

r—r’'=0;also g’ —q =0 since b #0. Thus, ¥’ =r,q’ = g, and g and r are unique.

Find (389, 167) and express it in the form 389m + 167n.

From We find
3890 =167-2+55 1=55-2-27
167 =55-3+2 =55-82 167-27
55=2-27+1 =389-82—167-191
2=1-2

Thus, (389,167) = 1 = 82389 : 191)(167).

Prove: If c|ab and if (a,c) = 1, then c|b.

From 1 = ma + nc, we have b = mab + ncb. Since ¢ is a divisor of mab + ncb, it is a divisor of b and ¢|b as
required.

Prove: If (a,s) = (b, s) = 1, then (ab,s) = 1.

Suppose the contrary, i.e., suppose (ab,s) =d > 1 and let d = (ab, s) = mab + ns. Now d|ab and d|s.
Since (a,s) =1, it follows that d [ a; hence, by Problem 7, d|b. But this contradicts (b,s) = 1; thus,
(ab,s) = 1.

Prove: If p is a prime and if p|ab, where a, b € Z, then pla or p|b.

If pla we have the theorem. Suppose then that p | a. By definition, the only divisors of p are |1 and | p;
then (p,a) = 1 = mp + na for some m,n € Z by Theorem II. Now b = mpb + nab and, since p|(mpb + nab),
plb as required.

Prove: Every integer a > 1 has a unique factorization (except for order)
a=p1-pP2-P3- ... "Pn
into a product of positive primes.

If a is a prime, the representation in accordance with the theorem is immediate. Suppose then that a
is composite and consider the set S = {x: x > 1, x|a}. The least element s of S has no positive factors
except 1 and s; hence s is a prime, say p;, and

a=pi- b], b] >1
Now either b; is a prime, say p;, and a = p; - p» or b;, being composite, has a prime factor p, and

a=p;-pr-by, by>1
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A repetition of the argument leads to a = p; - p> - p3 or
a=p;-py-p3-bs, by > 1

and so on.
Now the elements of the set B = {b,, b, bs, ...} have the property by > b, > b3 > - --; hence, B has a least
element, say b,, which is a prime p, and

a=p1-p2pP3- ... Dn

as required.
To prove uniqueness, suppose we have two representations

a=p1-p2P3- ... " Pn=q1°92°93" ... "qm

Now g¢; is a divisor of p; - p2 - p3 - ... - pu; hence, by Theorem V', ¢, is a divisor of some one of the ps, say
p1- Then ¢q; = pi, since both are positive primes, and by My of Chapter 4,

P2P3 .. Pn=q2-G3- ... "(m
After repeating the arowment w sufficicnt number of times. we find that m = n and the factorization is unique.

5.11. Find the least positive integers modulo 5 to which 19, 288, 19 - 288 and 193 - 2882 are congruent.
We find

19=5-3+4; hence 19 4(mod 5).
288 = 5-57 + 3; hence 288 3(mod 5).
19 .288 = 5i++ -1 12; hence 19 - 288 = 2(mod 5).
19%.2882 = 5(...1 43.32=5(-1 576; hence 19° - 2882 = l(mod 5).

5.12. Prove: Let (c,m) = d and write m = m;d. If ca = cb(mod m), then a = b(mod m;) and conversely.
Write ¢ = ¢;d so that (¢;,m) =1. If m|c(a b), that is, if md|cid(a b), then my|cid(a b) and,
since (¢, m;) =1, myl(a —b) and a b(mod m,).
For the converse, suppose a =b(mod m;). Since m;|(a —b), it follows that my|c;(a —b) and
myd|cid(a — b). Thus, m|c(a — b) and ca = ch(mod m).
5.13. Show that, when a,b,p > 0 € Z, (a+ b’ = @ + b’(mod p).
By the binomial theorem, (a + b)’ = @” + pi-+ -1 | b and the theorem is immediate.

5.14. Find the least positive incongruent solutions of:
(a) 13x = 9(mod 25) (c) 259x = 5(mod 11) (e) 222x = 12(mod 18)
(b) 207x = 6(mod 18) (d) 7x = 5(mod 256)
(a) Since (13,25) =1, the congruence has, by Theorem XI, a single incongruent solution.

Solution I. If x; is the solution, then it is clear that x; is an integer whose unit’s digit is either 3 or 8;
thus x; € {3,8,13, 18,23}. Testing each of these in turn, we find x; = 18.

Solution II. By the greatest common divisor process we find (13,25) =1 — —1-25+2-13. Then
9 —9-25+18-13 and 18 is the required solution.
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5.15.

5.16.

5.17.

5.18.

5.19.

5.20.
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(b) Since 207 = 1811 49,207 = 9(mod 18), 207x = 9x(mod 18) and, by transitivity, the given congruence
is equivalent to 9x  6(mod 18). By Theorem IX this congruence may be reduced to 3x 2(mod 6).

Now (3,6) = 3 and 3 f 2; hence, there is no solution.

(¢) Since 259 =11-23 4+ 6, 259 = 6(mod 11) and the given congruence is equivalent to 6x = 5(mod 11).

This congruence has a single incongruent solution which by inspection is found to be 10.

(d) Using the greatest common divisor process, we find (256,7)=1=2-256+70 73); thus,

5=10-256+ 71 365). Now —365 = 147(mod 256) and the required solution is 147.

(e) Since 222 = 18- 12 + 6, the given congruence is equivalent to 6x 12(mod 18). Since (6,18) = 6 and
6|12, there are exactly 6 incongruent solutions. As shown in the proof of Theorem XI, these 6 solutions
are the first 6 positive integers in the set of all solutions of x 2(mod 3), that is, the first 6 positive

integers in [2| < Zyoq 3. They are then 2,5,8,11, 14,17.

Write 141 and 152 with base 4. Form their sum and product, and check each result.

141=4%-2+4>-0+4-3 + 1; the representation is 2031
152=4>-244-14+4-2+0; the representation is 2120

Sum.
1+0=1,3+2=11, wewritelandcarryl; 1+14+0=2;2+2 =10

Thus, the sum is 10211, base 4, and 293, base 10.

Product.
Multiply by 0: 0000
Multiply by 2: 2-1 =2; 2-3 = 12, write 2 and carry 1; etc. 10122
Multiply by 1: 2031
Multiply by 2: 10122

11032320
The product is 11032320, base 4, and 21432, base 10.

Supplementary Problems

Show that the relation (]) is reflexive and transitive but not symmetric.
Prove: If a|b, then —al|b, a| — b, and —a — b.

List all the positive primes (a) < 50, (b) < 200.

Ans. (a) 2,3,5,7,11, 13,17, 19, 23, 29, 31, 37, 41, 43, 47

Prove: If a=b-q +r, where a,b,q,r € Z, then any common divisor of a and b also divides r while any

common divisor of » and r also divides a.

Find the greatest common divisor of each pair of integers and express it in the form of Theorem II:

(a) 237,81 Ans. 3=13-237 { 38) 81
() 616,427  Ans. T— —9-616+13-427
(c) 936, 666 Ans. 18=5-936 { 7T 666
(d) 1137,419  Ans. 1=206-1137 1 5591-419
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5.21.

5.22.

5.23.

5.24.

5.25.

5.26.

5.27.

5.28.

5.29.

5.30.

5.31.

5.32.

5.33.

5.34.

Prove: If s # 0, then (sa, sb) = |s| - (a, b).

Prove:
(a) 1If als, b|s and (a,b) = 1, then ab|s.

(b) If m =dm and if m|am,, then d|a.

Prove: If p, a prime, is a divisor of a - b - ¢, then pla or p|b or p|c.

The integer e = [a, b] is called the least common multiple of the positive integers a and b when (1) ale and ble,
(2) if a|x and b|x then elx.

Find: (@) [3,7], (b) [3,12], (¢) [22, 715].
Ans. (a) 21, (b) 12, (c) 1430

(@) Write the integers a = 19, 500 and b = 54,450 as products of positive primes.
(b) Find d = (a,b) and e = [a, bl.

(¢) Verifyd-e=a"b.

(d) Prove the relation in (c) when a and b are any positive integers.

Ans. (b)2-3-5%22.32.5%.112-13

Prove: If m > 1, m [ a, m [ b, then m|(a — b) implies a — mq, =r = b — mq, 0 < r < m, and conversely.

Find all solutions of:

(a) 4x 3(mod 7) (e) 153x  6(mod 12)
(b) 9x = 11(mod 26) () x+ 1 =3(mod 7)

(©) 3x+ 1 =4(mod 5) (2) 8x = 6(mod 422)

(d) 8x = 6(mod 14) (h) 363x = 345(mod 624)

Ans. (@) [6l, (B)[7l, (o) [Ll, (d)I[6l,[13], (e) 2, [6l, [10I, (f)I2I, (g) [159], [370,
() [123], [3311, [539]

Prove Theorems V, VI, VII, VIII.
Prove: If a = b(mod m) and ¢ = b(mod m), then a = c(mod m). See Examples 10(a), (b), (¢).

(@) Prove:Ifa+x b+ x(mod m), then a b(mod m).
(b) Give a single numerical example to disprove: If ax bx(mod m), then ax b(mod my).
(¢) Modify the false statement in (b) to obtain a true one.

(a) Interpret a = b(mod 0).
(b) Show that every x € Z is a solution of ax = b(mod 1).

(a) Construct addition and multiplication tables for Zs.
(b)) Use the multiplication table to obtain 3> 4(mod 5), 3* 1(mod 5), 3®* 1(mod 5).
(¢) Obtain 3¢ 1(mod 5), 3°* 4(mod 5), 31 1(mod 5).

Construct addition and multiplication tables for Z,, Zg, Z7, Zs.
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5.35.

5.36.

5.37.

5.38.

5.39.
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Prove: If [s]: Z,, and if a,b € [s], then a = b(mod m).

Prove: If [s|, [¢| = Z,, and if a € [s| and b € [z, then a Bb(mod m) if and only if [s]| — [¢].

Express 212 using in turn the base (a) 2, (b) 3, (¢) 4, (d) 7, and (e) 9.

Ans. (a) 11010100, () 21212, (c) 3110, (d) 422, (e) 255

Express 89 and 111 with various bases, form the sum and product, and check.

Prove the first part of the Unique Factorization Theorem using the induction principle stated in Problem
3.27, Chapter 3.



CHAPTER 6

The Rational Numbers

INTRODUCTION

The system of integers has an obvious defect in that, given integers m#0 and s, the equation mx=s
may or may not have a solution. For example, 3x =6 has the solution x =2 but 4x =6 has no solution.
This defect is remedied by adjoining to the integers additional numbers (common fractions) to form the
system @Q of rational numbers. The construction here is, in the main, that used in Chapter 4.

6.1 THE RATIONAL NUMBERS
We begin with the set of ordered pairs

K=Z=Z—-10)={(s,m):s€Z, meZ— 10}
and define the binary relation ~ on all (s, m),(t,n) € K by
(s,m) ~{t,n) if and only if sn = mt

(Note carefully that 0 may appear as first component but never as second component in any (s, n2).)
Now ~ is an equivalence relation (prove it) and thus partitions X into a set of equivalence classes

J ={ls,ml[t,nl,...}

where [s,m] lia,b): (a,b)€ K,(a,b) ~ is,m)}

DEFINITION 6.1: The equivalence classes of 7 will be called the set of rational numbers.

In the following sections we will observe that 7 is isomorphic to the system @ as we know it.

6.2 ADDITION AND MULTIPLICATION

DEFINITION 6.2: Addition and multiplication on J will be defined respectively by
@ [s,m] +[t,nl — [isn + mt), mn]

and

(@) [s,ml|-l¢t,n|l — Ist,mn|
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These operations, being defined in terms of well-defined operations on integers, are (see Problem 6.1)
themselves well defined.
We now define two special rational numbers.

DEFINITION 6.3: Define zero, one, additive inverse, and multiplicative inverse on J by the following:
zero : [0,m] < 0 one : [m,m] — 1
and the inverses

(additive ;) —I[s,m] — [—s, m] for each [s,m] = .7
(multiplicative :) [s, m] ! =[m, 5] for each [s, m] = .7 when s # 0.

By paralleling the procedures in Chapter 4, it is easily shown that addition and multiplication obey
the laws A;—Ag, M;—-Ms, D—D, as stated for integers.
A property of 7, but not of Z, is

1

Mg: For every x # 0 € J there exists a multiplicative inverse x le Jsuchthatx-x '=x!-x=1.

By Theorem IV, Chapter 2, the inverses defined in Mg are unique.
In Problem 6.2, we prove

Theorem I. If x and y are non-zero elements of 7 then (x-y) '=y ! -x L

6.3 SUBTRACTION AND DIVISION
DEFINITION 6.4: Subtraction and division are defined on 7 by

(iiiy x—y=x 1 yforalx, yeJ

and
() x+y=x-ylforalxeJ, y#0eJ
respectively.

These operations are neither associative nor commutative (prove this). However, as on Z,
multiplication is distributive with respect to subtraction.

6.4 REPLACEMENT
The mapping
1T —=teZ
is an isomorphism of a certain subset of J onto the set of integers. We may then, whenever more

convenient, replace the subset 7~ = {[t,1]: [¢, 1] = .7] by Z. To complete the identification of 7 with @,
we have merely to replace

x-y by  x/y

and, in particular, [s, m] by s/m.

6.5 ORDER RELATIONS
DEFINITION 6.5: An element x € Q, i.e., x < [s,m] = .7, is called positive if and only if s - m > 0.
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The subset of all positive elements of @ will be denoted by @* and the corresponding subset of J
by J.
DEFINITION 6.6: An element x € @, i.e., x <> [s,m| £ 7, is called negative if and only if s-m < 0.

The subset of all negative elements of @ will be denoted by @ and the corresponding subset of
by J .
Since, by the Trichotomy Law of Chapter 4, either s-m > 0, s-m < 0, or s - m = 0, it follows that
each element of 7 is either positive, negative, or zero.
The order relations < and > on @ are defined as follows:
For each x,y € @
X<y if and only if x—y<0
x>y if and only if x—y>0
These relations are transitive but neither reflexive nor symmetric.

Q@ also satisfies
The Trichotomy Law. If x,y € @, one and only one of

@x=y G x<y ©@x>y

holds.

6.6 REDUCTION TO LOWEST TERMS

Consider any arbitrary [s, m| < .7 with s # 0. Let the (positive) greatest common divisor of s and m be d
and write s = ds;, m = dm;. Since (s,m) ~ {s1,m;), it follows that [s,m| — Is;,m|, i.e., s/m = s/my.
Thus, any rational number # 0 can be written uniquely in the form a/b where a and b are relatively
prime integers. Whenever s/m has been replaced by a/b, we shall say that s/m has been reduced to
lowest terms. Hereafter, any arbitrary rational number introduced in any discussion is to be assumed
reduced to lowest terms.

In Problem 6.3 we prove:
Theorem II. If x and y are positive rationals with x < y, then 1/x > 1/y.

In Problems 6.4 and 6.5, we prove:

The Density Property. If x and y, with x < y, are two rational numbers, there exists a rational number z
such that x <z < y;

and

The Archimedean Property. If x and y are positive rational numbers, there exists a positive integer
p such that px > y.

6.7 DECIMAL REPRESENTATION

Consider the positive rational number a/b in which b > 1. Now
a=qob+ry 0=rp<b

and 10rg=qib+r 0-~ri<b
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Since 7y < b and, hence, q1b+r; = 10ry < 100, it follows that q; < 10. If r; =0, then ry = (q:/10)b,
a=qb+(q:/10)b, and a/b=qy+ q:/10. We write a/b=¢qy q and call go-q; the decimal
representation of a/b. If r; # 0, we have

10r, =q2b+ 1y 0<rp<b

in which g» < 10. If r, =0, then r; =(g2/10)b so that ro = (q:/10)b + (q2/10?)b and the decimal
representation of a/b is qo - q14»; if v, = r;, the decimal representation of a/b is the repeating decimal
9 - 01929293 - - -; if 2 # 0, ry, we repeat the process.

Now the distinct remainders rg,r1,72,... are elements of the set {0,1,2,3,...,5 — 1} of residues
modulo b so that, in the extreme case, r;, must be identical with some one of g, 71, 72,75 1, say r., and the
decimal representation of a/b is the repeating decimal

90-919293 - - - 9b 19c+19c+2---9b 19c+19c+2---Gb 1---
Thus, every rational number can be expressed as either a terminating or a repeating decimal.

EXAMPLE 1.
(@ 5/4=125
) 3/8=0.375
(¢) For 11/6, we find
11=1-6+45 q=1rn=>5

10-5=8-64+2; q =8r =2
10-2=3-64+2;, q¢=3,n=2=rn

and 11/6 = 1.833333....
(d) For 25/7, we find

25=3-7T+4 q=3r=4
10-4=5.745 q=5n=>5
10-5=7-741;, @=Tr=1
10-1=1-743; g3=1,r3=3
10:3=4-74+2; q=4,r=2
10-2=2-746; qs=2,r5=6
10-6=8-7+4; q6=8,r6=4=r0

and 25/7 = 3.571428 571428... ..

Conversely, it is clear that every terminating decimal is a rational number. For example,
0.17=17/100 and 0.175 = 175/1000 = 7/40.
In Problem 6.6, we prove

Theorem III. Every repeating decimal is a rational number.
The proof makes use of two preliminary theorems:

(i) Every repeating decimal may be written as the sum of an infinite geometric progression.
(ij) The sum of an infinite geometric progression whose common ratio r satisfies |r| < 1 is a finite
number.

A discussion of these theorems can be found in any college algebra book.
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Solved Problems

6.1. Show that addition and multiplication on J are well defined.
Let [a,b]l =Is,m| and [c,d]=I¢t,n]l. Then (a,b}~ (s,m) and (c,d)-it,n), so that am =bs and
cn = dt. Now
[a,b] lc,d]|— |iad + bc),bd | — |lad 4+ bc)ymn, bd - mnl|
= [(am - dn + cn - bm), bd - mn|
= [(bs - dn + dt - bm), bd - mn|
= [bd(sn + tm), bd - mn|

=[sn+tm,mnl = |s,m] | |t,nl

and addition is well defined.

Also [a,b] lc,d 1= lac,bd] = lac - mn,bd - mn|
= [am - cn,bd - mn] = |bs - dt, bd - mn]
= [bd - st,bd - mn| — |st, mn|

=[s,m|  |¢t,n|

and multiplication is well defined.

6.2. Prove: If x, y are non-zero rational numbers then (x - y) ' =y ! x L.

Let x <> [s,m|and y < [t,nl,so thatx ! < [m,slandy ! < [n,¢]. Then x - y < [s,m| - |t,n] — |st,mn] and
x-y) ' o mnstl—Intl msl -~y L-x !

6.3. Prove: If x and y are positive rationals with x < y, then 1/x >1/y.

Let x < [s,m| and y < [t,n]; then sm >0, >0, and sn <mt. Now, for 1/x =x"1 < [m,s| and
1/y < [¢,nl, the inequality m¢ > sn implies 1/x > 1/y, as required.

6.4. Prove: If x and y, with x < y, are two rational numbers, there exists a rational number z such
that x <z < y.

Since x < y, we have
2x=x+x<x+y and x+y<y+y=2
Then 2x<x+y<2y
and, multiplying by (1/2), x < (1/2)(x + y) < y. Thus, (1/2)(x + y) meets the requirement for z.
6.5. Prove: If x and y are positive rational numbers, there exists a positive integer p such that px > y.

Let x < [s,m] and y < [¢,n], where s,m, t,n are positive integers. Now px > y if and only if psn > m¢.
Since sn = 1 and 2sn > 1, the inequality is certainly satisfied if we take p = 2mt.
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6.6. Prove: Every repeating decimal represents a rational number.

Consider the repeating decimal

x-yzdefdef...=x yz+0.00def + 0.00000def — - --

Now x - yz is a rational fraction since it is a terminating decimal, while 0.00def + 0.00000def + - - - is an
infinite geometric progression with first term a = 0.00 def, common ratio r = 0.001, and sum

a _000def def

7= 099 = 99900° 2 rational fraction.

S=

Thus, the repeating decimal, being the sum of two rational numbers, is a rational number.

6.7. Express (a) 27/32 with base 4, (b) 1/3 with base 5.

(@ 27/32=13(1/4) +3/32 = 3(1/4) + 1(1/4)* + 1/32 = 3(1/4) + 1(1/4)* + 2(1/4)’. The required represen-
tation is 0.312.

®

i) () v
=1 +a(3) 11 (5) ) s

The required representation is 0.131313. ...

Supplementary Problems

6.8. Verify:

@ [s,m| 1 10,n| — |s,m] ic)[s,m| || s,ml—10,n]—I|s,m| 1|5, ml

®) [s,m| - 10,n] — [0,n] id) [s,m| - Im,s| — |n,nl|

6.9. Restate the laws A;—Ag, M;—M;, D1-D> of Chapter 4 for rational numbers and prove them.

6.10. Prove:
(@ JT is closed with respect to addition and multiplication.

®) If[s,m|c .7, so also does [s,m| .

6.11. Prove:
(@) J is closed with respect to addition but not with respect to multiplication.

) If[s,m]. .7, so also does [s,m]™".
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6.12,

6.13.

6.14.

6.15.

6.16.

6.17.

Prove: If x,y e @ and x -y =0, then x =0 or y = 0.

Prove: If x,y € Q, then (a) —Ix+yt= x—yand (b) —{—x) = x.

Prove: The Trichotomy Law.

If x,y,z € Q, prove:
(@) x+z<y+zif and only if x < y.
(b) when z > 0, xz < yz if and only if x < y.

(¢) when z <0, xz < yz if and only if x > y.

If w,x,y,z € @ with xz # 0 in (a) and (b), and xyz #0 in (c), prove:
(@ W--xi_ily+z)=Wzxxyl: xz

B) w:x)-ly::z)y=wy : xz

(©0 W=+x) - ly+-z)=wz+xy

Prove: If a,b € @' and a < b, then a2 < ab < b2. What is the corresponding inequality if a,b € @ ?
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The Real Numbers

INTRODUCTION

Chapters 4 and 6 began with the observation that the system X of numbers previously studied had an
obvious defect. This defect was remedied by enlarging the system X. In doing so, we defined on the set of
ordered pairs of elements of X an equivalence relation, and so on. In this way we developed from N the
systems Z and @ satisfying N © Z : Q. For what is to follow, it is important to realize that each of the
new systems Z and @ has a single simple characteristic, namely,

Z is the smallest set in which, for arbitrary m, s € N, the equation m 4+ x = s always has a solution.
Q@ is the smallest set in which, for arbitrary m # 0 and s, the equation mx = s always has a solution.

Now the situation here is not that the system @ has a single defect; rather, there are many defects
and these are so diverse that the procedure of the previous chapters will not remedy all of them. We
mention only two:

(1) The equation x2 = 3 has no solution in @. For, suppose the contrary, and assume that the rational
alb, reduced to lowest terms, be such that (a/b)* = 3. Since a® = 352, it follows that 3|a and, by
Theorem V, Chapter 5, that 3|a. Write a = 3a;; then 3a;% = b? so that 3|5? and, hence, 3|b. But this
contradicts the assumption that a/b was expressed in lowest terms.

(2) The circumference ¢ of a circle of diameter d € Q is not an element of Q, i.e., in ¢ = md, 7€ Q.
Moreover, 72¢ @ so that = is not a solution of x? = ¢ for any g € Q. (In fact, = satisfies no
equation of the form ax” +bx" ! ... sx+t=0witha,b,...,s,tc @.)

The method, introduced in the next section, of extending the rational numbers to the real numbers is
due to the Gorman rathematician B, Dedel nd. Tnoan offort oo motivate the detirition of fic basic
concept of a Dedekind cut or, more simply, a cut of the rational numbers, we shall first discuss it in
non-algebraic terms.

Consider the rational scale of Fig. 7-1, that is, a line L on which the non-zero elements of @ are
attached to points at proper (scaled) distances from the origin which bears the label 0. For convenience,
call each point of L to which a rational is attached a rational point. (Not every point of L is a rational
point. For, let P be an intersection of the circle with center at 0 and radius 2 units with the line parallel to
and 1 unit above L. Then let the perpendicular to L through P meet L in T'; by (1) above, T is not a
rational point.) Suppose the line L to be cut into two pieces at some one of its points. There are two
possibilities:

(@) The point at which L is cut is not a rational point. Then every rational point of L is on one but not
both of the pieces.
78
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Fig. 7-1

(b) The point at which L is cut is a rational point. Then, with the exception of this point, every other
rational point is on one but not both of the pieces. Let us agree to place the exceptional point
always on the right-hand piece.

In eithar casze, thew. tae eft=ct of cutting L at one of its points is to determine two non-empty proper
subsets of Q. Since these subsets are disjoint while their union is @, either defines the other and we
may limit our attention to the left-hand subset. This left-hand subset is called a cuz, and we now proceed
to define it algebraically, that is, without reference to any line.

7.1 DEDEKIND CUTS

DEFINITION 7.1: By a cut C in @ we shall mean a non-empty proper subset of @ having the
additional properties:

(i) fceCandac @ witha <c, thenae C.
(ii) for every c € C there exists b € C such that b > c.

The gist of these properties is that a cut has neither a least (first) element nor a greatest (last) element.
Thera 5. however. a sharp differsnee n the reasons for this state of affairs, A cut C has no least
element because, if ¢ € C, every rational number a < c¢ is an element of C. On the other hand, while
there always exist elements of C which are greater than any selected element c € C, there
also exist rational numbers greater than ¢ which do not belong to C, i.e., are greater than every
element of C.

EXAMPLE 1. Let r be an arbitrary rational number. Show that C(r) = {a:a € Q,a < r} is a cut.

Since @ has neither a first nor last element, it follows that there exists r; € @ such that r; < r (thus, C(r) # @) and
r2 € @Q such that r; > r (thus, C(r) # Q). Hence, C(r) is a non-empty proper subset of Q. Let ¢ € C(r), thatis, c < r.
Now for any a € @ such that a < ¢, we have a < ¢ < r; thus, a € C(r) as required in (7). By the Density Property of
@ there exists d € @ such that ¢ < d < r; then d > ¢ and d € C(r), as required in (i7). Thus, C(r) is a cut.

The cut defined in Example 1 will be called a rational cut or, more precisely, the cut at the rational
number r. For an example of a non-rational cut, see Problem 7.1.

When C is a cut, we shall denote by C’ the complement of C in Q. For example, if C = C(r) of
Example 1, then C’' = C'(r) ={a’ : a’ € Q,a’ = r}. Thus, the complement of a rational cut is a proper
subset of @ having a least but no greatest element. Clearly, the complement of the non-rational cut of
Problem 1 has no greatest element; in Problem 7.2, we show that it has no least element.

In Problem 7.3, we prove:

Theorem I. If Cis a cut and r € Q, then

(@ D={r+a:acC}lisacut and (b) D'={r+a' :a' €C}
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It is now easy to prove

Theorem II. If Cis a cut and r € @7, then
(@) E={ra:acC}lisacat and (b)) E' ={rd’:a' € C’}

In Problem 7.4, we prove

Theorem III. If Cis a cut and r € @, there exists b € C such that 7+ b € C'.

7.2 POSITIVE CUTS

DEFINITION 7.2: Denote by K the set of all cuts of the rational numbers and by K% the set of all
cuts (called positive cuts) which contain one or more elements of @*.

DEFINITION 7.3: Let the remaining cuts in K (as defined in Definition 7.2) be partitioned into the cut,
ie, 0=C0)={a:a @ }, and the set £ of all cuts containing some but not all of @ .

For example, C(2) € KT while Ci—5) € K . We shall, for the present, restrict our attention solely to
the cuts of KT for which it is easy to prove

Theorem IV. If Cc Kt and r > 1 € @7, there exists ¢ € C such that rc € C’.

Each C € K* consists of all elements of @, 0, and (see Problem 7.5) an infinitude of elements of
@*. For each C € K, define C={a:a e C,a > 0} and denote the set of all C’s by H. For example,
if C=C(3) then C3)={a:a€@Q,0 <a <3} and C may be written as C = C(3) =Q U {0} UC(3).
Note that each C € Kt defines a unique C € H and, conversely, each C € H defines a unique C € ™.
Let us agree on the convention: when C; € K*, then C; =@ U{0}UC,.

We define addition (+) and multiplication (-) on K* as follows:

Ci+C,=0Q U{O}U(C] +Cz),
C; - C,=Q U{0}U(C, ) foreach C;,Co ekt

where

Ci+C={c1+cr:c1 €Ci,cy €Cr}
Ci Ta={c1 cr:ici €Cicr €Ca}

It is easy to see that both C; 4+ C; and C; - C, are elements of X t. Moreover, since

Ci+C ={a:aeCi+Cya>0}

and C]"'\'jz ={a:a€C1-C2,a>0}

it follows that H is closed under both addition and multiplication as defined in (7).

EXAMPLE 2. Verify: (a) C(3) + C(7) = C(10), (5) C(3)C(7) = C21)

Denote by C(3) and C(7), respectively, the subsets of all positive rational numbers of C(3) and C(7). We need
then only verify

CO)+C(T)=C(10) and  C3}-CiT) =CQL)
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(@) Let c; € C(3) and ¢; € C(7). Since 0 < ¢; <3 and 0 < ¢; < 7, we have 0 < ¢; + ¢2 < 10. Then ¢; + ¢; € C(10)
and C(3) + C(7} = '(10). Next, suppose ¢3 € C(10). Then, since 0 < ¢3 < 10,

3 7
0<EC3<3 and 0<EC3<7

that is, (3/10)c3 € C(3) and (7/10)c3 € C(7). Now c¢3 = (3/10)c3 + (7/10)c3; hence, C(107 = i(3) + C(7).
Thus, C(3) + C(7) = C(10) as required.

(b) For ¢; and ¢; as in (a), we have 0 < ¢; - ¢; < 21. Then ¢; - ¢; € C(21) and C(3)-i7) = (7121). Now suppose
¢3 € C(21) so that 0 <c¢3 <21 and 0 <c3/21 =g < 1. Write g=¢; -q2 with 0 <g; <1 and 0 <¢q2 < 1.
Then ¢3 =21g=3q1)(7q2) with 0<3¢q; <3 and 0<7q <7, ie., 3gq1 €CB3) and 72 € C(7). Then
C(21} = (3} - (7) and C(3}- (7)) = C(21) as required.

The laws A;—Ay, M-My, D-D, in £ follow immediately from the definitions of addition and
multiplication in Xt and the fact that these laws hold in @ and, hence, in H. Moreover, it is easily
shown that C(1) is the multiplicative identity, so that M5 also holds.

7.3 MULTIPLICATIVE INVERSES
Consider now an arbitrary C=Q U{0}UC € K* and define

C'l={:be@t, b<a!forsomeacC’
In Problem 7.6 we prove:
IfC=0 u{ojucC then C '=@ u{o}ucC !is a positive cut.
In Problem 7.7 we prove:
For each C e K1, its multiplicative inverse is C ' € K+.

At this point we may move in either of two ways to expand K into a system in which each element has
an additive inverse:

1) Repeat Chapter 4 using £ instead of N.
( p p g

(2) Identify each element of K~ as the additive inverse of a unique element of X*. We shall proceed in
this fashion.

7.4 ADDITIVE INVERSES
The definition of the sum of two positive cuts is equivalent to
Ci+Co={ci+cr:c1 € Ciep € Co}, C,Cekt
We now extend the definition to embrace all cuts by
CG+CG={a+ta:aelC,neC} €, G ek D

EXAMPLE 3. Verify C(3)+ Cl 7) = Ci_ 4).

Let ¢y + ¢; € C(3) + Ci—T7), where ¢; € C(3) and ¢, € Ci—17). Since ¢; < 3 and ¢c; < =17, it follows that ¢; + ¢; < —4
so that ¢, + ¢ € CI 4). Thus, C3)+ Cl 71 = Cl 4).
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Conversely, let c3e€Ci 4. Then c3 <-4 and —4—c3=dec@. Now 3 — 4-d=3 (1/Qd)+
=7 —i1/2)d); then since 3 —11/2)d € C(3) and 7 —(1/2)d € C;-7), it follows that ¢; € C(3)+ CI—7) and
Ci—41 = C(3) + C;—7). Thus, C(3) + Ci—7) = C}—4) as required.

Now, for each C € K, define

—C={x:xecQ,x < —a for some a € C'}

For C=Ci 3), we have —C ={x: x € Q,x < 3} since —3 is the least element of C’. But this is
precisely C(3); hence, in general,

—C(ry=Ci-r) when reQ@

In Problem 7.8 we show that —C is truly a cut, and in Problem 7.9 we show that —C is the additive
inverse of C. Now the laws A;—A4 hold in K.
In Problem 7.10 we prove

The Trichotomy Law. For any C € K, one and only one of
C=C(0) CekKt —-Cekt

holds.

7.5 MULTIPLICATION ON K

For all C € K, we define

C > C(0) if and only if Cekt
C<C0 ifandonlyif —-CeKk?

and |ICl=C when C = C(0)
|C =-C when C < C(0)
Thus, |C| = C(0), that is, |C] = C(0) or |C| =K.

For all Cy, C; € K, we define

C-C,=C(0) when C; = C(0) or G, = C(0)
C1 : C2 = |C1| . C2| when C1 > C(O) and C2 > C(O)

or when C; < C(0) and C, < C(0) #)
C1 - C2 — I|C1| - C2|) when C1 > C(O) and C2 < C(O)

or when C; < C(0) and G, > C(0)
Finally, for all C # C(0), we define
C'=|C|'whenC>C(0) ad C' —(C|") whenC < C(0)

It now follows easily that the laws A;—Ag, M;-Ms, D;—D> hold in K.

7.6 SUBTRACTION AND DIVISION

Paralleling the corresponding section in Chapter 6, we define for all C;,C, € K

Ci—-C=C +1-Cy) 3
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and, when C; # C(0),
C=C=C-C ! “@

Note. YWe now tnd ourselves in the nncomtarmable position of hoaving tao completely diftersnt
meanings for C; — C,. Throughout this chapter, then, we shall agree to consider C; — C; and C; N Gy’
as havirp different meanings,

7.7 ORDER RELATIONS

For any two distinct cuts C;, C; € K, we define
Ci <y, also C, > (4, to mean C—C, < C(0)
In Problem 7.11, we show
C <y, also C, > C4, if and only if Ci: G

There follows easily

The Trichotomy Law. For any Ci, C; € K, one and only one of the following holds:

@ =G b C<G © C>G

7.8 PROPERTIES OF THE REAL NUMBERS

Define K™ = {C(r) : C(r) € K, r € @}. We leave for the reader to prove

Theorem V. The mapping C(r) € K* — r € @ is an isomorphism of K" onto Q.
DEFINITION 7.4: The elements of K are called real numbers.

Whenever more convenient, IC will be replaced by the familiar R, while A4, B, ... will denote arbitrary
elements of R. Now @  R; the elements of the complement of @ in R are called irrational numbers.
In Problems 7.12 and 7.13, we prove

The Density Property. If A,Bc R with 4 < B, there exists a rational number C(r) such that
A < C(r)< B.
and

The Archimedean Property. If A, B € R, there exists a positive integer C(n) such that C(n) - 4 > B.
In order to state below an important property of the real numbers which does not hold for the

rational numbers, we make the following definition:

Let S # @ be a set on which an order relation < is well defined, and let 7" be any proper subset
of S. An element s € S, if one exists, such that s = ¢ for every t € T (s -~ t for every ¢ € T') is called
an upper bound (lower bound) of T.

EXAMPLE 4.

(@ fS=Qand T — -5, —1,0,1,3/2}, then 3/2,2,102,... are upper bounds of T while —5, — 17/3, — 100, ...
are lower bounds of 7.
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() When S =@ and T = C € K, then T has no lower bound while any ¢’ € T/ = C’ is an upper bound. On the
other hand, 7"/ has no upper bound while any ¢ € T is a lower bound.

If the set of all upper bounds (lower bounds) of a subset T of a set S contains a least element
(greatest element) e, then e is called the least upper bound (greatest lower bound) of T.

Let the universal set be @ and consider the rational cut C(r) € K. Since r is the least element of C'(r),
every s = rin @ is an upper bound of C(r) and every ¢ = r in @ is a lower bound of C’(r). Thus, r is both
the least upper bound (L.u.b.) of C(r) and the greatest lower bound (g.1.b.) of C'(r).

EXAMPLE 5.

(a) The set T of Example 4(a) has 3/2 as L.u.b. and -5 as g.l.b.

(b) Let the universal set be Q. The cut C of Problem 7.1 has no lower bounds and, hence, no g.l.b. Also, it has
upper bounds but no Lu.b. since C has no greatest element and C’ has no least element.

(¢) Let the universal set be R. Any cut C € K, being a subset of @, is a subset of R. The cut C(r) then has upper
bounds in R and r € R as Lu.b. Also, the cut C of Problem 7.1 has upper bounds in R and /3 € R as Lu.b.

Example 5(c) illustrates

Theorem VI. If S is a non-empty subset of K and if S has an upper bound in K, it has an l.u.b. in K.
For a proof, see Problem 7.14.
Similarly, we have

Theorem VI'. If S is a non-empty subset of K and if S has a lower bound in K, it has a g.1.b. in K.
Thus, the set R of real numbers has the

Completeness Property. Every non-empty subset of R having a lower bound (upper bound) has a
greatest lower bound (least upper bound).

Suppose 1 = r, where =,/ € Rt and n € Z*. We call 1 the principal nth root of = and write
= wl/" Then for r = m/n € Q, there follows " = ™,
Other properties of R are

(1) For each w € R* and each n € Z*, there exists a unique * € R* such that * = n.

(2) For real numbers i == 1 and 3, define »* as the L.u.b. of {»" : r € @, r = #}. Then «* is defined for
all v = 0, % € R by setting w¥ = (1/2) * when 0 = w = 1.

SUMMARY

As a partial summary to date, there follows a listing of the basic properties of the system R of
all real numbers. At the right, in parentheses, is indicated other systems N,Z,Q for which each
property holds.

Addition
A; Closure Law r+seR, forallr,scR N, Z, Q)
A; Commutative Law r+4+s=s+7r, forallr,s e R N, Z, Q)
A3 Associative Law  r+(s+0)=(r+s)+¢ foralrs,tecR N,z,Q)
A, Cancellation Law Ifr+t=s5+1¢ thenr=sforallr,s,tc R N, Z, Q)
As Additive Identity = There exists a unique additive identity element 0 € R

such that 7+ 0=04r =r, for every r € R. Z,Q)
Ag Additive Inverses  For each r € R, there exists a unique additive inverse
—reRsuch that r—i—r] (—r)+r=0. Z,Q)
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Multiplication
M,; Closure Law r-selR, forallr,s € R N,Z,Q)
M; Commutative Law r-s=s-r, forallr,se R N,Z,Q)
M; Associative Law r-is-)=(r-si-t, foralr,stecR N,Z,Q)
M, Cancellation Law If m p=n-p, then m=n, for all m,n € R and

p#OGR. (N’Z’Q)

M; Multiplicative Identity There exists a unique multiplicative identity

element l e Rsuchthat1-r=r-1=r for
every r € R. N,Z,Q)

Mg Multiplicative Inverses For each r # 0 € R, there exists a unique

multiplicative inverse r ! € R such that

rri=rl.r=1. @
Distributive Laws For every r,s,t € R,

D, r-is+9)=r s+r-t
D, S+t)-r=sr+t-r N,zZ,Q)
Density Property For each r,s € R, with r < s, there exists

t€ Qsuch thatr <t <. @
Archimedean Property For each r,s € R", with r < s, there exists n € Z™

such thatn -r > s. @

7.1.

7.2.

Completeness Property Every non-empty subset of R having a lower
bound (upper bound) has a greatest lower
bound (least upper bound). N, 2)

Solved Problems

Show that the set S consisting of @ , zero, and all s € @™ such that s* < 3 is a cut.

First, S is a proper subset of @ since 1 € S and 2¢ S. Next, let ¢ € S and a € Q with a < ¢. Clearly,a € S
when a = 0 and also when ¢ = 0.

For the remaining case (0 < a < ¢), a < ac < ¢? < 3; then a2 < 3 and a € S as required in (i) (Section
7.1). Property (ii) (Section 7.1) is satisfied by » = 1 when ¢ - 0; then S will be a cut provided that for each
¢>0 with ¢> <3 an m e Q% can always be found such that (c+m)2 < 3. We can simplify matters
somewhat by noting that if p/q, where p,q € Z", should be such an m so also is 1/g. Now ¢ * 1; hence,
(c+1/9? = +2c/g+1/g* = & + Q¢+ 1)/g; thus, (¢ + 1/¢g)* < 3 provided ¢ + 1)/g < 3 — ¢2, that is,
provided (3 —¢?)g > 2c + 1. Since (3 —¢c2) e @* and (2c + 1) € @7, the existence of ¢ € Z* satisfying the
latter inequality is assured by the Archimedean Property of @*. Thus, S is a cut.

Show that the complement S’ of the set S of Problem 7.1 has no smallest element.

For any re S’ ={a:a e @Q",a% 3}, we are to show that a positive rational number m can always
be found such that (r —m)? > 3, that is, the choice r will never be the smallest element in S’. As in
Problem 7.1, matters will be simplified by seeking an m of the form 1/q where g e Z*. Now
r-19*=r*>—2r/q+1/q9% > r? —2r/q; hence, (r — 1/¢)> > 3 whenever 2r/q < r? — 3, that is, provided
(r> —3)g > 2r. As in Problem 7.1, the Archimedean Property of @* ensures the existence of g € Z*
satisfying the latter inequality. Thus S’ has no smallest element.

73. Prove:If Cisacutandre @Q,then(@ D={r+a:a€ C}lisacutand (b)) D' ={r+a’:a’ € C'}.

(a) D # 0 since C # @; moreover, for any ¢’ € C’, r + ¢'¢ D and D # Q. Thus, D is a proper subset of Q.
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74.

75.

7.6.

7.1.

78.

7.9.

7.10.
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Let beC. For any s€ @ such that s<r+b, we have s—r<b so that s—re C and
then s=r+(s r)e D as required in (i) (Section 7.1). Also, for b € C there exists an element
¢ € C such that ¢ > b; thenr + b, r+c € D and r+ ¢ > r + b as required in (i) (Section 7.1). Thus, D
is a cut.

(b) Letb’ € C'.Thenr+ b'¢ Dsince b’¢ C; hence, r + b’ € D’. On the other hand, if ¢’ = r + p’ € D’ then
p ¢ C since if it did we would have D N D’ # (3. Thus, D’ is as defined.

Prove: If Cis a cut and r € @, there exists b € C such that r+ b € C'.

From Problem 7.3, D ={r+a:a e C}is a cut. Since r > 0, it follows that C ¢ D. Let ¢ € @ such that
p=r+qeDbutnotin C. Then g € C butr+ q € C'. Thus, g satisfies the requirement of 4 in the theorem.

Prove: If C € K, then C contains an infinitude of elements in @*.

Since C € K there exists at least one r € @™ such that r € C. Then for all ¢ € N we have /g € C. Thus,
no C € K% contains only a finite number of positive rational numbers.

Prove: If C=Q@ U{0}UCeK™*,then C ' =@ U{0}UC ! is a positive cut.

Since C # @1, it follows that C’ # @; and since C # @, it follows that C’' #@%. Let d € C’. Then
d+1) 'e@*t and (d+1) '<d ! so that (d+1) ' eC! and C™! #£0. Also, if ¢ € C, then for every
acC' wehavec<aand ¢! >a™!; hence, c!¢C 'and C ! £ @™. Thus, C~! is a proper subset of Q.

Let ceC ! and r e @" such that r <¢. Then r <c < d~! for some de C’ and reC ! as required
in (i) (Section 7.1). Also, since c # d ! there exists s € @ such that c <s <d ! and s € C"! as required
in (ii). Thus, C~! is a positive cut.

Prove: For each C € K7, its multiplicative inverse is C ! € K*.

Lt C=Q@ U{0}UCsothatC '=@ U{0}UC . Then - '={c-b:ceChbeC ). Nowb<d !
for some d € C’, and so bd < 1; also, ¢ < d so that bc < 1. Thus, & +i: ! = i1).

Let n € C(1) so that n~! > 1. By Theorem IV there exists ¢ € C such that ¢c-n~! € C’. For each a € C such
that a>c, we have n-a ' <n-c '=(c-n 1) !; thus, n-a ! =ecC !. Then n=aecC-C ! and
C(1y+= - C7'. Hence, 7+ =C(1) and C - C~! = C(1). By Problem 7.6, C' e K™,

When C € K, show that —C is a cut.

Note first that —C # @ since C’ # (3. Now let ¢ € C; then —c#£ — C, for if it were we would have —¢ < —¢’
(for some ¢’ € C’) so that ¢’ < ¢, a contradiction. Thus, C is a proper subset of @. Property (i) (Section 7.1)
is immediate. To prove property (i), let x = —C, i.e., x < —¢’ for some ¢’ € C’. Now x < 1/2(x — ¢') < —¢'.
Thus, (1/2)(x —=¢’) > xand (1/2)(x—c"1: C.

Show that —C of Problem 7.8 is the additive inverse of C,ie., C 1 i Ci —-C+ C= C(0).

Letc+xeC ;. C),whereceCand x = —C. Nowif x < —¢'forc¢’ e C',wehavec+x<c—¢c' <0
sincec <¢’.Then C ;. C}i= C(0). Conversely, let y,z € C(0) with z > y. Then, by Theorem III, there exist
ceC and ¢’ € C’ such that ¢+ (z—y)=c'. Since z —c¢’ < —¢’, it follows that z — ¢’ = C. Thus,
y=c+(z—c)eC—;,—-C)and C(0} = C —;—C). Hence, C+:—-Ci= C+ C = C(0).

Prove the Trichotomy Law: For C € K, one and only one of
C=C(0) CekKt —-Cekt

is true.

Clearly, neither C(0) nor —C(0) € K. Suppose now that C # C(0) and C¢ K*. Since every ce Cis a
negative rational number but C # @ , there exists ¢/ € @ such that ¢’ € C’. Since ¢’ < (1/2)¢’ <0, it
follows that 0 < (1/2)c’ < —c’. Then (1/2)c’ = —C and so —C € K. On the contrary, if C € K7, every
¢’ € C'is also € @™". Then every element of —C is negative and —~C¢ K ™.
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7.11.

7.12.

7.13.

7.14.

7.15.

7.16.

7.17.

7.18.

7.19.

7.20.

Prove: For any two cuts C;, C; € K, we have C; < C; if and only if C; « Cs.

Suppose C; ¢ C,. Choose a’ € C,N C;’ and then choose b € C, such that b > a’. Since b < a’,it
follows that —b = —C;. Now —C; is a cut; hence, there exists an element ¢ = —Cj such that ¢ > —b. Then
b+c>0andb+ceC, . C))=C,—C sothat C; — C e K*. Thus C,—C; > C(0) and C, < C,.

For the converse, suppose C; < C,. Then C, — C; > C(0) and C, — C; € K*. Choose d € @ such that
de Cy—C;and writed =b+awherebe C, and a < Cy. Then —b < asince d > 0; also, since a = Cj,
we may choose an a’ € C;’ such thata < —a’. Now —b < —a’; then a’ < b so that b¢ C| and, thus, C; LC;.
Next, consider any x € C;. Then x < b so that x € C, and, hence, C, ¢ C,.

Prove: If 4, B € R with 4 < B, there exists a rational number C(r) such that 4 < C(r) < B.

Since 4 < B, there exist rational numbers r and s with s < r such that r,s € B but not in 4. Then
A = C(s) < C(r) < B, as required.

Prove: If 4, B € R*, there exists a positive integer C(n) such that C(ni- 4 > B.

Since this is trivial for 4 = B, suppose 4 < B. Let r,s be positive rational numbers such that r € 4 and
s € B’; then C(r) < 4 and C(s) > B. By the Archimedean Property of @, there exists a positive integer » such
that nr > s, i.e., C(n): C(r) > C(s). Then

Cni A= Cm) C(r)>C(s) > B
as required.

Prove: If S is a non-empty subset of K and if S has an upper bound (in K), it has an
lub. in K.

Let S={C;,C,,C3, ...} be the subset and C be an upper bound. The union C;UC,UCs ' - - of
the cuts of S is itself a cut € K; also, since C;, -~ U,C, =~ U,C3 == U, ..., U is an upper bound of S.
ButC,=C,C,=C,C3<C, ...;hence, U= C and U is the Lu.b. of S.

Supplementary Problems

(a) Define C(3) and Ci—7). Prove that each is a cut.

(b) Define C’(3) and C’'i 7).

(¢) Locate —10, —5,0,1,4 as € or ¢ each of C(3), CI—7), C'(3), C'1-7).
(d) Find 5 rational numbers in C(3) but not in CI 7).

Prove: C(r}) = C(s) if and only if r < s.

Prove: If 4 and B are cuts, then 4 :Z B implies 4 # B.

Prove: Theorem II, Section 7.1.

Prove: If Cisacutand re @, then C = D={a+r:a e C}.

Prove: Theorem IV, Section 7.2.
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7.21.

7.22.

7.23.

7.24.

7.25.

7.26.

7.27.

7.28.

7.29.
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Let r € Q but not in C € K. Prove C == C(r).

Prove:
(@ CQ)+C®B)=Cc (¢©0 C(N+CO)=C@
b)) C2i-C(5=Cuo @@ C@r-clh)y=Cc
Prove:
(@ IfCeK*t, then —CeKk .
) IfCek ,then —CeKk™.
Prove: —i—C)=C.

Prove:

(@) If C,C, € K, then C; + C; and |Cy] - |G| are cuts.
() If C; # C(0), then |Cy| !is a cut.

(© (€™ !'=C for all C # C(0).

Prove:
(@ IfCeKkt, thenClekt.
() IfCek ,thenC ek .

Prove: If r,s € @ with r < s, there exists an irrational number x such that r =« i = 5.

. s—r
Hint. Consider i =r 4+ ——

V2
Prove: If A and B are real numbers with 4 < B, there exists an irrational number i« such that 4 - « < B.

Hint. Use Problem 7.12 to prove: If A and B are real numbers with 4 < B, there exists rational
numbers ¢ and r such that 4 < C(¢) < C(r) < B.

Prove: Theorem V, Section 7.8.



CHAPTER 8

The Complex Numbers

INTRODUCTION

The system C of complex numbers is the number system of ordinary algebra. It is the smallest set
in which, for example, the equation x? = a can be solved when a is any element of R. In our development

__9

of the set C, we begin with the product set R ~ R. The binary relation “="" requires
ia,b) —ic,d) if and only if a—_c and b_—d

Now each of the resulting equivalence classes contains but a single element. Hence, we shall denote a
class {a, b] rather than as |a, b| and so, hereafter, denote R . R by C.

8.1 ADDITION AND MULTIPLICATION ON C
Addition and multiplication on C are defined respectively by

@ fla,bl—ic,dl 1{alc,b di
(@) ia,bl-ic,dl l{ac—bd,ad bc)

for all ia, b),ic,di = C.

The calculations necessary to show that these operations obey A; — Ay, M; — My, D; — D, of
Chapter 7, when restated in terms of C, are routine and will be left to the reader. It is easy to verify that
(0, 0] is the identity element for addition and {1,0] is the identity element for multiplication; also, that
the additive inverse of ia,b) is —{a,b] 1—a, — b) and the multiplicative inverse of (a,b) 7 (0,0} is
la,b1 ' ia/a® b, —b/a> B*). Hence, the set of complex numbers have the properties As — Ag and
M;s — Mg of Chapter 7, restated in terms of C.

We shall show in the next section that R : C, and one might expect then that C has all of the basic
properties of R. But this is false since it is not possible to extend (redefine) the order relation “<” of R to

include all elements of C. See Problem 8.1.

8.2 PROPERTIES OF COMPLEX NUMBERS

The real numbers are a proper subset of the complex numbers C. For, if in (i) and (ii)) we takeb d O,
we see that the first components combine exactly as do the real numbers a and ¢. Thus, the mapping
a +——= {a,0) is an isomorphism of R onto a certain subset {ia,b]: a = R, b = 0} of C.

&9
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DEFINITION 8.1: The elements {a,b] = C in which b = 0, are called imaginary numbers and those
imaginary numbers ia, b) in which a = 0 are called pure imaginary numbers.

DEFINITION 8.2: For each complex number z — {a, b, we define the complex number z ia,bi —
ia, — b] to be the conjugate of z.

Clearly, every real number is its own conjugate while the conjugate of each pure imaginary is its
negative.
There follow easily

Theorem 1. The sum (product) of any complex number and its conjugate is a real number.

Theorem II. The square of every pure imaginary number is a negative real number.
See also Problem 8.2.

The special role of the complex number (1,0} suggests an investigation of another, i0, 11. We find
ix,y1- 0,11 —1 y,xi for every ix,y1=C
and in particular,
(y,01-10,13 {0,11-(y,01 10,y

2Moreover, {0,1¥ (0,1)-40,17 (—1,0j<— — 1 in the mapping above so that {0, 11 is a solution

o ZDtﬁ;ilr;g i0, 1) as the pure imaginary unit and denoting it by i, we have
i’ =-1

and, for every ix,yl = C,

ix,y1 ix,00+(0,y) ix,01—1{p,01-i0,11 x| yi

In this familiar notation, x is called the real part and y is called the imaginary part of the complex
number. We summarize:

the negative of z=x yiis —z —ix|yil —-x—yi
the conjugate of z—x yiisz—x yi—x-—yi

foreach z x1yi,z-z x> =R

foreach z#0 0i=0,z'=-="_=

8.3 SUBTRACTION AND DIVISION ON C

Subtraction and division on C are defined by

(iiiy z—w=z+i—wl, forallz,w=C
@) z=w=z-w!, foralw=0,z=C
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8.4 TRIGONOMETRIC REPRESENTATION

The representation of a complex number z by (x, y1 and by x — yi suggests the mapping (isomorphism)
x| yi > ix,pl

of the set C of all complex numbers onto the points {x, y} of the real plane. We may therefore speak of
the point Pix, y)or of Pix il as best suits our purpose at the moment. The use of a single coordinate,
surprisingly, often simplifies many otherwise tedious computations. One example will be discussed
below; another will be outlined briefly in Problem 8.20.

Consider in Fig. 8-1 the point Pix | yii / 0 whose distance » from O is given by r x2 2

Y= — — P+

O

Fig. 8-1
If 7 is the positive angle which OP makes with the positive x-axis, we have
X —rcos i y —rsin ¢/
whence z =x yi=r(cos# isin ).
DEFINITION 8.3: The quantity » (cos # i sin @) is called the trigonometric form (polar form) of z.

DEFINITION 8.4: The non-negative real number

r=z =+vz z=4x2 2

is called the modulus (absolute value) of z, and ¢ is called the angle (amplitude or argument) of z.

Now # satisfies x rcos, y rsint, tant! y/x and any two of these determine / up to an
additive multiple of 2x. Usually we shall choose as ! the smallest positive angle. (Note: When P is at O,
we have r — 0 and ! arbitrary.)

EXAMPLE 1. Express (a) 1 +1, (b} '3 +iin trigonometric form.

(@ We have r 7 14+1 72 Since tan# 1 and cos ! 1/.2, we take ! to be the first quadrant angle
45° =74, Thus, 1 +i +2(cos =/4 +isin =/4).

(®) Herer -3+1 2,tan? —1/+3 and cos ¢ —% +/3. Taking /! to be the second quadrant angle 57/6,
we have

—+'3 +i _ 2[cos 5746 +i sin 5=/6)
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It follows that two complex numbers are equal if and only if their absolute values are equal and their
angles differ by an lnteoral muliple of 27, i.e., are congruent modulo 2.
In Problems 8.3 and 8.4, we prove

Theorem III. The absolute value of the product of two complex numbers is the product of their
absolute values, and the angle of the product is the sum of their angles;

and

Theorem IV. The absolute value of the quotient of two complex numbers is the quotient of their
absolute values, and the angle of the quotient is the angle of the numerator minus the angle of the
denominator.

EXAMPLE 2.
(@) When
zy — 2[cos §w+isin L7
and z;  A4lcos 3w +isin 37,
we have

zy-zp  2fcos im +isin L7 - 4cos 37 + i sin 3w)
— 8(cosT+isinTp= 8
zp/zy  4lcos 37 + i sin 27} 1 2icos Lw + i sin {0
2(cos 47 + i sin ) — 2i

z1/z2 Hcos (=Lw) 4 i sing—Lm) — Licos 3:0/2 +i sin 3.72) — =i
(b)) When z — 2(cos L7 + isin { ),
22 _z-z —4lcos i3 +1isin 743) =201 +i+3)

and 2 —z%-z —8lcos w+isin J7h=8i

As a consequence of Theorem IV, we have

Theorem V. If nis a positive integer,

[ricost! isin" =r"icos nt! | isin nt']

8.5 ROOTS

The equation
2" = A = picos+d ising]

where 7 is a positive integer and A is any complex number, will now be shown to have exactly » roots.
If z=ricos ? isin 1 is one of these, we have by Theorem V,

r*icosm? isinnff) picos«  isin ¢
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Then "= and nt! =i 2k ik, an integer]

so that r=p/"  and tU=w/n 2kzin

The number of distinct roots are the number of non-coterminal angles of the set {&/n  2kz/n}. For
any positive integerk =ng m,0 < m <n,itisclear thati#/n 2km/nand ié/n 2mt/n are coterminal.
Thus, there are exactly » distinct roots, given by

m/Meostiin | 2kwin) — i sinféin | 2kwinl], k—0,1,2,3,...,n—1

These n roots are coordinates of n equispaced points on the circle, centered at the origin, of radius
LA . If then z — % Al(cos 1! isin 1)) is any one of the nth roots of A4, the remaining roots may
be obtained by successively increasing the angle ! by 27/n and reducing modulo 2 whenever the angle
is greater than 2.

EXAMPLE 3.
(@ Onerootofz* 1isr, 1 cos0 4 isin 0. Increasing the angle successively by 2=/4  =/2, we find r,

coslz+isinl=,r; cosw+isinw,andry cos3= +isin3 = Note that had we begun with another root, say

—1 — cos « + isin %, we would obtain cos 3  + isin 37, cos 27 +isin 27 —cos 0 +isin 0, and cos § T+ isin } 7.

2
These roe, of conrse, the roots obtained above o a differene order.
(b) One of the roots of z6 — —4+3 —4i _ 8(cos 77/6 + i sin 77/6) is

ri w2(cos 7:¢/36 +1i sin 7:/36)

Increasing the angle successively by 2w/6, we have
ra — +2cos 197736 + i sin 19=;36)

r3  +'2lcos 317736 + i sin 31=/36)

r4 — +2lcos 437436 + i sin 43=;36)

rs  +2(cos 55:¢/36 + i sin 55:736)

re +2(cos 677736+ i sin 677361

As a consequence of Theorem V, we have

Theorem VI. The n nth roots of unity are

g  cos2mim isin 27/in, o it Lt ]

8.6 PRIMITIVE ROOTS OF UNITY
DEFINITION 8.5: An nth root z of 1 is called primitive if and only if z” £ 1 when 0 < m < n.
Using the results of Problem 8.5, it is easy to show that ¢ and ¢ are primitive sixth roots of 1, while
g, 3, A, o8 are not. This illustrates
Theorem VII. Let ;»=cos 2xi/n  isin 2x/n. If (m,n] d > 1, then ™ is an n/dth root of 1.
For a proof, see Problem 8.6.
There follows

Corollary. The primitive nth roots of 1 are those and only those nth roots s, 2, #°, ..., " of 1 whose
exponents are relatively prime to n.
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EXAMPLE 4. The primitive 12th roots of 1 are

{1 cos wi6+isin /6 1.3 41i

(7 cos 5:i6+isin 516 —L3+1i
7 cos Tri6+isin 76 —i43 Li
Al _cos 11776 + i sin 1176 — §~/3 —1i
Solved Problems
8.1. Express in the form x yi:
@ 3 2+ 1
® 3 -4
(© 5 :
@ 34
5-1i
© 33
o
@ 3-2.-1-3-2i
B 3+~—4 3+2i
(&0 5—-54+0-i
@ 1 3 -4 3-4 3 4.

3+4i (3+4iN3-4i) 25 25 25
© 5—i [(5—{N2+3 13+13i

2-3i (2-3i2+ 30 13
& # i —-i 0 i

1+

8.2. Prove: The mapping z <= Z, z = C is an isomorphism of C onto C.

We are to show that addition and multiplication are preserved under the mapping. This follows since for
z1 x1+y1i,zz xp+yic G

z1 Yzo — (X1 +y1i) Ix2 + il =ix1 +x2) iy + 0
=X FXI =y +yii—ix; pil—ixy yil—Z1+72

and Z1 22 — [X1X2 —y1y2d (X2 +xop1 )i = [x1x2 — y1yad (X132 + xop1 K
= Ix1 — y1il [ —yzi} =Z1Z

8.3. Prove: The absolute value of the product of two complex numbers is the product of their absolute
values, and the angle of the product is the sum of their angles.

Letz; ri(cos 'y +isin i) and z;  rp(cos 4 + isin th). Then

z1-2zp rirlicosil -cosih — sindy -sinthl  ifsinth - cosiéy, + sinth - cosih]]
riralcos (i + 151 | 7 sin [ + ihJ]
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8.4. Prove: The absolute value of the quotient of two complex numbers is the quotient of their absolute
values, and the angle of the quotient is the angle of the numerator minus the angle of the
denominator.

For the complex numbers z; and z, of Problem 8.3,

zy  rifcosiy +isinth) ryicosth 4+ sindlicosih — i sinth]
zy  rpicosth +isinth]  ryicosth 47 sinihlicosih — i sinth]

r—ll[cos iicosily +sinilysinihi  isin i cos iy — sinth cos i
2

r .
Llcos(th — thi—i sinfty — ]
r

8.5. Find the 6 sixth roots of 1 and show that they include both the square roots and the cube roots of 1.

The sixth roots of 1 are

i ocoswi3+isinai3 141 30 n* cosdwi3 +isindai3 —1-1 30
n?  cos2wi3+isin2xi3  —1+1.3i nS cosSxi3 +isin5x/3 1—1.3i
m _cosm+isinT — —1 #8 _cos27 +isin27 — 1
Of these, »* = 1 and / = 1 are square roots of 1 while n? = 1+4+1.3i o= 1-1.3jand =1

are cube roots of 1.
8.6. Prove: Let j» =cos 2/n | isin 27/n. If im,n) d > 1, then #" is an n/d th root of 1.

Letm mdandn nd. Since

i cos2mwin + i sin2m=in

cos2my=in +isin2my=/m

and (a™1™ _ cos2my=+isin2mym — 1,

it follows that " is an n; n/dth root of 1.

Supplementary Problems

8.7. Express each of the following in the form x + yi:

— 1 N s
fal 2+ -5 lel 33 [ i
() 14451 i3-2.-5) (f) ii’;z (ji i
© @Ay H-6 258 @ S a R
dy 13+4i (4—5i i it

Ans. (@)2+ 50, (BT 5, (©1+3.5, )32+, (e)2/13+3i/13, (f)4/29 +19i/29,
(&) 4/13—19i/13, (W 1+0-i, ()O0+i, (j)—-1+0-i, ()1+0-i

8.8. Write the conjugate of each of the following: (@) 2437, (b)2-3i, (¢)5, (@) 2i
Ans. (@)2-3i, (b)2+3i, (05 (@ -2

8.9. Prove: The conjugate of the conjugate of z is z itself.
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8.10. Prove: Foreveryz < 0=C, iz 1=z ..

8.11. Locate all points whose coordinates have the form (@) 1a + 0 - i}, (b) 10 + bi), where a, b = R. Show that any
point z and its conjugate are located symmetrically with respect to the x-axis.

8.12. Express each of the following in trigonometric form:

fa) 5 idy 3 gl 3430
by 4—4i lel 6 th} 1/i1 +14)
el 1— 30 (f1 W24 72 iy 1/i
Ans.
fa) 5cis0 (dv 3 cis 372 1g) 243 cis 5.6
b)Y 4.2 cis 774 el 6cis = thy  W2/2 cis 374
lc) 2cis 4xi3 [f1 2cis =/4 i) cis 3=/2

where cis i/ cos i + i sin i,

8.13. Express each of the following in the form a + bi:

tal 5 cis 60° ler (2 cis 25°)1 (3 cis 335°)

bl 2 cis 90° [f1 (10 cis 100°} -icis 140°)

c) cis 150° (gl (6cis 170°1 (3 cis 50°)

[dy 2 cis 210° (h) (4 cis 20°) @ (8 cis 80°)

Ans.

(@) 5/2+5+3i/2 (dy  3—i tg) 1++3i
(b) 2i ey 6 thy 1-1.3i
ey 1341 (f1  5—5.3i

8.14. Find the cube roots of: (a) 1, (b) 8, (¢) 27i, (d) 8i, (e) 4-3 4i.

Ans. (@) =3 13430, 1 () -1 1 34,25 () 13+v3/2+3/2i, =3i; (d) 2i, |3 -1
(e) 2 cis 7=/18, 2 cis 197718, 2 cis 317/18

8.15. Find (a) the primitive fifth roots of 1, (b) the primitive eighth roots of 1.
8.16. Prove: The sum of the n distinct nth roots of 1 is zero.
8.17. Use Fig. 8-2 to prove:

@ lz1 22| 2 |z1] — 2]

®) |z1 — 22| = |21 — 2]

8.18. If ris any cube root of a = C, then r, wr, w?r, where @ =} +1 .“3i and «? are the imaginary cube roots of 1,
are the three cube roots of a.
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z1t 2z,

Z1—z

%)

S
)

0
Fig. 8-2
Y
A3(z3)
A(z)
0 / —
K
Ay(z5)
Fig. 8-3
8.19. Describe geometrically the mappings
(@ z—z b z—zi (© z—7zi

8.20. In the real plane let K be the circle with center at 0 and radius 1 and let A4;4,A43, where
Ajlxj,y;i — Ajzjv — Ajix; +y;i), j 1,2,3, be an arbitrary inscribed triangle (see Fig. 8-3). Denote by
Pz} = Pix + yi} an arbitrary (variable) point in the plane.

@

®

©

@)

©

Show that the equation of Kisz-z 1.

Show that P,ix,,y,), where x, ax;+bxg/a+b and y, ay; +byi/a+ b, divides the line segment
A;Ay in the ratio b : a. Then, since 4;, A, and P,{az; + bzp/a + b] lie on the line AjAy, verify that its
equation is z + zjzxZ — zj + 2.

Verify: The equation of any line parallel to 4;4; has the form z+zjzZ n by showing that the
midpoints B; and By of 4;4; and A4;Ay lie on the line z + 22,z — % (zi +2j + 2k + Zizjzk).

Verify: The equation of any line perpendicular of 4;4; has the form z zjzzz 1+ by showing that 0
and the midpoint of 4,4 liec on the line z —z;z;z 0.

Use z —z; in z —zjzZ — + to obtain the equation z — zjzxZ — z; — Zizjzx of the altitude of 4,454
through A;. Then eliminate Z between the equations of any two altitudes to obtain their common point
Hiz, +z; +z3). Show that H also lies on the third altitude.



CHAPTER 9

Groups

INTRODUCTION

In this chapter, we will be abstracting from algebra the properties that are needed to solve a linear
equation in one variable. The mathematical structure that possesses these properties is called a group.
Once a group is defined we will consider several examples of groups and the idea of subgroups. Simple
properties of groups and relations that exist between two groups will be discussed.

9.1 GROUPS

DEFINITION 9.1: A non-empty set G on which a binary operation : is defined is said to form a group
with respect to this operation provided, for arbitrary a, b, ¢ € G, the following properties hold:

Pi: (@a=bi:c=a~ib=c)
(Associative Law)
P,: There exists u € Gsuch that acu=u+-a=aforallae g
(Existence of Identity Element)

1 ta=u

P;: For each a € G there exists a ! € G such that a : a 1

=a
(Existence of Inverses)

Note 1. The reader must not be confused by the use in P; of a ! to denote the inverse of a under
the operation ::. The notation is merely borrowed from that previously used in connection with
multiplication. Whenever the group operation is addition, a ! is to be interpreted as the additive inverse
—a.

Note 2. The preceding chapters contain many examples of groups for most of which the group
operation is commutative. We therefore call attention here to the fact that the commutative law is not
one of the requisite properties listed above. A group is called abelian or non-abelian accordingly as the
group operation is or is not commutative. For the present, however, we shall not make this distinction.

EXAMPLE 1.

(a) The set Z of all integers forms a group with respect to addition; the identity element is 0 and the inverse of a € Z
is —a. Thus, we may hereafter speak of the additive group Z. On the other hand, Z is not a multiplicative group
since, for example, neither 0 nor 2 has a multiplicative inverse.

(b) The set 4 of Example 13(d), Chapter 2, forms a group with respect to . The identity element is a. Find the
inverse of each element.

98
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(¢) Theset A —1|-3, —2,—1,0,1,2,3} is not a group with respect to addition on Z although 0 is the identity
element, each element of 4 has an inverse, and addition is associative. The reason is, of course, that addition is
not a binary operation on A4, that is, the set 4 is not closed with respect to addition.

(@ Theset A={w; —i+1iv/3i,» —}—1+/3i, w3 =1} of the cube roots of 1 forms a group with respect to
multiplication on the set of complex numbers C since (i) the product of any two elements of the set is an element
of the set, (i) the associative law holds in C and, hence, in A4, (iii) ws is the identity element, and (iv) the inverses
of wy, ws, w3 are wy, w;, w3, respectively.

Table 9-1

0 W O3

W | w3 0
o |03 O
w3 |0 @ w3

This is also evident from (ii) and the above operation table.

(¢) Theset A ={l, —1,i, — i} with respect to multiplication on the set of complex numbers forms a group. This set
is closed under multiplication, inherits the associative operation from C, contains the multiplicative identity 1,

and each element has an inverse in 4.
See also Problems 9.1-9.2.

9.2 SIMPLE PROPERTIES OF GROUPS

The uniqueness of the identity element and of the inverses of the elements of a group were established in
Theorems III and IV, Chapter 2, Section 2.7. There follow readily

Theorem 1. (Cancellation Law) If a,b,c € G, then a = b = a = c, (also, b :: a = ¢ : a), implies b = c.
For a proof, see Problem 9.3.

Theorem II. For a,b € G, each of the equations a : x = b and y :: a = b has a unique solution.
For a proof, see Problem 9.4.

Theorem III. For every a € G, the inverse of the inverse of a is a, i.e., (@ !) '=a.

Theorem IV. Forevery a,be G, (@a=b) ' =b~1:al.

Theorem V. For every a,b,...,p,q< G, (@: bs----p-.q) '=q-pl...nbliagl

For any a € G and m € Z*, we define

a®=az:a:a: - =a tomfactors

a® = u, the identity element of G

a™=@HY"=a'valvals---vag! to m factors

Once again the notation has been borrowed from that used when multiplication is the operation.
Whenever the operation is addition, a” when n > 0 is to be interpreted asra=a+a+a | --- Il aton
terms, a® as u, and a * as ni—a) — —a— (—a) —(—a) — - - — (—a) to n terms. Note that na is also
shorthand and is not to be considered as the product of n € Z and a € G.

In Problem 9.5 we prove the first part of

Theorem VI. For any a € G, (i) a™ :-a" = a™*" and (i) (a™)" = a™, where m,n € Z.

DEFINITION 9.2: By the order of a group G is meant the number of elements in the set G.
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The additive group Z of Example 1(a) is of infinite order; the groups of Example 1(b), 1(d), and 1(e)
are finite groups of order 5, 3, and 4, respectively.

DEFINITION 9.3: By the order of an element a € G is meant the least positive integer 7, if one exists,
for which a” = u, the identity element of G.

DEFINITION 9.4: If a # 0 is an element of the additive group Z, then na # 0 for all » > 0 and a is
defined to be of infinite order.

The element w; of Example 1(d) is of order 3 since w; and w2 arc different fram | while @3 = 1, the

identity element. The element —1 of Example 1(e) is of order 2 since (—1)* = 1 while the order of the

element i is 4 since i2 = —1, i3 = —i, and i* = 1.

9.3 SUBGROUPS

DEFINITION 9.5: Let G = {a,b,c,...} be a group with respect to :. Any non-empty subset G’ of G is
called a subgroup of G if G’ is itself a group with respect to :.

Clearly G’ = {u}, where u is the identity element of G, and G itself are subgroups of any group G.
They will be called improper subgroups; other subgroups of G, if any, will be called proper. We note in
passing that every subgroup of G contains u as its identity element.

EXAMPLE 2.
(@) A proper subgroup of the multiplicative group G = {1, — 1,i, —i} is G’ = {1, — 1}. (Are there others?)

() Consider the multiplicative group G = {i, i?, 17, 1#, 7, 15 = 1} of the sixth roots of unity (see Problem 8.5,
Chapter 8). It has G’ = {;?, 16} and G” = {2, i*, i} as proper subgroups.

The next two theorems are useful in determining whether a subset of a group G with group operation
= is a subgroup.

Theorem VII. A non-empty subset G’ of a group G is a subgroup of G if and only if (i) G’ is closed with

respect to -, (ii) G’ contains the inverse of each of its elements.

Theorem VIII. A non-empty subset G’ of a group G is a subgroup of G if and only if for all a,b € G/,

al=beg L. For a proof, see Problem 9.6.
There follow

Theorem IX. Let a be an element of a group G. The set G’ = {a" : n € Z} of all integral powers of ais a
subgroup of G.
Theorem X. If S'is any set of subgroups of G, the intersection of these subgroups is also a subgroup of G.

For a proof, see Problem 9.7.

9.4 CYCLIC GROUPS

DEFINITION 9.6: A group G is called cyclic if, for some a € G, every x € G is of the form a™, where
m € Z. The element a is then called a generator of G.

Clearly, every cyclic group is abelian.

EXAMPLE 3.
(a) The additive group Z is cyclic with generator a = 1 since, for every m € Z, a™ = ma = m.

() The multiplicative group of fifth roots of 1 is cyclic. Unlike the group of (@) which has only 1 and —1 as
generators, this group may be generated by any of its elements except 1.
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(¢) The group G of Example 2(b) is cyclic. Its generators are o and /.

(d) The group Zg ={0,1,2,3,4,5,6,7} under congruence modulo 8 addition is cyclic. This group may be generated
by 1,3,5, or 7.

Examples 3(b), 3(c), and 3(d) illustrate

Theorem XI. Any element a’ of a finite cyclic group G of order » is a generator of G if and only if
(n,t)=1.

In Problem 9.8, we prove

Theorem XII. Every subgroup of a cyclic group is itself a cyclic group.

9.5 PERMUTATION GROUPS

The set S, of the n! permutations of 7 symbols was considered in Chapter 2. A review of this material
shows that S, is a group with respect to the permutations operations :. Since = is not commutative, this
is our first example of a non-abelian group.

It is customary to call the group S, the symmetric group of n symbols and to call any subgroup of S,
a permutation group on n symbols.

EXAMPLE 4.

@ e ={(1), (12), (13), (14, (23), (24), 3D, v = (123), &% = (132), fi = (124), #* = (142), ¥ = (134), +* = (143),
5= (234), 2 = 243), 1 = (1234), * = (13)(24), ¢® = (1432), 7 = (1234), a2 = (14)(23), 7 = (1342), 7 = (1324),
2 = (12)(34), © = (1423)).

(b) The subgroups of Sy (i) {(1),(12)}, (i) {(1),, 42}, (i) {(1),(12),(34),(12)(34)}, and (iv) Aas = {(1),, 2,
B R 112,05 82, 22, 02,72} are examples of permutation groups of 4 symbols. (44 consists of all even
permutations in Sy and is known as the alternating group on 4 symbols.) Which of the above subgroups are
cyclic? which abelian? List other subgroups of Sy.

See Problems 9.9-9.10.

9.6 HOMOMORPHISMS

DEFINITION 9.7: Let G, with operation =, and G’ with operation [, be two groups. By a
homomorphism of G into G’ is meant a mapping

1:G—> G such that t(g) = ¢

and

(i) every g € G has a unique image g’ € G’

(@) if a) = d and 1Xb) = b’, then X a = b) = (a)Xb) = o'Ib’
if, in addition, the mapping satisfies

(iiiy every g € G’ is an image
we have a homomorphism of G onto G’ and we then call G’ a homomorphic image of G.

EXAMPLE 5.

(a) Consider the mapping n — i” of the additive group Z onto the multiplicative group of the fourth roots of 1.
This is a homomorphism since

m4n—i™"m=im. "

and the group operations are preserved.
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(b) Consider the cyclic group G = {a,a,a, .. .,a'?> = u} and its subgroup G’ = {a?,a*,d5, ..., a'?). It follows readily
that the mapping
a® - a*
is 2 homomorphism of G onto G’ while the mapping

a®—a"

is a homomorphism of G’ into G.

(¢) The mapping x — x> of the additive group R into itself is not a homomorphism since x4y —

(e +2)* # X + 5

See Problem 9.11.
In Problem 9.12 we prove

Theorem XIII. In any homomorphism between two groups G and §’, their identity elements
correspond; and if x € G and x’ € G’ correspond, so also do their inverses.

There follows

Theorem XIV. The homomorphic image of any cyclic group is cyclic.

9.7 ISOMORPHISMS
DEFINITION 9.8: If the mapping in Definition 9.6 is one to one, i.e.,

gog
such that (i) is satisfied, we say that G and G’ are isomorphic and call the mapping an isomorphism.

EXAMPLE 6. Show that G, the additive group Z4, is isomorphic to G’, the multiplicative group of the non-zero
elements of Zs.

Consider the operation tables

Table 9-2 Table 9-3

g g
+ | 0123 2|13 42
0jo 1 2 3 11 3 4 2
1j1 2 30 313 4 21
212 3 01 414 21 3
31301 2 2121 3 4

in which, for convenience, [0],[1], ... have been replaced by 0, 1,... . It follows readily that the mapping
G>G:0>1,1-532->43->2

is an isomorphism. For example, 1 =2 +3 — 4-2 =3, etc.
Rewrite the operation table for G’ to show that

G>G:0>1,1-22—>43->3

is another isomorphism of G onto G’. Can you find still another?
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In Problem 9.13 we prove the first part of
Theorem XV.

(a) Every cyclic group of infinite order is isomorphic to the additive group Z.
(b) Every cyclic group of finite order » is isomorphic to the additive group Z,.

The most remarkable result of this section is

Theorem XVI (Cayley). Every finite group of order 7 is isomorphic to a permutation group on »
symbols.

Singce the proof. given o Problemn %14, cowslsts in showing how o constmer an effective
permutation group, the reader may wish to examine first

EXAMPLE 7.
Table 94

C|g1 & 8 8 8 &

81181 8 83 84 85 &6
82182 81 85 86 83 84
83183 86 81 85 84 82
84184 85 86 81 82 &3
85185 84 82 83 8¢ &1
868 83 84 82 81 &5

Consider the above operation table for the group G = {g1, g2, g3, g4, &5, g6} With group operation .

The elements of any column of the table, say the fifth: g,[0gs = gs, g2200gs = g3, g3[1gs = g4, g4[1gs = 2>,
gs0gs = gs, g0 g5 = g1 are the elements of the row labels (i.e., the elements of G) rearranged. This permutation will
be indicated by

(gl 8 8 84 85 g6)=(156)(234)
.85 83 84 82 86 &1

=p5

It follows readily that G is isomorphic to P = {pi,p2,p3,ps,P5,ps} Where p;=(1), p» = (12)(36)(45),
p3 = (13)(25)(46), ps = (14)(26)(35), ps = (156)(234), ps = (165)(243) under the mapping

8i < Di (l=1a233336)

9.8 COSETS

DEFINITION 9.9: Let G be a finite group with group operation =, H be a subgroup of G, and a be an
arbitrary element of G. We define as the right coset Ha of H in G, generated by a, the subset of G

Ha=1{h=a:he H}
and as the left coset aH of H in G, generated by a, the subset of G
aH ={a:h:he H}

EXAMPLE 8. The subgroup H = {(1),(12), (34), (12)(34)} and the element a = (1432) of S; generate the right coset

Ha = {(L}- 11432), (12} = (1432), (34} = (1432), (12)(34} - (1432)}
= {(1432), (143), (132), (13)}
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and the left coset

aH = {(14321.: (1), (1432} - (12), (1432} :. 134), (1432} - (12)(34)}
= {(1432), (243), (142), 24)}

In investigating the properties of cosets, we shall usually limit our attention to right cosets and leave
for the reader the formulation of the corresponding properties of left cosets. First, note that a € Ha since
u, the identity element of G, is also the identity element of H. If H contains m elements, so also does Ha,
for Ha contains at most m elements and A, :: a = h; = a for any Ay, by € H implies h; = h;. Finally, if C,
denotes the set of all distinct right cosets of H in G, then H € C, since Ha = H when a € H.

Consider now two right cosets Ha and Hb, a # b, of H in G. Suppose that ¢ is a common element
of these cosets so that for some hj,hy € H we have c=h; za=hy =b. Then a=h; ' =ihy = b) =
(h L., hy) b and, since A leheH (Theorem VIII), it follows that a € Hb and Ha = Hb. Thus, C,
consists of mutually disjoint right cosets of G and so is a partition of G. We shall call C, a decomposition
of G into right cosets with respect to H.

EXAMPLE 9.

(a) Take G as the additive group of integers and H as the subgroup of all integers divisible by 5. The decomposition
of G into right cosets with respect to H consists of five residue classes modulo 5, ie., H = {x: 5|x},
Hl ={x:5|(x - 1}, H2 ={x: 5|(x —2)}, H3 = {x: 5|(x — 3)}, and H4 = {x : 5|(x — 4)}. There is no distinc-
tion here between right and left cosets since G is an abelian group.

(b) Let G =Syand H = Ay, the subgroup of all even permutations of Sy. Then there are only two right (left) cosets
of G generated by H, namely, 44 and the subset of odd permutations of S;. Here again there is no distinction
between right and left cosets but note that Sy is not abelian.

() Let G =S4 and H be the octic group of Problem 9.9. The distinct left cosets generated by H are

H ={(1),(1234), (13)(24), (1432), (12)(34), (14)(23),(13), 24)}
(12)H = {12),(234),(1324), (143), (34), (1423), (132), (124)}
(23)H = {(23),(134), (1243), (142), (1342), (14), (123), (243)}

and the distinct right cosets are

H = {(1),(1234), (13)(24), (1432), (12)(34), (14)(23),(13), (24)}
H(12) = {(12), (134), (1423), (243), (34), (1324),(123), (142)}
H(23) = {(23),(124), (1342), (143), (1243), (14), (132), (234)}
Thus, G = HU H(12) U H(23) = H U (12)H U (23)H. Here, the decomposition of G obtained by using the right
and left cosets of H are distinct.

Let G be a finite group of order » and H be a subgroup of order m of G. The number of distinct right
cosets of H in G (called the index of H in G) is r where n = mr; hence,

Theorem XVII (Lagrange). The order of each subgroup of a finite group G is a divisor of the order of G.
As consequences, we have

Theorem XVIII. If G is a finite group of order n, then the order of any element a € G (i.e., the order of
the cyclic subgroup generated by a) is a divisor if #;

and

Theorem XIX. Every group of prime order is cyclic.
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9.9 INVARIANT SUBGROUPS

DEFINITION 9.10: A subgroup H of a group G is called an invariant subgroup (normal subgroup
or normal divisor) of G if gH = Hg for every g € G.

Since g ! € G whenever g € G, we may write
(i) g'Hg=Hforeverygeg
Now (i) requires
(i) foranygeGandanyhe H,theng !:h:ge H
and
(i5) for any g € G and each & € H, there exists some k € H such thatg ! :k:g=hork:g=g:h.

We shall show that (i]) implies (i}). Consider any & € H. By (i), (g }) Y higl=gihi.g!l=
keHsinceg ! € G, then g !: k: g =h as required.
We have proved

Theorem XX. If H is a subgroup of a group Gandifg ! =h:ge Hforallg € Gand all # € H, then H
is an invariant subgroup of G.

EXAMPLE 10.

(a) Every subgroup of H of an abelian group G is an invariant subgroup of G since g = h = h = g, for any g € G and
every he H.

(b) Every group G has at least two invariant subgroups {u}, since u-. g = g = u for every g € G, and § itself, since
for any g,h € G we have

g::h:g::h-:,{g 1:_~.g)=(g:_~.h:_~.g 1_]ﬁg:k::gandkzg::h::g leg

(¢) If H is a subgroup of index 2 of G [see Example 9(b)] the cosets generated by H consist of H and G — H.
Hence, H is an invariant subgroup of G.

4

(d For G={a,d*d,...,a%2 =u}, its subgroups {u,a% d*...,a'%), {u,d’,d% a°}, {u,a* 4%}, and {u,af are

invariant.

(e) For the octic group (Problem 9.9), {u, /%, 72, 72}, {u, /%, b, e} and {u, 1, ¢, i°} are invariant subgroups of order
4 while {u, %} is an invariant subgroup of order 2. (Use Table 9-7 to check this.)

(f) The octic group P is not an invariant subgroup of S since for ¢ = (1234) € P and (12) € S4, we have
(12)714(12) = (1342) ¢ P.
In Problem 9.15, we prove

Theorem XXI. Under any homomorphism of a group G with group operation . and identity element u
into a group G’ with group operation (] and identity element o', the subset S of all elements of G which
are mapped onto u’ is an invariant subgroup of G.

The invariant subgroup of G defined in Theorem XXI is called the kernal of the homomorphism.
EXAMPLE 11. Let G be the additive group Z and G the additive group Zs. The homomorphism x — remainder
when x is divided by 5 has as its kernal H = {x : 5|x} = 5Z.

In Example 10(d) it was shown that any group G has {u} and G itself as invariant subgroups. They are
called improper while other invariant subgroups, if any, of G are called proper. A group G having no
proper invariant subgroups is called simple.

EXAMPLE 12. The additive group Zs is a simple group since by the Lagrange Theorem, the only subgroups of Z;
will be of order 1 or order 5.
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9.10 QUOTIENT GROUPS

DEFINITION 9.11: Let H be an invariant subgroup of a group G with group operation :: and denote
by G/H the set of (distinct) cosets of H in G, i.e.,

G/H = {Ha, Hb,Hc, ...}
We define the “product™ of pairs of these cosets by
(Ha)(Hb) ={(hy - a) = {hy - b) : by, h, € H} for all Ha, Hb € G/H.

In Problem 9.16, we prove that this operation is well defined.
Now G/H is a group with respect to the operation just defined. To prove this, we note first that
(hl B a_] iy b) =hola:hy)~b="h; 2{hs zal~b
= (hl = h3j| ~la b) =hyoia: b), h3,h4 e H

Then (Ha)(Hb) = H(a - b) € G/H

and [((Ha)(HbIWHc) = H[(a = bl ~c]l Hla»ib=cll {Ha)(Hb)(Hc]

Next, for u the identity element of G, (Hu)(Ha) = (Ha)(Hu) = Ha so that Hu = H is the identity element
of G/H. Finally, since (Ha)(Ha ') = (Ha ')(Ha) = Hu = H, it follows that G/H contains the inverse
Ha ! of each Ha € G/H.

The group G/H is called the quotient group (factor group) of G by H.
EXAMPLE 13.

(@) When G is the octic group of Problem 9.9 and H = {u, s?,b, ¢}, then G/H = {H, H}. This representation of
G/H is, of course, not unique. The reader will show that G/H = {H, H/*} = {H, Hs?} = {H, H*} = {H, H ).

(b) For the same G and H = {u, ¢}, we have

G/H = {H,Hp, Ha® Hb} = {H, H;?, H7*, He}

The examples above illustrate

Theorem XXII. 1If H, of order m, is an invariant subgroup of G, of order n, then the quotient group G/H
is of order n/m.

From (Ha)(Hb) = H(a : b) € G/H, obtained above, there follows
Theorem XXIII. 1If H is an invariant subgroup of a group G, the mapping

G—~>G/H:g— Hg
is a homomorphism of G onto G/H.
In Problem 9.17, we prove
Theorem XXIV. Any quotient group of a cyclic group is cyclic.

We leave as an exercise the proof of
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Theorem XXV. If H is an invariant subgroup of a group G and if H is also a subgroup of a subgroup X
of G, then H is an invariant subgroup of K.

9.1 PRODUCT OF SUBGROUPS
Let H={h,ho,...,} and K = {by, b, ..., b,} be subgroups of a group G and define the “product”

HK={h,b] :hi € H,b] GK}

In Problems 9.65-9.67, the reader is asked to examine such products and, in particular, to prove

Theorem XXVI. If H and K are invariant subgroups of a group G, so also is HK.

9.12 COMPOSITION SERIES

DEFINITION 9.12: An invariant subgroup H of a group G is called maximal provided there exists no
proper invariant subgroup K of G having H as a proper subgroup.

EXAMPLE 14.

(a) A4 of Example 4(b) is a maximal invariant subgroup of S; since it is a subgroup of index 2 in S;. Also,
{u, ¢?, 2, 72} is a maximal invariant subgroup of 44. (Show this.)

(b) The cyclic group G = {u,a,42,...,a''} has H = {u,a%,4*,...,a'%} and K = {u, 4>, a®, ¢°} as maximal invariant
subgroups. Also, J = {u, a*, @®} is a maximal invariant subgroup of H while L = {u, 4%} is a maximal invariant
subgroup of both H and K.

DEFINITION 9.13: For any group G a sequence of its subgroups

G.H,J.K,...,U={u}

will be called a composition series for G if each element except the first is a maximal invariant subgroup of
its predecessor. The groups G/H, H/J, J/K, ... are then called quotient groups of the composition series.
In Problem 9.18 we prove

Theorem XXVII. Every finite group has at least one composition series.

EXAMPLE 15.
(@) The cyclic group G = {u, a,d?, >, a*} has only one composition series: G, U = {u}.

(b) A composition series for G = Sy is

84, 44, {(1), 7, 7, 2} {(), 1, U = {(1)}

Is every element of the composition series an invariant subgroup of G?
(¢) For the cyclic group of Example 14(b), there are three composition series: (i) G, H,J, U, (ii) G,K,L,U, and
(@ii) G,H, L, U. Is every element of each composition series an invariant subgroup of G?

In Problem 9.19, we illustrate

Theorem XXVIII ( The Jordan-Holder Theorem). For any finite group with distinct composition series,
all series are the same length, i.e., have the same number of elements. Moreover, the quotient groups for
any pair of composition series may be put into one-to-one correspondence so that corresponding
quotient groups are isomorphic.
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Before attempting a proof of Theorem XXVIII (see Problem 9.23) it will be necessary to examine
certain relations which exist between the subgroups of a group G and the subgroups of its quotient
groups. Let then H, of order r, be an invariant subgroup of a group G of order » and write

S =G/H ={Ha,,Hay, Has, ..., Ha}, ae€g 0))
where, for convenience, a; = u. Further, let
P ={Hb,, Hb,, Hbs, . .., Hb,} @
be any subset of S and denote by
K ={Hb U Hby U Hb3 - - - Hb,} 3

the subset of G whose elements are the pr distinct elements (of G) which belong to the cosets of P.

Suppose now that P is a subgroup of index ¢ of S. Then n=prt and some one of the
b’s, say by, is the identity element u of G. It follows that X is a subgroup of index z of G and P = K/H
since

(i) P is closed with respect to coset multiplication; hence, K is closed with respect to the group
operation on G.
(i) The associative law holds for G and thus for X.
(iiiy H € P; hence, u € K.
(iv) P contains the inverse Hb;, ' of each coset Hb; € P; hence, K contains the inverse of each of its
elements.
(v) K is of order pr; hence, K is of index ¢z in G.

Conversely, suppose K is a subgroup of index ¢ of G which contains H, an invariant subgroup
of G. Then, by Theorem XXV, H is an invariant subgroup of K and so P = K/H is of index ¢ in
S=G/H.

We have proved

Theorem XXIX. Let H be an invariant subgroup of a finite group G. A set P of the cosets of S = G/H is
a subgroup of index ¢ of S if and only if X, the set of group elements which belong to the cosets in P, is a
subgroup of index 7 of G.

We now assume b; = u in (2) and (3) above and state

Theorem XXX. Let G be a group of order » = rpt, K be a subgroup of order rp of G, and H be an
invariant subgroup of order r of both X and G. Then K is an invariant subgroup of G if and only if
P = K/H is an invariant subgroup of S = G/H.

For a proof, see Problem 9.20.

Theorem XXXI. Let H and K be invariant subgroups of G with H an invariant subgroup of X, and let
P=K/H and S = G/H. Then the quotient groups S/P and G/K are isomorphic.
For a proof, see Problem 9.21.
Theorem XXXII. If H is a maximal invariant subgroup of a group G then G/H is simple, and vice versa.
Theorem XXXIII. Let H and K be distinct maximal invariant subgroups of a group G. Then
(@) D= HNK is an invariant subgroup of G, and

(b) H/D is isomorphic to G/K and K/D is isomorphic to G/H.
For a proof, see Problem 9.22.
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9.1.

9.2.

9.3.

94.

9.5.

9.6.

Solved Problems

Does Z3, the set of residue classes modulo 3, form a group with respect to addition? with respect to
multiplication?

From the addition and multiplication tables for Z3 in which [0],[1], [2] have been replaced by 0, 1, 2
Table 9-5 Table 9-6

2

0

2

1

01
0 0
01
0 2

it is clear that Z; forms a group with respect to addition. The identity element is 0 and the inverses of 0, 1, 2
are, respectively, 0, 2, 1. It is equally clear that while these residue classes do not form a group with respect to
multiplication, the non-zero residue classes do. Here the identity element is 1 and each of the elements 1, 2 is
its own inverse.

Do the non-zero residue classes modulo 4 form a group with respect to multiplication?

From Table 5-2 of Example 12, Chapter 5, it is clear that these residue classes do not form a group with
respect to multiplication.

Prove: If a,b,c € G, then a: b = a : ¢ (also, b = a = c = a) implies b = c.

Consider a - b =a- c. Operating on the left with a ' € G, we have a ! :la=b)=a ! . (a: c). Using the
associative law, (a ! =a)ub=(a !::a).:.c; hence, u:b=u:c and so b =c. Similarly, (b=a)ua =
(c=a)a ! reduces to b =c.

Prove: When a,b € G, each of the equations a :: x = b and y :: @ = b has a unique solution.

We obtain readily x =a!:: b and y = b a™! as solutions. To prove uniqueness, assume x’ and y’ to be a
second set of solutions. Then a = x =a-: x’ and y = a = y’ <. a whence, by Theorem I, x = x’ and y = y’.
Prove: For any a € G, a™ = a" = a™™ when m,n € Z.

We consider in turn all cases resulting when each of m and » are positive, zero, or negative. When m and » are
positive,

2 g = m factors n factors _m+n factors _ i
o - LRy T ———
(a.;_a.;]...-_a) (a.;_a.;;...._a) a:--a::--.q
When m —r and n = 5, where r and s are positive integers,
a”:a"=a":a*=@ Y :a* = (@'zals - zaliviazas-- ca)
a® T =q™m when s = r

@y *=a*"=a™" whens<r

The remaining cases are left for the reader.

Prove: A non-empty subset G’ of a group G is a subgroup of G if and only if, for all a,b € G’,
al=bed.

Suppose G’ is a subgroup of G. If a,b € G/, then a ! € G’ and, by the Closure Law, so also does a ! - b.
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Conversely, suppose G’ is a non-empty subset of G for which a !=be G whenever a,bc G
Now a!::a=ue@G’. Then uza!=a"! e€G and every element of G’ has an inverse in G’. Finally,
for every a,be G, (a 1)_1 =b=ax=beG, and the Closure Law holds. Thus, G’ is a group and, hence,
a subgroup of G.

Prove: If S is any set of subgroups of a group G, the intersection of these subgroups is also a
subgroup of G.

Let a and b be elements of the intersection and, hence, elements of each of the subgroups which make up
S. By Theorem VIIL a ! - b belongs to each subgroup and, hence, to the intersection. Thus, the intersection is
a subgroup of G.
Prove: Every subgroup of a cyclic group is itself a cyclic group.

Let G’ be a subgroup of a cyclic group G whose generator is a. Suppose that m is the least positive
integer such that a™ € G'. Now every element of G/, being an element of G, is of the form a*, k € Z.
Writing

k=mg+r, O0=r<m

we have af = o™ = (@™ o d

and, hence, a’ =™ 7=a*

Since both a™ and a* € G/, it follows that a” € G'. But since r < m, r = 0. Thus k = mgq, every element of G’ is
of the form (a™)?, and G is the cyclic group generated by a™.

The subset {u= (1), &, 2, &3, 72, 72, b = (13),e = (24)} of S, is a group (see the operation table
below), called the octic group of a square or the dihedral group. We shall now show how this
permutation group may be obtained using properties of symmetry of a square.

Fig. 9-1

Consider the square (Fig. 9-1) with vertices denoted by 1, 2, 3, 4; locate its center O, the bisectors AOB and
COD of its parallel sides, and the diagonals 103 and 204. We shall be concerned with all rigid motions
(rotations in the plane about O and in space about the bisectors and diagonals) such that the square will look
the same after the motion as before.

Denote by 1 the counterclockwise rotation of the square about O through 90°. 14 clTzel is o vany | inlo
2, 2 into 3, 3 into 4, and 4 into 1; thus, » = (1234). Now # = s » = (13)(24) is a rotation about O of 180°,
¢? = (1432) is a rotation of 270°, and ;# = (1) = u is a rotation about O of 360° or 0°. The rotations through
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9.10.

9.11.

180° about the bisectors AOB and COD give rise respectively to &2 = (14)(23) and 7> = (12)(34) while the
rotations through 180° about the diagonals 103 and 204 give rise to e = (24) and b = (13).

The operation table for this group is

Table 9-7

a o 2 P a2 2 p e
ul|lu # M2 B az 2 p e
fle 2 P u e b o2 o2
@l w a2 oat e b
|l a g * b e T O
@l b 2 e uwu P op P
2| 2 a2 b 2 om P p
b|b e ar ¢ p oumw P
ele w2 b P o P2 2 ou

In forming the table
(1) fill in the first row and first column and complete the upper 4 4 block,

(2) complete the second row,

(n=o? = (12341 5 (14)(23) = (24) =, ...)

and then the third and fourth rows,

(Inz :_3.112=,.':u-::{p::al):p::e:Tz,...)

(3) complete the second column and then the third and fourth columns,

(o=@ p=bup="1,...)

(4) complete the table,

(CF2T2=L'I'21{]'202)=02,)

A permutation group on n symbols is called regular if each of its elements except the identity
moves all » symbols. Find the regular permutation groups on four symbols.

Using Example 4, the required groups are

lo, e, 2, 0t = D}, {m, 0%, 2,0t =)}, and {r, 2, 2, @ = (D)}

Prove: The mapping Z — Z,, : m — [m] is a homomorphism of the additive group Z onto the
additive group Z, of integers modulo #.

Since [m| — |r| whenever m = ng+r, 0 = r < n, it is evident that the mapping is not one to one. However,
every m € Z has a unique image in the set {[0],[1],[2],...,[n — 11| of residue classes modulo », and every
element of this latter set is an image. Also, if a — [r] and b — [s], then a + b — [r] + |s] = |¢] the residue class
modulo 7 of ¢ = a + b. Thus, the group operations are preserved and the mapping is a homomorphism of Z
onto Z,.
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Prove: In a homomorphism between two groups G and G’, their identity elements correspond, and
if x € G and x’ € G’ correspond so also do their inverses.

Denote the identity elements of G and G’ by u and W/, respectively. Suppose now that u — v/ and, for
x#u, x— x'. Then x =u =x — v/[Ox’ = x’ = w'[Ox’ whence, by the Cancellation Law, v/ =w' and we
have the first part of the theorem.

For the second part, suppose x — x’ and x™! — y’. Then u=x::x"! — x/[0y’ = = x’'[0(x’) ! so that
y/ — (x/)—l_
Prove: Every cyclic group of infinite order is isomorphic to the additive group Z.

Consider the infinite cyclic group G generated by a and the mapping

n—a", neZ

of Z into G. Now this mapping is clearly onto; moreover, it is one to one since, if for s > ¢t we had s < a® and
t © a' with a® = a’, then a® * = u and G would be finite. Finally, s + ¢ < a*"" = a® - a’ and the mapping is
an isomorphism.

Prove: Every finite group of order # is isomorphic to a permutation group on n symbols.

Let G ={g1,92.43,... ,gn} With group operation [] and define

( gi ) ( g1 2 g3 &n )
pi= = ,
gillg;, gailg g0g Og -+ g0g.

G=1,23,...,n)

The elements in the second row of p; are those in the column of the operation table of G labeled g; and,
hence, are a permutation of the elements of the row labels. Thus, P = {p;,p2,pP3,...,Ps} is a subset of the
elements of the symmetric group S, on n symbols. It is left for the reader to show that P satisfies the
conditions of Theorem VII for a group. Now consider the one-to-one correspondence

(@ gi < Di, i=1,2,3,...,n

If g; = g,(0gs, then g; & p, = p; so that

s s N & b, &0g )=( g )
&< (_giDgr.) ' (_gililgs.) ._giEIgr) ' (giDgngs gl g:

.

and (a) is an isomorphism of G onto P. Note that P is regular.

Prove: Under any homomorphism of a group G with group operation :: and identity element u
into a group G’ with group operation (] and identity element w’, the subset S of all elements of G
which are mapped onto v is an invariant subgroup of G.

As consequences of Theorem XIII, we have
(@) u— w; hence, S is non-empty.
() ifaesS,thena ! —» (W) =u; hence,a ! €8S.
(¢) ifa,beS,thena ! =b— vw[Iw =w; hence,a ' =beS.

Thus, S is a subgroup of G.
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9.16.

9.17.

9.18.

9.19.

For arbitrary a € S and g € G,
gleang—> (g)_llju’ljg =u
so that g ! =g =g € S. Then by Theorem XX, S is an invariant subgroup of G as required.

Prove: The product of cosets
(Ha)(Hb) = {(h) = a) ~ihy =b): i, € H} for all Ha, Hb € G/H

where H is an invariant subgroup of G, is well defined.

First, we show: For any x,x’ € G, Hx' = Hx if and only if x’ = v = x for some v € H. Suppose Hx' = Hx.
Then x’ e Hx requires x' =v:x for some ve H. Conversely, if x'=vusx with ve H, then
Hx' = H(v = x) = (Hv)x = Hx.

Now let Ha' and Hb' be other representations of Ha and Hb, respectively, with & =a=r, b’ = b =5, and
r,s € H. In (Ha'Y(Hb") = {[hy -:ia::r)] = |hy = (b 5]l : by, hy € H} we have, using (7), Section 9.9,

[Ay = i@orilhy (b5t — ihy=a)nir=h):.1bxs)
= (hl i a_‘:l - h3 . I:t o b) = (hl kN a:l “ [h3 N t':| /)
= (M =a)ihy=b) where h3,t,hy € H
Then (Hd)(Hb') = (Ha)(Hb)

and the product (Ha)(Hb) is well defined.

Prove: Any quotient group of a cyclic group G is cyclic.

Let H be any (invariant) subgroup of the cyclic group G = {u,a, a?, ..., @'} and consider the homomorphism

G—G/H:a' - Ha'

Since every element of G/H has the form Ha’ for some a’ € G and Ha' = (Ha)’ (prove this) it follows that
every element of G/H is a power of b = Ha. Hence, G/H is cyclic.

Prove: Every finite group G has at least one composition series.

(i) Suppose G is simple; then G, U is a composition series.

(i) Suppose G is not simple; then there exists an invariant subgroup H # G, U of G. If H is maximal in G
and U is maximal in H, then G, H, U is a composition series. Suppose H is not maximal in G but U is
maximal in H; then there exists an invariant subgroup K of G such that A is an invariant subgroup of
K. If K is maximal in G and H is maximal in K, then G, K, H, U is a composition series. Now suppose H
is maximal in G but U is not maximal in H; then there exists an invariant subgroup J of H. If J is
maximal in A and U is maximal in J, then G, H, J, U is a composition series. Next, suppose that H is
not maximal in G and U is not maximal in H; then .... Since G is finite, there are only a finite number of
subgroups and ultimately we must reach a composition series.

Consider two composition series of the cyclic group of order 60: G = {u,a,4?,...,a”}):
g’H={u’aZ’a4’.”’aSS}’ J={u’a4’aga""a56}’

K ={u,a?,d* a%,d%, U= {u}
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and GM={und,d,...a), N = {u,d",d*, a*}, P={ud",U
The quotient groups are
G/H = {H,Ha},H/J = {J,Jd*},J/K = {K,Ka*,Kd®},

K/U = {U, Ud?, Ud®*, Ud’®, Ua*®®}

and G/M = {M,Ma, Md®}, M/N = {N, N&’, Na®, N&®, Na'*},

N/P = {P, Pa"}, P/U = {U, Ua*"}

Then in the one-to-one correspondence: G/H < N/P, H/J < P/U, J/K < G/M, K/U < M/N,
corresponding quotient groups are isomorphic under the mappings:

H « P J - U K & M U & N
Ha & Pd® J? < Ud® Ka* & Ma Ud? < No°
Ka® < Mda Ud* < Nd°

Ua*® < Nd&°

Ua® <« Na'?

9.20. Prove: Let G be a group of order n = rpt, K be a subgroup of order rp of G, and H be an invariant
subgroup of order r of both K and G. Then K is an invariant subgroup of G if and only if
P = K/H is an invariant subgroup of S = G/H.

Let g be an arbitrary element of G and let K = {55, b5, ..., b}
Suppose P is an invariant subgroup of S. For Hg € S, we have
@ (Hg)P = P(Hg)

Thus, for any Hb; € P, there exists Hb; € P such that

(@) (Hg)(Hb;) = (Hb;)(Hg)

Moreover, (Hg)(Hb;) = (Hb;)(Hg) = (Hg)(Hby) implies Hb; = Hby. Then

(i) Hb; = (Hg ")(Hb)(Hg) =g '(Hb)g
@) K=HbUHb, .. - Hb, =g 'Kg
and

Q) gK =Kg

Thus, K is an invariant subgroup of G.

Conversely, suppose K is an invariant subgroup of G. Then, by simply reversing the steps above, we
conclude that P is an invariant subgroup of S.
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9.21. Prove: Let H and K be invariant subgroups of G with H an invariant subgroup of K, and let
P=K/H and S = G/H. Then the quotient groups S/P and G/K are isomorphic.

Let G, K, H have the respective orders n = rpt,rp,r. Then K is an invariant subgroup of index ¢ in G and
we define

g/K={KCI,K(,'2,...,KCt}, Cieg

By Theorem XXX, P is an invariant subgroup of S; then P partitions S into ¢ cosets so that we may write
S/P = {P(Ha;), P(Hay,), ..., P(Ha;)} Hay e S
Now the elements of G which make up the subgroup K, when partitioned into cosets with respect to H,

constitute P. Thus, each ¢ is found in one and only one of the Ha;,. Then, after rearranging the cosets of S/P
when necessary, we may write

§/P ={P(Hc,), P(Hcy), . .., P(Hcy)}

The required mapping is

G/K < S/P: Kc; < P(Hc;)

9.22. Prove: Let H and K be distinct maximal invariant subgroups of a group G. Then (a) D =
H N K is an invariant subgroup of G and (b) H/D is isomorphic to G/K and K/D is isomorphic
to G/H.

(a) By Theorem X, D is a subgroup of G. Since H and K are invariant subgroups of G, we have for each
deDandeverygeg,

glodrgeH, gludngeK and sog'ndugeD

Then, for every g € G, g7'Dg = D and D is an invariant subgroup of G.
() By Theorem XXV, D is an invariant subgroup of both H and K. Suppose

(i) H=Dh1UDh2'—J"'thn, hiGH

then, since K(Dh;) = (KD)h; = Kh; (why?),
@) KH = Khy UKh, .. -~ .. Khy,

By Theorem XXVI, HK = KH is a subgroup of G. Then, since H is a proper subgroup of HK and, by
hypothesis, is a maximal subgroup of G, it follows that HK = G.

From (i) and (i), we have
H/D = {Dhy,Dh,,...,Dh,}, and G/K ={Kh;,Kh,,...,Kh,}
Under the one-to-one mapping
Dh; < Kh;, (i=123,...,n

(Dh,)(Dh]) = D(h, b h]) <> K(h, b h]) = (Kh,)(Kh])

and H/D is isomorphic to G/K. It will be left for the reader to show that K/D and G/H are isomorphic.
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9.23.

9.24.
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Prove: For a finite group with distinct composition series, all series are of the same length, i.e.,
have the same number of elements. Moreover the quotient groups for any pair of composition
series may be put into one-to-one correspondence so that corresponding quotient groups are
isomorphic.
Let

(a) gaH13H23H33---aHr=U

(b) gaKlaK23K3a---aKs=U

be two distinct composition series of G. Now the theorem is true for any group of order one. Let us assume it

true for all groups of order less than that of G. We consider two cases:

() H; = K. After removing G from (a) and (), we have remaining two composition series of H; for which,
by assumption, the theorem holds. Clearly, it will also hold when G is replaced in each.

(@) H; # K. Write D = H; N K;. Since G/H, (also G/K)) is simple and, by Theorem XXXIII, is isomorphic
to K, /D (also G/K; is isomorphic to H,/D), then K, /D (also H,/D) is simple. Then D is the maximal
invariant subgroup of both H; and K and so G has the composition series

(d) gaH13D3D13D23D33---3Dt=U
and (b/) gaKlaDaDlaD23D3a---aDt=U
When the quotient groups are written in order

G/H,,H,/D,D/Dy,D/D3,D3/Ds,...,D; 1/D;

and Ki/D,G/Ki,D/Dy,D1/D3,D;/Ds,...,D; 1/D;

corresponding quotient groups are isomorphic, that is, G/H, and K, /D, H,/D and G/K,, D/D, and D/D,, ...

are isomorphic.

Now by (i) the quotient groups defined in (a) and (&) [also by (b) and (b’)] may be put into one-to-one
correspondence so that corresponding quotient groups are isomorphic. Thus, the quotient groups defined by
(a) and (b) are isomorphic in some order, as required.

Supplementary Problems
Which of the following sets form a group with respect to the indicated operation:

(@ S={x:xeZ x < 0}; addition

(b) S ={5x:x € Z}; addition

(¢) S={x:xe€Zx is odd}; multiplication
(d) The n nth roots of 1; multiplication

(e S—[-2, —1,1,2}; multiplication

(f) S={1, — 1,i, —i}; multiplication

(g) The set of residue classes modulo m; addition
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() S ={[al:l[al: Zy,(a,m) = 1}; multiplication

() S={z:ze€C,|z| = 1}; multiplication
Ans. (a), (¢), (e) do not.

9.25. Show that the non-zero residue classes modulo p form a group with respect to multiplication if and only if p
is a prime.

9.26. Which of the following subsets of Z;3 is a group with respect to multiplication: (a) {[1l,[12I; (&)
{[L1, [21, [41, [61, [81, [101, [1211; (c) {[11, [51,[81,[121"?
Ans. (a), (¢)

9.27. Consider the rectangular coordinate system in space. Denote by a,b, ¢, respectively, clockwise rotations
through 180° about the X, Y, Z-axis and by u its original position. Complete the table below to show that
{u, a,b,c} is a group, the Klein 4-group.

Table 9-8

9.28. Prove Theorem III, Section 9.2.

Hint.a '~ x=uwhasx=agand x=(a )™

as solutions.

9.29. Prove Theorem IV, Section 9.2.
Hint. Consider (a«b)~ib ' na Y=awibb Yial

9.30. Prove: Theorem V, Section 9.2.

9.31. Prove:a "=(a")',meZ

9.32. Complete the proof of Theorem VI, Section 9.2.

9.33. Prove: Theorem IX, Section 9.3, Theorem XI, Section 9.4, and Theorem XIV, Section 9.6.
9.34. Prove: Every subgroup of G’ of a group G has u, the identity element of G, as identity element.
9.35. List all of the proper subgroups of the additive group Zs.

9.36. Let G be a group with respect to = and a be an arbitrary element of G. Show that

H={x:xeGx»a=a::x}

is a subgroup of G.

9.37. Prove: Every proper subgroup of an abelian group is abelian. State the converse and show by an example that
it is false.
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9.38.

9.39.

9.40.

9.41.

9.42.

9.43.

9.44.

9.45.

9.46.

9.47.

9.48.

9.49.

9.50.

9.51.

9.52.

9.53.

9.54.
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Prove: The order of a € G is the order of the cyclic subgroup generated by a.

Find the order of each of the elements (a) (123), (b) (1432), (¢) (12)(34) of S;.
Ans. (@) 3, (b) 4, (¢) 2

Verify that the subset 4, of all even permutations in S, forms a subgroup of S,. Show that each element of 4,
leaves the polynomial of Problem 2.12, Chapter 2, unchanged.

Show that the set {x : x € Z, 5|x} is a subgroup of the additive group Z.

Form an operation table to discover whether {(1), (12)(34), (13)(24), (14)(23)} is a regular permutation group
on four symbols.

Determine the subset of Sy which leaves (a) the element 2 invariant, (b) the elements 2 and 4 invariant, (c)
X1X2 + x3x4 invariant, (d) x1x + x3 + x4 invariant.
Ans. (@) {(1),(13),(14),(34),(134),(143)} (0 {(1),(12),(34),(12)(34), (13)(24), (14)(23), (1423),(1324)}
® {1, (13)} (@) {(1),(12),(34),12)(34)}
Prove the second part of Theorem XV, Section 9.7. Hint. Use [m] + a™.

Show that the Klein 4-group is isomorphic to the subgroup P = {(1), (12)(34), (13)(24), (14)(23)} of S4.

Show that the group of Example 7 is isomorphic to the permutation group

P = {(1)(12)(35)(46), (14)(25)(36), (13)(26)(45), (156)(243), (165)(234)}

on six symbols.

Show that the non-zero elements Z;; under multiplication form a cyclic group isomorphic to the additive
group Zj;. Find all isomorphisms between the two groups.

Prove: The only groups of order 4 are the cyclic group of order 4 and the Klein 4-group.

Hint. G = {u, a, b, ¢} either has an element of order 4 or all of its elements except u have order 2.
In the latter case, a = b # a, b,u by the Cancellation Laws.

Let S be a subgroup of a group G and define T = {x : x € G, Sx = xS}. Prove that T is a subgroup of G.
Prove: Two right cosets Ha and Hb of a subgroup H of a group G are identical if and only if ab ! € H.
Prove: a € Hb implies Ha = Hb where H is a subgroup of G and a,b € G.

List all cosets of the subgroup {(1), (12)(34)} in the octic group.

Form the operation table for the symmetric group S3 on three symbols. List its proper subgroups and obtain
right and left cosets for each. Is S5 simple?

Obtain the symmetric group of Problem 9.53 using the properties of symmetry of an equilateral triangle.
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9.55.

9.56.

9.57.

9.58.

9.59.

9.60.

9.61.

9.62.

9.63.

9.64.

9.65.

9.66.

9.67.

9.68.

Obtain the subgroup {u, /72, =2, 2} of S4 using the symmetry properties of a non-square rectangle.
Obtain the alternating group 44 of S, using the symmetry properties of a rectangular tetrahedron.
Prove: Theorem XXV, Section 9.10.

Show that K = {u, #?, 2,72} is an invariant subgroup of S4;. Obtain S4/K and write out in full the
homomorphism Ss — S4/K : x - Kx.

Partial Answer. U — K, (12) - K(12),(13) —» K(13),...,(24) - K(13),(34) - K(12),....
Use K = {u, /%, %, 72}, an invariant subgroup of S; and H = {u, 7}, an invariant subgroup of K, to show

that a proper invariant subgroup of a proper invariant subgroup of a group G is not necessarily an invariant
subgroup of G.

Prove: The additive group Z,, is a quotient group of the additive group Z.

Prove: If H is an invariant subgroup of a group G, the quotient group G/H is cyclic if the index of Hin Gisa
prime.

Show that the mapping

(1)3 l'-"za '52’ T2 -
o 2w 2 >
;32’ ﬁ’ }2’ '}J g

defines a homomorphism of A4 onto G = {u, g, a*}.

u
a
@
Note that the subset of 44 which maps onto the identity element of G is an invariant subgroup of A44.

Prove: In a homomorphism of a group G onto a group G’, let H be the set of all elements of G which map into
o € G'. Then the quotient group of G/H is isomorphic to G'.

Set up a homomorphism of the octic group onto {u, a}.

When H = {u, i+, +2} and K = {u, /4, i#} are subgroups of Sy, show that HK # KH. Use HK and KH to verify:
In general, the product of two subgroups of a group G is not a subgroup of G.

Prove: If H = {hy,hy,...,h} and K = {by,bs,..., by} are subgroups of a group G and one is invariant, then
(a) HK = KH, (b) HK is a subgroup of G.

Prove: If H and K are invariant subgroups of G, so also is HK.

Let G, with group operation - and identity element u, and G’, with group operation [] and unity element v/, be
given groups and form

J—Gxu'={gg) gecGg el
Define the “product” of pairs of elements (g,g’), (h, ") € J by

® (8, &), H) = (g h, g TH)
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(a) Show that J is a group under the operation defined in (7).
(b) Show that S={(g,u):geGtand T = {(u,g): g € G} are subgroups of J.

(¢) Show that the mappings

S>G:(gu)>g and T—>G :(ug)—>¢

are isomorphisms.

9.69. For G and G’ of Problem 9.68, define U = {u} and U" = {w'}; also G — 7~ U’ and G’ = U = . Prove:

(@) G and G’ are invariant subgroups of J.

(b) J/G is isomorphic to U ~ &/, and J /G’ is isomorphic to & ~ U".

(¢©) G and G’ have only (u,v) in common.

(d) Every element of G commutes with every element of G'.

(e) Every element of J can be expressed uniquely as the product of an element of G by an element of I

9.70. Show that Sy, A4, {u, (2, 72, 72}, {u, 72}, U is a composition series of S;. Find another in addition to that of
Example 13(b), Section 9.10.

9.71. For the cyclic group G of order 36 generated by a:

(i) Show that a?,a> a*, 4%, a°,a'?, a!® generate invariant subgroups Gis, Gi2, Gs, Gs, G4, G3, G, respectively,

of G.
(i) G,Gis,Ge,G3, U is a composition series of G. There are six composition series of G in all; list them.

9.72. Prove: Theorem XXXII, Section 9.12.

9.73. Write the operation table to show that Q ={l, —1,i, —i,j, —j,k, —k} satisfying i2 =2 =k> — —1,
ij=k= ji,jk=i= kj ki=j= ik forms a group.

9.74. Prove: A non-commutative group G, with group operation - has at least six elements.
Hint.
(1) G has at least three elements: u, the identity, and two non-commuting elements a and 5.

(2) G has at least 5 elements: u,a,b,a :: b, b :: a. Suppose it had only 4. Then a ::b # b =: a implies a :: b or
b = a must equal some one of u, a, b.

(3) G has at least six elements: w,a,b,a:: b,b :: a, and either > ora b a.

9.75. Construct the operation tables for each of the non-commutative groups with 6 elements.
9.76. Consider S = {u, a,a?, @, b, ab, a®b, a*, b} with a* = u. Verify:

(a) If b* =, then either ba = ab or ba = a’b. Write the operation tables 4s, when ba = ab, and Dg, when
ba = a®b, of the resulting groups.

(b) If P> = a or b*> = &, the resulting groups are isomorphic to Cg, the cyclic group of order 8.
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(¢©) If b* = &2, then either ba = ab or ba = a’b. Write the operation tables A’s, when ba = ab, and Qg, when
ba = d°b.

(d) Ag and A’y are isomorphic.
(e) Ds is isomorphic to the octic group.
(f) Qg is isomorphic to the (quaternion) group Q of Problem 9.73.

(g) Qs has only one composition series.

9.77. Obtain another pair of composition series of the group of Problem 9.19; set up a one-to-one correspondence
between the quotient groups and write the mappings under which corresponding quotient groups are
isomorphic.



CHAPTER 10

Further Topics on
Group Theory

INTRODUCTION

One of the properties of a group is that it contains an identity and that each element of a group has
an inverse. Here we will show that a finite group whose order is divisible by a prime p must always
contain an element of order p. This will be established by Cauchy’s Theorem. We will extend this idea
to prime power divisors using the Sylow Theorems. In addition, a very brief introduction will be given of
the Galois group.

10.1 CAUCHY’S THEOREM FOR GROUPS

Theorem 1. (Cauchy’s Theorem) Let G be a finite group and let p be a prime dividing the order of G,
then G contains an element of order p.

EXAMPLE 1. Let G be a finite group and let p be prime. If every element of G has an order of power p, then G has
an order of power p.

The solution will be presented with a contradiction argument. If the order of G is not a power of p, then there
exists a prime p’ # p such that p’ divides the order of G. Thus, by Cauchy’s Theorem, G has an element of order p’.
This is a contradiction.

10.2 GROUPS OF ORDER 2p AND p?

Here we will classify groups of order 2p and p? for any prime p. If p is odd, we will use Cauchy’s Theorem
to show that any group of order 2p is either cyclic or dihedral.

Theorem II. Suppose G is a group with order 2p where p is an odd prime, then G is either cyclic or
dihedral.

Theorem III.  Suppose G is a group of order p> where p is prime, then G is abelian.
For a proof, see Problem 10.9.
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10.3 THE SYLOW THEOREMS

The Sylow Theorems are very useful for counting elements of prime power order which will help to
determine the structure of the group.

Theorem IV. (The First Sylow Theorem) Suppose n is a non-negative integer, G is a finite group
whose order is divisible by p”, where p is prime. Then G contains a subgroup of order p”.

Note. The First Sylow Theorem does not guarantee the subgroups to be normal. As a matter of fact,
none of the subgroups may be normal.

DEFINITION 10.1: Let G be a finite group of order p"k, where p is prime and where p does not divide
k. A p-subgroup of G is a subgroup of order p™, where m - n. A Sylow p-subgroup of G is a subgroup
of order p”.

EXAMPLE 2. Consider the quaternion group

Q has order 8 =23 with all its subgroups being 2-subgroups. Q itself is the only Sylow 2-subgroup.

DEFINITION 10.2: For any subgroup S of a group G, the normalizer of S in G is defined to be the set
N(S)={ge G gSg ' =5}

Theorem V. For any subgroup S of a finite group G, N(S) will be the largest subgroup of G that
contains S as a normal subgroup.

The proof of Theorem V is as follows. Now uSu ! =S, so ue N(S) and, hence, N(S) # &.
If a,b € N(S), then (ab )S(a 'b) =a(d 'Sh)a ! =a 'Sa=S. Thus, ab € N(S) and N(S) will be a
subgroup of G. So, by definition of N(S), S is a normal subgroup of N(S) and N(S) contains any
subgroup that has S as a normal subgroup.

EXAMPLE 3. Consider the dihedral group D¢ generated by « and /i, where = has order 6, # has order 2, and
wfi = fr. The set with its 12 elements are as follows:

Dg = {u, 1, ::.'2, :::3, ::.'4, :::5, [ -TH ﬁ:zz, ,‘30‘3, ,‘504, ,‘305}

It can easily be verified that {u, =*} is a 2-subgroup of Dg. Thus, N({u, +}) = D.

Theorem VI. Given that G is a finite group whose order is divisible by p, where p is a prime, and S'is a
Sylow p-subgroup of G. If § is a p-subgroup of N(S), then S':-S.

Theorem VII. Given that G is a finite group whose order is divisible by p, where p is a prime. If S
is a Sylow p-subgroup of G, then S is the only Sylow p-subgroup of N(S).

A short proof of Theorem VII is presented below.
S'is a Sylow p-subgroup of N(S) and by Theorem VI, any other p-subgroup, S’, of N(S) is contained
in S. Then S’ = S since the order of S’ equals the order of S.

Theorem VIII. Given that G is a finite group, S is a subgroup of G, and p is prime. Then for all g € G,
gSg ! is also a subgroup of G. In addition, if S is a Sylow p-subgroup, then gSg ! is also a Sylow
p-subgroup.

DEFINITION 10.3: If x € G, then elements of the form gxg ! for g € G are called conjugates of x.

We will use x9 to denote the set of all conjugates of x by elements of G.

EXAMPLE 4. Let G be a group. Let a,b € G. Then either a9 = b9 or a9 N b9 = 4.
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Suppose that a% N b9 # @. Then there exists ¢ € a% N Y so that ¢ = xax ! and ¢ = yby ! for some x,y € G. Then
a=x"'ex and, hence, for any dea% d=gag™! =gxlexg=gxlyby Ixg™! = (gxy)p(gxly) ' € b9. So
g p9
ad bl
We can use a similar argument to show that a9 = 9, and, hence, a9 = b9.

We may extend this notation to subgroups.

DEFINITION 10.4: A subgroup G’ of a group G is a conjugate of a subgroup S of G if there exists a
g € G such that G’ = gSg 1.

Note. If A is a subgroup of G, then the set of all conjugates of S by elements of A4 is denoted by S
where

S4 ={aSa !, such that a € 4}

Theorem IX. (Sylow Theorems) Given that G be a finite group of order p"k where p does not divide k£
and p is prime. Let S, be the number of Sylow p-subgroups of G. Then

(a) any p-subgroup is contained in a Sylow p-subgroup of G; (The Second Sylow Theorem)
(b) any two Sylow p-subgroups of G are conjugates in G;

(¢) S, =mp+1 for some non-negative integer m; (The Third Sylow Theorem)
(d) S, divides k.

You will be asked to prove the Sylow Theorems as an exercise.

104 GALOIS GROUP

In this section we will introduce the Galois group. However, the topic is much too advanced for the level
of this text, and hence only a brief introduction will be given. It is suggested that you be introduced to
Rings and Fields in Chapters 11 and 12 before studying this section.

Theorem X. Let F be a subfield (see Chapters 11 and 12) of the field F. The set of all automorphisms f
of F such that f(r) =r for all r in F is denoted by Gal F/F. That is, Gal F/F consists of all functions
f + F — F which satisfy the following:

(a) fpreserves addition and multiplication
(b) fis one to one and onto

(¢) ifreF,then f(r)=r
EXAMPLE 5. Let z = (¢ + bi) € C and let

f:C>C

such that f(z) =z € C.

Now, if f(z) = f(z1), then z = z;. Thus, z = z = z; = z;. This implies that f'is one to one.

Next, let z; € C, the codomain of f. Now z; = z; and z; € C, the domain of f. That is, for any z; in the codomain
of f, z, is in the domain of f such that f(z,) = z, = z,. This implies that fis onto. It can be shown also that f preserves
addition and multiplication.

The above discussion implies that f is an automorphism of C for which f(b) = b for all b € R. Therefore,
f € Gal C/R.
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Consider the solution field of the polynomial p(x) =0, denoted by FP®. where the cocfficients of the polvnomial
are in F. In addition, if Fis a subfield of F7®?, let the set of automorphism of some function which leave F unchanged
be denoted by Gal FP™/F. Then the functions in Gal FP® /F will be related to the roots of p(x). So one way of
learning about the solutions of p(x) = 0 will be to study the composition of the sets Gal FP™/F. Later, when
you study the structures of rings and fields, you will observe that these sets are unlikely to be classified in either
structure since the sets Gal FP® /F have only one natural operation: composition.

Theorem XI. Let F be a subfield (see Chapters 11 and 12) of the field F. The operation of composition
of functions in Gal F/F will satisfy the following:

(@) Iff,ge Gal F/F, then f: g € Gal F/F. (Closure)
(b) Iff,g,heGal F/F,then f ig - h) = (f : g} ~ h. (Associativity)

(¢) There exists a unique t € Gal F/F such that for all f € Gal F/F, f = 1=f = 1 f. (Existence of an
identity)

(d) For all f € Gal F/F, there exists i € Gal F/F such that f :.i = =i f. (Existence of inverses)

Observe from Theorem XI that Gal F/F is a group with respect to the composition of functions.
Such a group is called a Galois group of F over F.

DEFINITION 10.5: Let F be a subfield (see Chapters 11 and 12) of the field F. The Galois group of F
over Fis the set Gal F/F with composition of functions as the operation.

Solved Problems

10.1. Let G be a finite group and for g € G such that {g, g2, g%, ...} is finite, then there exists a positive

integer k such that u = g*.

Since {g, g2,2°,.. .} is finite, g” = g™ for some integers m > n > 1. Thus, m — n is a positive integer, and

ug” =g"=g™ =g™"g" so that u = g™, Letting k = m — n, then u = g*.

10.2. Let G be a group and let g € G has finite order n. Then the subgroup generated by g,
S(g)={u,g,g%...,8" '} and S(g) has order n.

Let A ={u,g,g%...,8" !}, where the elements of 4 are distinct, then S(g) = {g* such that k € Z: * A.
Conversely, if k € Z, then by the division algorithm there exist ¢, € Z such that k=ng+r, 0 =r <n.
Thus, gF = g"*" = (g")7g” = uwig” € A, and, hence, S(g} = A. It follows that S(g) = A. Thus, 4 has exactly
n elements; i.e., S(g) has order .

10.3. The order of any element of a finite group is finite and it divides the order of the group.

Problem 10.1 indicates that the elements of a finite group are always of finite order. Problem 10.2 says that
the order of such an element is the order of the subgroup which it generates. Thus, by Lagrange’s Theorem,
the order of the subgroup divides the order of the group.

10.4. Let G be a group and let s, ¢ be positive integers. Suppose that g has order s for g € G, then g’ =u
if and only if s divides z.

If s divides ¢, then ¢ = sk for some positive integer k and g’ = g* = u* = u. Also, by the division algorithm
for the integers there always exist ¢,r € Z such that t=sq+r, 0--r<s, and if g'=wu, then
g =g" % =g'(g")"? = u. Since s is the minimal positive power of g which equals u, then » = 0 and hence
s divides ¢.
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10.5. Let H be a subgroup of the group G, with x € G. Let f be the function such that f(4) = xh, where f
is one to one and onto. If H is finite, then xH and H have the same number of elements.

If f(a) = f(b) for a,b € H, then xa = xb, and, hence, a = b. This implies that fis one to one. Next, if
xh € xH, then f(h) = xh and, hence, fis onto. If H is finite, and since there exists a one-to-one and onto
function from H to xH, then H and xH have the same number of elements.

10.6. If Sis a subgroup of index 2 in a finite group G, then S is a normal subgroup of G.

If x € S, then xS = Sx. It can be shown that each right coset also has the same number of elements as S.
Since G has only two left cosets, it has only two right cosets, and thus, if x¢ .S, then both the left coset xS
and the right coset Sx must consist of all those elements of G that are not in S. That is,
xS ={g € G,g¢ S} = Sx. Thus, S is a normal subgroup of G.

10.7. Suppose G is a group of order 2p where p is an odd prime, then G has only one subgroup of
order p.

Now G has one and only one Sylow p-subgroup (prove). Since p is the highest power of p dividing the
order of G, then the Sylow p-subgroup of G is of order p. That is, there is precisely one subgroup of G of
order p.

10.8. Every cyclic group is abelian.

Suppose that G is cyclic with generator g and that x,y € G. Then x = g” and y = g™ for some n,m € Z.
Hence, xy = g"g™ = g"*™ = g™g" = yx and hence G is abelian.

10.9. Suppose G is a group of order p? where p is prime, then G is abelian.

Let the order of G be p?, and let Z(G) be the center of G (see problem 10.10). Then the order of Z(G) # 1
(prove). If Z(G)=g, then G is abelian. Suppose Z(G) # G, then the order of G/Z(G) = p (Lagrange’s
Theorem). Thus, G/Z(G) is cyclic and hence G is abelian (see problem 10.16).

Supplementary Problems
10.10. Let G be any group and define the center of G as
Z(G) ={xeG,gx=xgforall ge G}
For any x € G, prove that Z(G) is an abelian group which is a normal subgroup of G.
10.11. Let G be any group and define
H(x) ={g € G,gx =xg for all g € G}

Prove that H(x) is a subgroup of G for any x € G.

10.12. Let Q be the subgroup Q — [—1, 14, | j | k} of the multiplicative group of non-zero quaternions. Find a
power g” of order k where g =i e Q and k = 2.

10.13. Find all the conjugates of the element x in the group G when G = S3 and x = (12).
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10.14.

10.15.

10.16.

10.17.

10.18.

10.19.

10.20.

10.21.

10.22.

10.23.

10.24.

10.25.

10.26.

10.27.

10.28.

Show that Q/Z(Q) is abelian where the quaternion group Q — 111, £i, £j+k} and Z(Q) =
{x € Q,gx = xg for all g € Q}.

Given that G is a finite group and p is a prime that divides the order of G. Prove that there exists an x € G
such that p divides the order of H(x) where H(x) = {g € G,gx = xg, for all g € G}.

Given that G is a group, prove that if G/Z(G) is cyclic, then G is abelian (Z(G) is defined in Problem 10.10).
Show that the group G = S5 has order n = 8.

Determine all the 2-subgroups of Ss.

Determine all the Sylow 2-subgroups of S3 and determine which are normal.

For the quaternion group Q — [—1, |7, I j, |k},

(a) Find all 2-subgroups of Q;

(b) Find all Sylow 2-subgroups of Q and determine which ones are normal;

(¢) Show that S — [ 1, | i}is a subgroup of Q and find all the normalizers of S in Q;
(d) Show that § — [ 11, £k} is a subgroup of Q and find all the conjugates of S in Q.

Let S be a subgroup of a group G and let g € G. Define f : S — gsg~! such that f(s) = gsg~!. Show that fis
one to one.

Let G and H be groups and let S be a subgroup of H. Let f : G — H be a homomorphism. Show that
A ={x € g, f(x) € S} is a subgroup of G.

In Problem 10.23, if S is a normal subgroup of H, show that 4 is a normal subgroup of G.

Suppose that p is a prime and that 0 < k& < p. If Gis a group of order pk, show that if S is a subgroup of G of
order p, then S is a normal subgroup of G.

Let S be a Sylow p-subgroup of a finite group G, where p is prime. Prove that if gSg~! <~ S, then g € N(S).

Suppose that p and ¢ are primes where p > ¢. Suppose that G is a group of order pg. Given that g is an
element of G of order p, show that S(g) is a normal subgroup of G.

Prove Theorems II, IV, and IX.

Suppose G is a group of order 2p, where p is an odd prime. Show that G is abelian and cyclic.



Rings

INTRODUCTION

In this chapter we will study sets that are called rings. Examples of rings will be presented, some of which
are very familiar sets. Later, properties of rings will be examined, and we will observe that some
properties that hold in the familiar rings do not necessarily hold in all rings. Other topics include
mappings between rings, subsets of rings called ideals, and some special types of rings.

11.1 RINGS

DEFINITION 11.1: A non-empty set R is said to form a ring with respect to the binary operations
addition (+) and multiplication (-) provided, for arbitrary a,b,c, € R, the following properties hold:

Py: @+b)+c=a+b+c) (Associative Law of addition)
Py a+b=b+a (Commutative Law of addition)
P;: There exists z € R such that a+z = a. (Existence of an additive identity (zero))
P4: For each a € R there exists —a € R such that a — (—a) =z. (Existence of additive inverses)
Ps: (@ - bi-c=a-ib-c) (Associative Law of multiplication)
P ab+c)y=a-b+a-c (Distributive Laws)

P: b+ca=b-a+c-a

EXAMPLE 1. Since the properties enumerated above are only a partial list of the properties common to Z, R, @,
and C under ordinary addition and multiplication, it follows that these systems are examples of rings.

EXAMPLE 2. The set S = {x +yv/3+2Y9:x,9,z€ @} is a ring with respect to addition and multiplication
on R. To prove this, we first show that S is closed with respect to these operations. We have, for

a+b/34c9,d+ed3+fY9 €S,

@+b073+cV/D+([d+ed3+fVN=@+d)+G+e)V3+(c+,)V9eS

and (a+ b3 + c/9)(d + /3 +£3/9) = (ad + 3bf + 3ce) + (ae + bd + 3¢f)V/3
+(af +be+cd)¥/9e S
128

Copyright © 2004 1965 by McGraw-Hill Companies, Inc. Click here for terms of use.



CHAP. 11] RINGS 129

Next, we note that P;, P, Ps— P; hold since S is a subset of the ring R. Finally,
0 =04 0¥/3 +04/9 satisfies P3, and for each x + y&/3 4299 € S there exists x yv/3 2zJ/9¢ S
which satisfies P4. Thus, S has all of the required properties of a ring.
EXAMPLE 3.

(a) The set S = {a, b} with addition and multiplication defined by the tables

+|a b -la b
ala b and ala a
b|b a bla b

is a ring.

(b) The set T = {a, b, c,d} with addition and multiplication defined by

and

is a ring.

In Examples 1 and 2 the binary operations on the rings (the ring operations) coincide with ordinary
addition and multiplication on the various number systems involved; in Example 3, the ring operations
have no meaning beyond given in the tables. In this example there can be no confusion in using familiar
symbols to denote ring operations. However, when there is the possibility of confusion, we shall use
and % to indicate the ring operations.

EXAMPLE 4. Consider the set of rational numbers @. Clearly addition (:~) and multiplication (::) defined by

aT:b=a-b and a=b=a+b forall a,bec@

where + and - are ordinary addition and multiplication on rational numbers, are binary operations on @. Now the
fact that P, P,, and P; hold is immediate; also, P; holds with z = 1. We leave it for the reader to show that P4, Pg,
and P, do not hold and so @ is not a ring with respect to : : and :-:.

11.2 PROPERTIES OF RINGS

The elementary properties of rings are analogous to those properties of Z which do not depend upon
either the commutative law of multiplication or the existence of a multiplicative identity element. We call
attention here to some of these properties:

(©) Every ring is an abelian additive group.
(i} There exists a unique additive identity element z, (the zero of the ring).
See Theorem III, Chapter 2.
(iii) Each element has a unique additive inverse, (the negative of that element).
See Theorem IV, Chapter 2.
(iv) The Cancellation Law for addition holds.
(v i ay=a, la+bi—i ai i b)foralla,b of the ring.
(i) a-z=z-a=1z For a proof, see Problem 11.4.
(viiy ai—b) —iab) —a)b
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11.3 SUBRINGS

DEFINITION 11.2: Let R be a ring. A non-empty subset S of the set R, which is itself a ring
with respect to the binary operations on R, is called a subring of R.

Note: When S is a subring of a ring R, it is evident that S is a subgroup of the additive group R.

EXAMPLE 5.

(a) From Example 1 it follows that Z is a subring of the rings @, R, C; that @ is a subring of R,C; and R is a
subring of C.

(b) In Example 2, S is a subring of R.
(¢) In Example 3(b), T; = {a}, T> = {a, b} are subrings of 7. Why is T3 = {a, b, ¢} not a subring of 7T'?
DEFINITION 11.3: The subrings {z} and R itself of a ring R are called improper; other subrings, if
any, of R are called proper.

We leave for the reader the proof of
Theorem I. Let R be aring and S be a proper subset of the set R. Then S is a subring of R if and only if

(a) S is closed with respect to the ring operations.
(b) for each a € S, we have —a € S.

114 TYPES OF RINGS

DEFINITION 11.4: A ring for which multiplication is commutative is called a commutative ring.
EXAMPLE 6. The rings of Examples 1, 2, 3(@) are commutative; the ring of Example 3(b) is non-commutative, i.e.,
b-c=a,butc-b=c.

DEFINITION 11.5: A ring having a multiplicative identity element (unit element or unity) is called a
ring with identity element or ring with unity.

EXAMPLE 7. For each of the rings of Examples 1 and 2, the unity is 1. The unity of the ring of Example 3(a) is b;
the ring of Example 3(b) has no unity.

Let R be a ring of unity u. Then u is its own multiplicative inverse (u ! = u), but other non-zero
elements of R may or may not have multiplicative inverses. Multiplicative inverses, when they exist, are
always unique.

EXAMPLE 8.

(a) The ring of Problem 11.1 is a non-commutative ring without unity.

(b) The ring of Problem 11.2 is a commutative ring with unity u = 4. Here the non-zero elements b, e,f have no
multiplicative inverses; the inverses of ¢, d, g, h are g,d, c, h, respectively.

(¢) The ring of Problem 11.3 has as unity u = (1,0,0, 1). (Show this.) Since (1,0, 1, 0)(0,0,0,1) = (0,0,0,0), while
(0,0,0,1)(1,0,1,0) =(0,0,1,0), the ring is non-commutative. The existence of multiplicative inverses is
discussed in Problem 11.5.

11.5 CHARACTERISTIC

DEFINITION 11.6: Let R be a ring with zero element z and suppose that there exists a positive
integer n such that na=a+a+a .- | a=z for every a € R. The smallest such positive integer # is
called the characteristic of R. If no such integer exists, R is said to have characteristic zero.



CHAP. 11] RINGS 131

EXAMPLE 9.

(a) The rings Z, @, R, C have characteristic zero since for these rings na =n- a.

(b) In Problem 11.1 we have a+a=b+b —--- — h+ h = a, the zero of the ring, and the characteristic of the
ring is two.

(¢) The ring of Problem 11.2 has characteristic four.

11.6 DIVISORS OF ZERO

DEFINITION 11.7: Let R be a ring with zero element z. An element a # z of R is called a divisor of
zero if there exists an element b #z of R such thata-b=zor b -a=z.

EXAMPLE 10.
(a) The rings Z, @, R, C have no divisors of zero, that is, each system ab = 0 always implies a = 0 or b = 0.
(b) For the ring of Problem 11.3, we have seen in Example 8(c) that (1,0, 1,0) and (0,0,0, 1) are divisors of zero.

(¢) The ring of Problem 11.2 has divisors of zero since b - ¢ = a. Find all divisors of zero for this ring.

11.7 HOMOMORPHISMS AND ISOMORPHISMS

DEFINITION 11.8: A homomorphism (isomorphism) of the additive group of a ring R into (onto)
the additive group of a ring R’ which also preserves the second operation, multiplication, is called a
homomorphism (isomorphism) of R into (onto) R'.

EXAMPLE 11. Consider the ring R = {a, b, ¢, d} with addition and multiplication tables

and

and the rings R’ = {p, q,r, s} with addition and multiplication tables

and

The one-to-one mapping
asrboeqcos,dop
carries R onto R’ (also R’ onto R) and at the same time preserves all binary operations; for example,

d=b+cog+s=p
b=c-d<+s p=gqy, etc.

Thus, R and R’ are isomorphic rings.
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Using the isomorphic rings R and R’ of Example 11, it is easy to verify
Theorem II. In any isomorphism of a ring R onto a ring R':

(a) If zis the zero of R and 7' is the zero of R’, we have z <> Z'.
b) R+ R :a< a’,then —a -+~ —a’.

(¢) If mis the unity of R and o’ is the unity of R’, we have u < u'.
(d) If R is a commutative ring, so also is R’.

11.8 IDEALS

DEFINITION 11.9: Let R be a ring with zero element z. A subgroup S of R, having the property
r-xeS{x-reS)forall xe SandreR,is called a left (right) ideal in R.

Clearly, {z} and R itself are both left and right ideals in R; they are called improper left (right)
ideals in R. All other left (right) ideals in R, if any, are called proper.

DEFINITION 11.10: A subgroup of J of R which is both a left and right ideal in R, that is, for all
xeJandre Rbothr-xe Jand x-r € J, is called an ideal (invariant subring) in R.

Clearly, every left (right) ideal in a commutative ring R is an ideal in R.

DEFINITION 11.11:  For every ring R, the ideals {z} and R itself are called improper ideals in R; any
other ideals in R are called proper.

A ring having no proper ideals is called a simple ring.

EXAMPLE 12.

(a) For the ring S of Problem 11.1, {a,b,c,d} is a proper right ideal in S (examine the first four rows
of the multiplication table), but not a left ideal (examine the first four columns of the same table). The proper
ideals in S are {a,c},{a, e}, {a,g}, and {a,c, e, g}.

(b) In the non-commutative ring Z, the subgroup P of all integral multiples of any integer p is an ideal in Z.

(¢) Forevery fixed a,b € Q, the subgroup J = {(ar, br,as, bs) : r,s € @} is a left ideal in the ring M of Problem 11.3
and K = {(ar, as, br,bs) : r,s € Q} is a right ideal in M since, for every (m,n,p,q) € M,

(m,n,p,q) iar, br, as, bs) = (a(mr + ns), b(mr + ns), a(pr + qs), b(pr + gs)) € J

and (ar,as, br, bs) - im, n, p, q) = (a(mr + ps), a(nr + gs), b(mr + ps), b(nr + gs)) € K.

Example 12(b) illustrates

Theorem III. 1If p is an arbitrary element of a commutative ring R, then P={p -r:r € R} is an
ideal in R. For a proof, see Problem 11.9.

In Example 12(a), each element x of the left ideal {q, c, e, g} has the property that it is an element of S
for which 7 - x = a, the zero element of S, for every r € S. This illustrates

Theorem IV. Let R be a ring with zero element z; then

T={x:xeR,r-x=zx-r=2z) for all reR}

is a left (right) ideal in R.
Let P,Q,S,T,... be any collection of ideals in a ring R and define 7 =PNQNSNT - --. Since
each ideal of the collection is an abelian additive group, so also, by Theorem X, Chapter 9, is J.
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Moreover, for any x € J and r € R, the product x - r and r - x belong to each ideal of the collection and,
hence, to J. We have proved

Theorem V. The intersection of any collection of ideals in a ring is an ideal in the ring.
In Problem 11.10, we prove

Theorem V1. In any homomorphism of a ring R onto another ring R’ the set S of elements of R which
are mapped on z/, the zero element of R/, is an ideal in R.

EXAMPLE 13. Consider the ring G = {a + bi : a,b € Z} of Problem 11.8.

(@) The set of residue classes modulo 2 of G is H = {[0],[11,[],[1 +ill. (Note that 1 —i 14 i (mod 2).) From
the operation tables for addition and multiplication modulo 2, it will be found that H is a commutative ring with
unity; also, H has divisors of zero although G does not.

The mapping G — H : g — [g] is a homomorphism in which S = {2g : g € G}, an ideal in G, is mapped on [0],
the zero element of H.

(b) The set of residue classes modulo 3 of G is

K={OLLELRLIL+iL2+il,[1+2i],[24 2|

It can be shown as in (@) that K is a commutative ring with unity but is without divisors of zero.

11.9 PRINCIPAL IDEALS
DEFINITION 11.12: Let R be a ring and K be a right ideal in R with the further property

K={a r:reR, ais some fixed element of K}

We shall then call X a principal right ideal in R and say that it is generated by the element a of K.

Principal left ideals and principal ideals are defined analogously.

EXAMPLE 14.

(a) Inthe ring S of Problem 11.1, the subring {a, g} is a principal right ideal in S generated by the element g (see the
row of the multiplication table opposite g). Since r - g = a for every r € S (see the column of the multiplication
table headed g), {a, g} is not a principal left ideal and, hence, not a principal ideal in S.

(b) In the commutative ring S of Problem 11.2, the ideal {a, b, e,f} in S'is a principal ideal and may be thought of as
generated by either b or f.

(¢) In the ring S of Problem 11.1, the right ideal {a,b,c,d} in S is not a principal right ideal since it cannot be
generated by any one of its elements.

(d) For any me Z,J ={mx: x € Z} is a principal ideal in Z.

In the ring Z, consider the principal ideal K generated by the element 12. It is clear that K is generated
also by the element —12. Since K can be generated by no other of its elements, let it be defined as
the principal ideal generated by 12. The generator 12 of K, besides being an element of X, is also an
element of each of its principal ideals: 4 generated by 6, B generated by 4, C generated by 3, D generated
by 2, and Z itself. Now K: A, K< B, K< C, K: D, K: Z, moreover, 12 is not contained in
any other principal ideal of Z. Thus, K is the intersection of all principal ideals in Z in which 12 is
an element.

It follows readily that any principal ideal in Z generated by the integer m is contained in every
principal ideal in Z generated by a factor of m. In particular, if m is a prime the only principal ideal in Z
which properly contains the principal ideal generated by m is Z.
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Every ring R has at least one principal ideal, namely, the nu/l ideal {z} where z is the zero element
of R. Every ring with unity has at least two principal ideals, namely, {z} and the ideal R generated by
the unity.

DEFINITION 11.13: Let R be a commutative ring. If every ideal in R is a principal ideal, we shall call
‘R a principal ideal ring.

For example, consider any ideal .7 # {0} in the ring of integers Z. If a # 0 € J so also is —a. Then J
contains positive integers and, since Z* is well ordered, contains a least positive integer, say, e. For any
b € J, we have by the Division Algorithm of Chapter 5, Section 5.3,

b=e-q+r,qreZ0~r<e
Now e g € J; hence, r =0 and b = e - ¢g. Thus, J is a principal ideal in Z and we have proved

The ring Z is a principal ideal ring.

11.10 PRIME AND MAXIMAL IDEALS

DEFINITION 11.14: An ideal 7 in a commutative ring R is said to be a prime ideal if, for arbitrary
element 7, s of R, the fact that r - s € J implies either r € J or s € J.

EXAMPLE 15. In the ring Z,

(a) Theideal J = {7r: r € Z}, also written as J = (7), is a prime ideal since if a - b € J either 7|a or 7|b; hence, either
aeJorbel.

(b) The ideal K = {14r : r € Z} or K = (14) is not a prime ideal since, for example, 28 =4 -7 € K, but neither 4
nor 7 is in K.

Example 15 illustrates

Theorem VII. In the ring Z a proper ideal J = {mr : r € Z,m # 0} is a prime ideal if and only if mis a
prime integer.

DEFINITION 11.15: A proper ideal J in a commutative ring R is called maximal if there exists no
proper ideal in R which properly contains 7.

EXAMPLE 16.
(a) The ideal J of Example 15 is a maximal ideal in Z since the only ideal in Z which properly contains J is Z itself.

(b) The ideal K of Example 15 is not a maximal ideal in Z since K is properly contained in J, which, in turn, is
properly contained in Z.

11.11 QUOTIENT RINGS

Since the additive group of a ring R is abelian, all of its subgroups are invariant subgroups. Thus, any
ideal J in the ring is an invariant subgroup of the additive group R and the quotient group
R/T ={r+J :r € R} is the set of all distinct cosets of J in R. (Note: The use of r + J instead of
the familiar »7 for a coset is in a sense unnecessary since, by definition, 77 ={r = a: a € J} and the
operation here is addition. Nevertheless, we shall use it.) In the section titled Quotient Groups in
Chapter 9, addition (+) on the cosets (of an additive group) was well defined by

E+DN+G+ND=E+y+J.
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We now define multiplication (-] on the cosets by
x T y+NDN=x-n+T

and establish that it too is well defined. For this purpose, suppose x' = x+ s and y’ = y + ¢ are the
elements of the additive group R such that x’ + 7 and y’ + J are other representations of x + J and
y+ J, respectively. From

X +T=x+)+T=x+N+6+T=x+T
it follows that s (and similarly #) € J. Then
= +DN=G" N+ T =[x N+E D+ N+E-0+F x-»N+T

since x - t,5- y,5 - t € J and multiplication is well defined. (We have continued to call x + J a coset; in
ring theory, it is called a residue class of J in the ring R.)

EXAMPLE 17. Consider the ideal J = {3r : r € Z} of the ring Z and the quotient group Zy = {J,1+ 7,2+ J}.
It is clear that the elements of Z; are simply the residue classes of Z; and, thus, constitute a ring with respect to
addition and multiplication modulo 3.

Example 17 illustrates

Theorem VIII. 1If 7 is an ideal in a ring R, the quotient group R/J is a ring with respect to addition
and multiplication of cosets (residue classes) as defined above.

Note: 1t is customary to designate this ring by R/J and to call it the quotient or factor ring of R
relative to J.

From the definition of addition and multiplication of residue classes, it follows that
(@) The mapping R > R/J : a — a+ J is a homomorphism of R onto R/J.
(b) J is the zero element of the ring R/J.
(¢) If R is a commutative ring, so also is R/J.
(d) If R has a unity element u, so also has R/J, namely u+ J.

(e) If R is without divisors of zero, R/J may or may not have divisors of zero. For, while

(a Frib+ID=a-b+T=J

indicates a - b € J, it does not necessarily imply either a € J or b € J.

11.12 EUCLIDEAN RINGS

In the next chapter we shall be concerned with various types of rings, for example, commutative rings,
rings with unity, rings without divisors of zero, commutative rings with unity, . .. obtained by adding to
the basic properties of a ring one or more other properties (see Section 7.8) of R. There are other types
of rings, and we end this chapter with a brief study of one of them.

DEFINITION 11.16: By a Euclidean ring is meant:

Any commutative ring R having the property that to each x € R a non-negative integer /(x) can be
assigned such that

(@) (x) =0 if and only if x = z, the zero element of R.
@) “(x-y)=ix)when x y#£z.
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(iii) Forevery xe Rand y #z € R,
X=y-q+r greR, 0=tr) =(y)

EXAMPLE 18. Zis a Euclidean ring. This follows easily by using i!(x) = |x| for every x € Z.
See also Problem 11.12.

There follow
Theorem IX. Every Euclidean ring R is a principal ideal ring.
Theorem X. Every Euclidean ring has a unity.

Solved Problems

11.1. The set S ={a,b,c,d,e,f, g, h} with addition and multiplication defined by

+|la b c d e f g h a b cde f g h
ala b ¢c d e f g h ala a a a a a a a
b|b ad c f e h g bla b a b a b a b
clc d a b g h e f cla ¢ a ¢ a ¢ a ¢
did ¢ b a h g f e dla d a d a d a d
ele f g h a b ¢ d e|la e a e a e a e
flf e h g b a d ¢ fla f a f a f a f
glg h e f ¢ d a b gla g a g a g a g
h|lh g f e d ¢ b a hia h a h a h a h

is a ring. The complete verification that P; and Ps—P7, Section 11.1, are satisfied is a considerable
chore, but the reader is urged to do a bit of “spot checking.” The zero element is a and each
element is its own additive inverse.

11.2. The set S of Problem 11.1 with addition and multiplication defined by

+|la b c d e f g h a b c def g h
ala b ¢ d e f g h ala a a a a a a
b|b a d ¢c f e h g bla e f b a e f b
clc d e f g h a b cla f d g e b h ¢
d|d ¢ f e h g b a dia b g h e f c d
ele f g h a b ¢ d ela a e e a a e e
f\\f h g b ad c fla e b f aebd [
glg h a b ¢ e f g|a h e b d g
h|lh g b a d c [ e hla b ¢ d e f g h

is a ring. What is the zero element? Find the additive inverse of each element.
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11.3. Prove: The set M = {(a,b,c,d) : a,b,c,d € Q} with addition and multiplication defined by

(@b,c,d)+(e.f,g;:h)=(@+eb+f,c+gd+h
(a,b,c,d)e.f,8,h) = (ae + bg, af + bh,ce +dg,cf + dh)
for all (a,b,c,d),(e,f,g,h) € M is a ring.
The Associative and Commutative Laws for ring addition are immediate consequences of the Associative

and Commutative Laws of addition on @Q. The zero element of M is (0,0,0, 0), and the additive inverse of
(a,b,c,d)is [ a, —b, — ¢, —d) € M. The Associative Law for ring multiplication is verified as follows:

[(@,b,c,d)e.f g hllli,j, k,])
= ((ae + bg)i + (af + bh)k,(ae + bg)j + (af + bh)l, (ce + dg)i
+ (¢f + dh)k, (ce + dg)j + (c¢f + dh)])
= (a(ei +f%) + b(gi + hk), a(ej + f1) + b(gj + hl), c(ei + fk)
+ d(gi + hk), c(ej + f1) + d(gj + hi))
= (a,b,c,d)(ei + fk,ej + f1,g8i + hk, gj + h)
=(a,b,c,d)(e.f,8 h)i,Jj, k, 1]

for a'll (a’ b’ c’ d)’ (e’f’ g’ h)’ (i’j’ k’ l) e M'
The computations required to verify the distributive laws will be left for the reader.

11.4. Prove: If R is a ring with zero element z, then forallae R,a-z=z-a=1z.

Since a + z = a, it follows that

a-a=(@a+2a=(@-a)+z-a

Nowa-a=(a-a)+z; hence, (a-a)+z-a=(a-a)+z Then, using the Cancellation Law, we have z - a = z.
Similarly, a-a=a(a+2z)=a-a+a-zanda-z =1z

11.5. Investigate the possibility of multiplicative inverses of elements of the ring M of Problem 11.3.
For any element (a, b, ¢, d) # (0,0,0,0) of M, set

the unity of M, and examine the equations

ap + br
cp +dr

aq + bs

@ 0 (@) cq +ds

_ o

for solutions p, q,7,s.
From (i), we have (ad — bc)p = d; thus, provided ad —bc #0, p = (d/ad — bc) and r —{—c/ad — bc).

Similarly, from (i), we find ¢ =i b/ad — bc) and s = (a/ad — bc). We conclude that only those elements
(a,b,c,d) € M for which ad — bc # 0 have multiplicative inverses.

11.6. Show that P ={(a,b, — b,a) : a, b € Z} with addition and multiplication defined by

(a,b, b,a)+(c,d, d,c)=(a+c,b+d, b d,a+c
and (a,b, — b,a)(c,d, —d,c) = (ac — bd,ad + bc, — ad — bc, ac — bd)

is a commutative subring of the non-commutative ring M of Problem 11.3.
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First, we note that P is a subset of M and that the operations defined on P are precisely those defined
on M. Now P is closed with respect to these operations; moreover, [ a, —b,b, —a) € P whenever
(a,b, —b,a) € P. Thus, by Theorem I, P is a subring of M. Finally, for arbitrary (a,b, —b,a),
(¢,d, —d,c) € P we have

(d,b, _baa)(ca da —d,(,') = (C,d, _da c)(a,b, _ba a)

and P is a commutative ring.

11.7. Consider the mapping (a, b, — b, a) — a of the ring P of Problem 11.6 into the ring Z of integers.

The reader will show that the mapping carries

(a,b, —b,a)+ (¢c,d, —d,c) > a+c
(a,b, —b,a) -ic,d, —d,c) > ac — bd

Now the additive groups P and Z are homomorphic. (Why not isomorphic?) However, since ac — bd # ac
generally, the rings P and Z are not homomorphic under this mapping.

11.8. A complex number a + bi, where a,b € Z, is called a Gaussian integer. (In Problem 11.26, the
reader is asked to show that the set G = {a + bi : a, b € Z} of all Gaussian integers is a ring with

respect to ordinary addition and multiplication on C.) Show that the ring P of Problem 11.6 and
G are isomorphic.

Consider the mapping (a,b, — b, @) - a + bi of P into G. The mapping is clearly one-to-one; moreover,

since
(a,b, —b,a)+(c,d, —d,c)=(a+c,b+d, —b—d,a+¢)
—> (a+ )+ b+ d)i = (a+bi) + (c + di)
and (a,b, — b,a)(c,d, —d,c) = (ac — bd, ad + bc, — ad — bc,ac — bd)

— (ac — bd) + (ad + bc)i = (a + bi)(c + di)
all binary operations are preserved. Thus, P and G are isomorphic.

11.9. Prove: If p is an arbitrary element of a commutative ring R, then P ={p - r : r € R} is an ideal
in R.

We are to prove that P is a subgroup of the additive group R such that (p - )s € P for all s € R. For all
r,s € R, we have

(@) p-r+p-s=p(r+s)e P,since r+ s € R; thus P is closed with respect to addition.

@@i) ip-r)y=pi r) € P whenever p-r € P, since —r € R whenever r € R; by Theorem VII, Chapter 9,
P is a subgroup of the additive group.

@@ii) (p-r)s=p(r-s) e Psince (r-s) e R.

The proof is complete.

11.10. Prove: In any homomorphism of a ring R with multiplication denoted by -, into another ring R’

with multiplication denoted by L1, the set S of elements of R which are mapped on z’, the zero
element of R/, is an ideal in R.

By Theorem XXI, Chapter 9, S is a subgroup of R’; hence, for arbitrary a, b, ¢ € S, Properties P,—Py,
Section 11.1, hold and ring addition is a binary operation on S.



CHAP. 11] RINGS 139

Since all elements of S are elements of R, Properties Ps—P7 hold. Now for all a,b € S, a- b — Z/; hence,
a-b € S and ring multiplication is a binary operation on S.
Finally, for every a € S and g € R, we have

a-g—>7Zg=72 and g-a—>g7 =7

Thus, S is an ideal in R.

11.11. Prove: The set R/J = {r + J : r € R} of the cosets of an ideal 7 in a ring R is itself a ring with
respect to addition and multiplication defined by
x+D++N=Ex+»+T
17 y+D=x»+T
foralx+J,y+J €R/JT.

Since J is an invariant subgroup of the group R, it follows that R/J is a group with respect to addition.
It is clear from the definition of multiplication that closure is ensured. There remains then to show that the
Associative Law and the Distributive Laws hold. We find forall w+ J,x+ J, y+ J € R/J,

w1 . 7x 1 -+ D=w-x 1 T iy+DN=w-x1y+T=w-ix-N+J
=w . TI-ix-y+TD)=w Ty lix | .71y 1.7],
w—="Tr x4+ D@ =0 —iw+ T x4y Fl=lw-ix+y)] T

=Ww-x+w N+T=w-x+N+Ww y+J)
=w+T1-ix+ N+ W+ T1-y+J)

and, in a similar manner,

(x+D+G@ THiw+D=E1.T1-iw+D+@ | .TIiw+ ).

11.12. Prove: The ring G ={a+ bi : a,b € Z} is a Euclidean ring.
Define i/(sx 4 #i) = 2 + j# for every « + /i € G. It is easily verified that the properties (i) and (ii ), Section
11.12, for a Euclidean ring hold. (Note also that i(iz + %) is simply the square of the amplitude of w + #i

and, hence, defined for all elements of C.)
For every x € G and y #z € G, compute x-y~! = 5+ #ti. Now if every s+ #i € G, the theorem would

follow readily; however, this is not the case as the reader will show by taking x =147 and y =2 + 3i.
Suppose then for a given x and y that s+ #¢G. Let c+di e G be such that |c—s| = 1/2 and
|d ¢l =1/2, and write x = y(c + di) +r. Then

) =ix—ylc+dill =dx—ys+t)+y@s+t y(ic+ dil
= Up{(s — ©) + (t — d)i*| = F9() = Ap).

Thus, (i) holds and G is a Euclidean ring.

Supplementary Problems

11.13. Show that S = {2x : x € Z} with addition and multiplication as defined on Z is a ring while 7= {2x + 1:
x € Z} is not.
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11.14.

11.15.

11.16.

11.17.

11.18.

11.19.

11.20.

11.21.
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Verify that S of Problem 11.2 is a commutative ring with unity = A.

When a,b € Z define alb=a+b+1 and a =:b = a+ b + ab. Show that Z is a commutative ring with
respect to 7 and ;. What is the zero of the ring? Does it have a unit element?

Verify that S = {a,b,c,d, e,f, g} with addition and multiplication defined by

+|la b ¢ d e f g a b ¢c d e f g
ala b c d e f g ala a a a a a a
b|b ¢ d e f g a bla b ¢ d e f g
clc d e f g a b cla ¢c e g b d f
d|d e f g a b ¢ dla d g ¢ f b e
ele f g a b ¢ d ela e b f ¢ g d
flf g a b c d e fla f d b g e ¢
glg a b ¢ d e f gla g f e d ¢ b

is a ring. What is its unity? its characteristic? Does it have divisors of zero? Is it a simple ring? Show that it is
isomorphic to the ring Z;.

Show that @ = {(z1,22, — 22,21) : 21,22 € C} with addition and multiplication defined as in Problem 11.3 is
a non-commutative ring with unity (1, 0,0, 1). Verify that every element of @ with the exception of the zero
element (z; = z, = 0 + 0i) has an inverse in the form {Z,/4, — 22/ &, 22/ 4, 21/ A}, where & = |21 + |22/,
and thus the non-zero elements of @ form a multiplicative group.

Prove: In any ring R,

(@) —i—a)=aforeveryaeR

(b) ai—b)— —lab) —i—a)b for all a,b € R.
Hint. (@alli, al ( all=a+z=a

Consider R, the set of all subsets of a given set S and define, for all 4,B € R,
A3B=AUB—ANB and A:"B=ANB

Show that R is a commutative ring with unity.

Show that S = {(a,b, — b,a) : a,b € Q} with addition and multiplication defined as in Problem 11.6 is a
ring. What is its zero? its unity? Is it a commutative ring? Follow through as in Problem 11.5 to show that
every element except (0,0, 0,0) has a multiplicative inverse.

Complete the operation tables for the ring R = {a, b, ¢, d}:

Is R a commutative ring? Does it have a unity? What is its characteristic?

Hint.c-b=(b+dv-b; c-c=c-ib+d); etc.
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11.22.

11.23.

11.24.

11.25.

11.26.

11.27.

11.28.

11.29.

11.30.

11.31.

11.32.

11.33.

11.34.

11.35.

Complete the operation tables for the ring B = {a, b, ¢, d}:

Is B a commutative ring? Does it have a unity? What is its characteristic? Verify that x> = x for every x € B.
A ring having this property is called a Boolean ring.

Prove: If B is a Boolean ring, then (a) it has characteristic two, () it is a commutative ring.

Hint. Consider (x + y)* = x + y when y = x and when y # x.

Let R be a ring with unity and let a and b be elements of R, with multiplicative inverses a ! and » !,
respectively. Show that (a-b) ' =5 'a L.

Show that {a}, {a, b}, {a, b, ¢, d} are subrings of the ring S of Problem 11.1.

Show that G = {a + bi : a,b € Z} with respect to addition and multiplication defined on C is a subring of the
ring C.

Prove Theorem I, Section 11.3.

(@) Verify that R ={(z1,22,23,24) : z1,22,23,24 € C} with addition and multiplication defined as in
Problem 3 is a ring with unity (1,0,0, 1). Is it a commutative ring?

(b) Show that the subset S = {(z1, 22, — 22,21) : 21,22 € C} of R with addition and multiplication defined
as on R is a subring of R.

List all 15 subrings of S of Problem 11.1.
Prove: Every subring of a ring R is a subgroup of the additive group R.
Prove: A subset S of a ring R is a subring of R provided a — b and a - b € S whenever a,b € S.

Verify that the set Z, of integers modulo z is a commutative ring with unity. When is the ring without
divisors of zero? What is the characteristic of the ring Zs? of the ring Z¢?

Show that the ring Z, is isomorphic to the ring of Example 3(a).
Prove Theorem II, Section 11.7.

(@) Show that M| ={(,0,¢,d) : a,¢,d € Q} and M; = {(a,0,0,d) : a,d € @} with addition and multi-
plication defined as in Problem 11.3 are subrings of M of Problem 11.3.

(b) Show that the mapping
M, - M;: (x,0,y,w) > (x,0,0,w)

is a homomorphism.
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11.36.

11.37.

11.38.

11.39.

11.40.
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(¢) Show that the subset {(0,0,7,0):y € @} of elements of M; which in (b) are mapped into
(0,0,0,0) € M, is a proper ideal in M;.

(d) Find a homomorphism of M) into another of its subrings and, as in (c), obtain another proper
ideal in M.

Prove: In any homomorphism of a ring R onto a ring R/, having z’ as identity element, let
J={x:xeR,x— 2}

Then the ring R/J is isomorphic to R’.

Hint. Consider the mapping a + J — a’ where a’ is the image of a € R in the homomorphism.

Let a, b be commutative elements of a ring R of characteristic two. Show that (a + b)* = &® + b* = (a — b)’.

Let R be a ring with ring operations + and - let (a,r), (b, s) : ~. < Z. Show that
() W - Zis closed with respect to addition (-F) and multiplication (i) defined by

(a,ri2ib,s)=(@a+b,r+ys)
(a,r) = ib,s) =(a-b+rb+sa,rs)

(@) W ~ Z has (z,0) as zero element and (z, 1) as unity.
(iii) W ~ Zis a ring with respect to : : and <.
(iv) K - {0}is an idealin R. - Z.

(v) The mapping ®. — & = |0} : x < (x, 0) is an isomorphism.

Prove Theorem IX, Section 11.12.

Hint. For any ideal J # {z} in R, select the least X(y), say #(b), for all non-zero elements y € J.
For every x € J write x = b - g + r with g,r € J and either r = z or (r) = iI(b).

Prove Theorem X, Section 11.12.

Hint. Suppose R is generated by a; thena=a-s=s-aforsome s € R. ForanybeR,b=¢q -a=
q(a-s)=b>b-s, and so on.



Integral Domains,
Division Rings, Fields

INTRODUCTION

In the previous chapter we introduced rings and observed that certain properties of familiar rings do not
necessarily apply to all rings. For example, in Z and R, the product of two non-zero elements must be
non-zero, but this is not true for some rings. In this chapter, we will study categories of rings for which
that property holds, along with other special properties.

12.1 INTEGRAL DOMAINS

DEFINITION 12.1: A commutative ring D, with unity and having no divisors of zero, is called an
integral domain.

EXAMPLE 1.
(a) The rings Z, @, R, and C are integral domains.

(b) The rings of Problems 11.1 and 11.2, Chapter 11, are not integral domains; in each, for example, f - e = q, the
zero element of the ring.

(¢) ThesetS = {r+sv/17 : r, s € Z} with addition and multiplication defined as on R is an integral domain. That S
is closed with respect to addition and multiplication is shown by

@+ V1N +(c+dV1) =@+ )+ B +d)V17€ S
(a + bV17)(c + dv/17) = (ac + 17bd) + (ad + bo)V/17 € S

for all (a + b+/17), (c + d+/17) € S. Since S is a subset of R, S is without divisors of zero; also, the Associative
Laws, Commutative Laws, and Distributive Laws hold. The zero element of Sis 0 € R and every a + /17 € S
has an additive inverse —a — b+/17 € S. Thus, S is an integral domain.
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(d) Thering S ={a,b,c,d,e,f,g, h} with addition and multiplication defined by

Table 12-1
+la b ¢ d e f g h a b ¢c d e f g h
ala b ¢ d e f g h ala a a a a a a a
b|b a d ¢ f e h g bla b ¢ d e f g h
clc d a b g h e f cla ¢ h f g e b d
d|ld ¢ b a h g f e dla d f g ¢ b h e
ele f g h a b ¢ d ela e g ¢ d h f b
flf e h g b a d c fla f e b h ¢ d g
glg h e f ¢ d a b gla g b h f d e ¢
h|\h g f e d ¢ b a hla h d e b g ¢ f

is an integral domain. Note that the non-zero elements of S form an abelian multiplicative group. We shall see
later that this is a common property of all finite integral domains.

A word of caution is necessary here. The term integral domain is used by some to denote
any ring without divisors of zero and by others to denote any commutative ring without divisors
of zero. See Problem 12.1.

The Cancellation Law for Addition holds in every integral domain D, since every element of D has
an additive inverse. In Problem 12.2 we show that the Cancellation Law for Multiplication also holds in
D in spite of the fact that the non-zero elements of D do not necessarily have multiplicative inverses. As a
result, “having no divisors of zero” in the definition of an integral domain may be replaced by “for
which the Cancellation Law for Multiplication holds.”

In Problem 12.3, we prove

Theorem 1. Let D be an integral domain and 7 be an ideal in D. Then D/ 7 is an integral domain if and
only if J is a prime ideal in D.

12.2 UNIT, ASSOCIATE, DIVISOR

DEFINITION 12.2: Let D be an integral domain. An element v of D having a multiplicative inverse in
D is called a unit (regular element) of D. An element b of D is called an associate of ae Dif b=v-a,
where v is some unit of D.

EXAMPLE 2.
(a) The only units of Z are |1; the only associates of a € Z are |a.

(b) Consider the integral domain D = {r + s+/17 : 7,5 € Z}. Now 1t = a + b+/17 € D is a unit if and only if there
exists x + y+/17 € D such that

(a+bV1ID(x + yv/1T) = (ax + 17by) + (bx + ap)v/17T =1 = 1 + 0417

ax + 17by

btain x — b
bx+ay we obtain x =

a
0 a2 — 17b2 az — 17p%

Now x + y+/17 € D, i.e., x, y € Z, if and only if a® — 176* — =1; hence, i is a unit if and only if a> — 176* — =1.
Thus, 11,4 | /17, —4 | 4/17 are units in D while 2 — /17 and —9 —2+/17 = (2 — +/17)(4 + +/17) are associates
in D.

From

and y=
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(¢) Every non-zero element of Z; = {0, 1, 2, 3,4, 5, 6} is a unit of Z; since 1 -1 = I(mod 7), 2 -4 = 1(mod 7), etc.
See Problem 12.4.

DEFINITION 12.3: An element a of D is a divisor of b € D provided there exists an element ¢ of D
such that b =a- c.

Note: Every non-zero element b of D has as divisors its associates in D and the units of D. These
divisors are called trivial (improper); all other divisors, if any, are called non-trivial (proper).

DEFINITION 12.4: A non-zero, non-unit element b of D, having only trivial divisors, is called a
prime (irreducible element) of D. An element b of D, having non-trivial divisors, is called a reducible
element of D.

For example, 15 has non-trivial divisors over Z but not over Q; 7 is a prime in Z but not in Q.
See Problem 12.5.
There follows

Theorem II. 1If D is an integral domain which is also a Euclidean ring then, for a #z, b # z of D,

i a - b) = t{a) if and only if b is a unit of D.

12.3 SUBDOMAINS

DEFINITION 12.5: A subset 7’ of an integral domain D, which is itself an integral domain with
respect to the ring operations of D, is called a subdomain of D.

It will be left for the reader to show that z and u, the zero and unity elements of D, are also the zero
and unity elements of any subdomain of D.
One of the more interesting subdomains of an integral domain D (see Problem 12.6) is

D ={m:neZ}

where nu has the same meaning as in Chapter 11. For, if D” be any other subdomain of D, then 7’ is a
subdomain of D”, and hence, in the sense of inclusion, 2’ is the least subdomain in D. Thus,

Theorem III. If D is an integral domain, the subset D' = {nu : n € Z} is its least subdomain.
DEFINITION 12.6: By the characteristic of an integral domain D we shall mean the characteristic, as
defined in Chapter 11, of the ring D.

The integral domains of Example 1(a) are then of characteristic zero, while that of Example 1(d) has
characteristic two. In Problem 12.7, we prove

Theorem IV. The characteristic of an integral domain is either zero or a prime.

Let D be an integral domain having D’ as its least subdomain and consider the mapping
Z—D :n—m

If D is of characteristic zero, the mapping is an isomorphism of Z onto 7'; hence, in D we may always
replace D’ by Z. If D is of characteristic p (a prime), the mapping

Z,— D :[n|— nu

is an isomorphism of Z, onto D'
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12.4 ORDERED INTEGRAL DOMAINS
DEFINITION 12.7:  An integral domain D which contains a subset D" having the properties:
(®) Dt is closed with respect to addition and multiplication as defined on D,
(i) for every a € D, one and only one of
a=z aeDt —aeDt
holds,
is called an ordered integral domain.
The elements of D' are called the positive elements of D; all other non-zero elements of D are called

negative elements of D.

EXAMPLE 3. The integral domains of Example 1(a) are ordered integral domains. In each, the set D™ consists of
the positive elements as defined in the chapter in which the domain was first considered.

Let D be an ordered integral domain and, for all a, b € D, define

a>b when a—beD"

and a<b ifandonlyif b>a

Since a > z means a € D' and a <z means —a € D, it follows that, if a # z, then a> € D*. In
particular, u € D*.

Suppose now that D is an ordered integral domain with Dt well ordered; then u is the least element
of D*. For, should there exist a € D' withz < a < u, then z < @> < au = a. Now a? € D" so that D* has
no least element, a contradiction.

In Problem 12.8, we prove

Theorem V. 1If D is an ordered integral domain with D" well ordered, then

@ Dr={pu:peZ}
(i) D={mu:me2}
Moreover, the representation of any a € D as a = mu is unique.
There follow

Theorem VI. Two ordered integral domains D; and D,, whose respective sets of positive elements D;
and D,* are well ordered, are isomorphic.

and

Theorem VII. Apart from notation, the ring of integers Z is the only ordered integral domain whose set
of positive elements is well ordered.

12.5 DIVISION ALGORITHM

DEFINITION 12.8: Let D be an integral domain and suppose d € D is a common divisor of the non-
zero elements a, b € D. We call d a greatest common divisor of a and b provided for any other common
divisor d' € D, we have d'|d.

When D is also a Euclidean ring, d’|d is equivalent to t(d) = iXd’).
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(To show that this definition conforms with that of the greatest common divisor of two integers as
given in Chapter 5, suppose _d are the greatest common divisors of a, b € Z and let d’' be any other
common divisor. Since for n € Z,t(n) = |n|, it follows that :d) = d) while 1(d) = (d").)

We state for an integral domain which is also a Euclidean ring

The Division Algorithm. Let a#z and b be in D, an integral domain which is also a Euclidean ring.
There exist unique ¢, r € D such that

b=gq-a+r, 0 = 1i(r) = Xq)

See Problem 5.5, Chapter 5.

12.6 UNIQUE FACTORIZATION

In Chapter 5 it was shown that every integer a > 1 can be expressed uniquely (except for order of the
factors) as a product of positive primes. Suppose a = p; - p, - p3 is such a factorization. Then

—a=-py pr p3=p1-i—p2l-p3=p1 p2-i—p3} —1)p1 p2 p3
—1i Dpr -t Dpy-10 D)p3

and this factorization in primes can be considered unique up to the use of unit elements as factors. We
may then restate the unique factorization theorem for integers as follows:

Any non-zero, non-unit element of Z can be expressed uniquely (up to the

order of factors and the use of unit elements as factors) as the product of

prime elements of Z. In this form we shall show later that the unique factorization
theorem holds in any integral domain which is also a Euclidean ring.

In Problem 12.9, we prove

Theorem VIII. Let J and K, each distinct from {z}, be principal ideals in an integral domain D. Then
J = K if and only if their generators are associate elements in D.

In Problem 12.10, we prove

Theorem IX. Let a, b, p € D, an integral domain which is also a principal ideal ring, such that pla - 5.
Then if p is a prime element in D, p|a or p|b.

A proof that the unique factorization theorem holds in an integral domain which is also a Euclidean
ring (sometimes called a Euclidean domain) is given in Problem 12.11.
As a consequence of Theorem IX, we have

Theorem X. In an integral domain D in which the unique factorization theorem holds, every prime
element in D generates a prime ideal.

12.7 DIVISION RINGS

DEFINITION 12.9: A ring £, whose non-zero elements form a multiplicative group, is called a division
ring (skew field or sfield).

Note: Every division ring has a unity and each of its non-zero elements has a multiplicative inverse.
Multiplication, however, is not necessarily commutative.
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EXAMPLE 4.

(@) The rings @, R, and C are division rings. Since multiplication is commutative, they are examples of
commutative division rings.

(b) The ring O of Problem 11.17, Chapter 11, is a non-commutative division ring.

(¢) The ring Z is not a division ring. (Why?)
Let D be an integral domain having a finite number of elements. For any b # z € D, we have

{b-x:xeD}y=D

since otherwise b would be a divisor of zero. Thus, b - x = u for some x € D and b has a multiplicative

inverse in D. We have proved

Theorem XI. Every integral domain, having a finite number of elements, is a commutative division ring.
We now prove

Theorem XII. Every division ring is a simple ring.

For, suppose J # {z} is an ideal of a division ring £. If a#z e J, we have a ' € £L and
a-al=uecJ. Thenforeverybe L,b-u=>bec J; hence, J = L.

12.8 FIELDS

DEFINITION 12.10: A ring F whose non-zero elements form an abelian multiplicative group is called
a field.

EXAMPLE 5.
(a) The rings @, R, and C are fields.
(b) The ring S of Example 1(d) is a field.
(¢) The ring M of Problem 11.3, Chapter 11, is not a field.
Every field is an integral domain; hence, from Theorem IV, Section 12.3, there follows
Theorem XIII. The characteristic of a field is either zero or is a prime.
Since every commutative division ring is a field, we have (see Theorem XI).

Theorem XIV. Every integral domain having a finite number of elements is a field.

DEFINITION 12.11:  Any subset 7’ of a field F, which is itself a field with respect to the field structure
of F, is called a subfield of F.

EXAMPLE 6. @ is a subfield of the fields R and C; also, R is a subfield of C.
See also Problem 12.12.

Let F be a field of characteristic zero. Its least subdomain, Z, is not a subfield. However, for each
b#0,bcZ,wehaveb ! € F; hence, for all a, b € Z with b # 0, it follows that a-b ! = a/b € F. Thus,
Q is the least subfield of F. Let F be a field of characteristic p, a prime. Then Z,, the least subdomain of
F is the least subfield of F.

DEFINITION 12.12: A field F which has no proper subfield 7’ is called a prime field.

Thus, @ is the prime field of characteristic zero and Z, is the prime field of characteristic p, where p is
a prime.
We state without proof
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Theorem XV. Let F be a prime field. If F has characteristic zero, it is isomorphic to @Q; if F has
characteristic p, a prime, it is isomorphic to Z,.

In Problem 12.13, we prove

Theorem XVI. Let D be an integral domain and 7 an ideal in D. Then D/ J is a field if and only if 7 is
a maximal ideal in D.

12.1.

12.2.

12.3.

12.4.

Solved Problems

Prove: The ring Z,, is an integral domain if and only if m is a prime.

Suppose m is a prime p. If [r] and [s] are elements of Z, such that [r] |s] = |0], then r -5 = O(mod p) and
r O(mod p) ors 0O(mod p). Hence, [r| — [0] or [s| — |0]; and Z,, having no divisors of zero, is an integral
domain.

Suppose m is not a prime, that is, suppose m = m; - my with 1 < m;, my < m. Since [m| — |m; |- |my| — |0]
while neither [m;] = 0 nor [my] = 0, it is evident that Z,, has divisors of zero and, hence, is not an integral
domain.

Prove: For every integral domain the Cancellation Law of Multiplication
Ifa-c=b-¢c and c#z, then a=>b

holds.

Froma-c=b-cwehavea:-c—b ¢ =(a—b) c =1z Now D has no divisors of zero; hence, a — b = z and
a = b as required.

Prove: Let D be an integral domain and J be an ideal in D. Then D/J is an integral domain if
and only if J is a prime ideal in D.

The case J = D is trivial;, we consider .7 < I
Suppose J is a prime ideal in D. Since D is a commutative ring with unity, so also is D/J. To show that
D/J is without divisors of zero, assume a + J,b + J € D/J such that

@+J)b+T)=a-b+T=J

Now a - b € J and, by definition of a prime ideal, either a € J or b € J. Thus, either a + J or b + J is the
zero element in D/J; and D/J, being without divisors of zero, is an integral domain.
Conversely, suppose D/J is an integral domain. Let a # z and b # z of D be such that a- b € J. From

T=a-b+T=@+I)b+T)

it follows that a+ J =J or b+ J =J. Thus, a- b € J implies either ae J or be J, and J is a prime ideal in D.

Note. Although D is free of divisors or zero, this property has not been used in the above proof.
Thus, in the theorem, “Let D be an integral domain” may be replaced with “Let R be a commutative ring
with unity.”

Let ¢ be some positive integer which is not a perfect square and consider the integral
domain D = {r + s/t : r, s € Z}. For each ¢ = r + s/t € D, define & = r — s/t and the norm of j
as N(») = ¢ 5 From Example 2(b), Section 12.2, we infer that » =a+ b/t is a unit of D
if and only if N(21— |1. Show that for w=a+by/teD and F=c+d/teD,
N - ) = N() - N(&).
We have - fi=(ac+ bdf) + (ad + bc)y/t and ti- f=(ac+ bdt) (ad + bc)/t. Then N(r- ) = (- {)(iz - f) =
(ac+bdfy>  (ad + bc)*t = (a® — B*1)(c2 — d*t) = N(ix}- N(F), as required.
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12.5.

12.6.

12.7.

12.8.

12.9.
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In the integral domain D ={r +s+/17 : 7, s € Z}, verify: (a) 9 — 24/17 is a prime (b) r =15+ 7+/17
is reducible.

(@) Suppose v. i € D such that - #=9 — 24/17. By Problem 12.4,

N(=+ & = N@) - N(F) = NO —2/17) = 13
Since 13 is a prime integer, it divides either N(iz) or N(#); hence, either & or « is a unit of D, and
9 — 24/17 is a prime.

(b) Suppose = =a+bv/17. A= c+ d/17 € D such that - ¥ = 1 = 15+ 7+/17; then N(i) - N(fil = 608.
From N(w)=a>-176>=19 and N(#)=c?—17d> -32, we obtain «=6—+/17 and
# =11+ 3+/17. Since i+ and # are neither units of D nor associates of ¥, 15 + 74/17 is reducible.

Show that D’ = {nu : n € Z}, where u is the unity of an integral domain D, is a subdomain of D.

For every ru, su € D’, we have

ru+su=(+sueD and  (ru)(su) =rsu e D’

Hence D’ is closed with respect to the ring operations on D. Also,

Ou=zeD’ and ln=ue?D

and for each ru € D’ there exists an additive inverse —ru € D’. Finally, (ru)(su) = z implies ru = z or su = z.
Thus, D’ is an integral domain, a subdomain of D.

Prove: The characteristic of an integral domain D is either zero or a prime.

From Examples 1(a) and 1(d) it is evident that there exist integral domains of characteristic zero and
integral domains of characteristic m > 0.

Suppose D has characteristic m = m; - my with 1 < m;, my < m. Then mu = (mu)(myu) = z and either
mju = z or myu = z, a contradiction. Thus, m is a prime.

Prove: If D is an ordered integral domain such that D" is well ordered, then
() DY ={pu:pezt} @ D={m:meZ}
Moreover, the representation of any a € D as a = mu is unique.

Since u € D it follows by the closure property that 2u = u 4+ u € D' and, by induction, that pu € D" for
all p € Z*. Denote by E the set of all elements of D" not included in the set {pu : p € Z'} and by e the least
element of E. Now u¢ E so that e > u and, hence, e —u € Dt but e —u¢ E. (Why?) Then e — u = pju for
some p; € Z*, and e = u+ pju = (1 + p;)u = pou, where p, € Z*. But this is a contradiction; hence, E # @,
and (i) is established.

Suppose a € D but a¢ DT; then either a =z or —a € D*. If a = z, then a = Ou. If —a € D*, then, by (i),
—a = nm for some m € Z* so that a = m)u, and (i) is established.

Clearly, if for any a € D we have both a = ru and a = su, wherer,s € Z,thenz=a —a=ru —su= (r — s)u
and r = 5. Thus, the representation of each a € D as a = mu is unique.

Prove: Let J and K, each distinct from {z}, be principal ideals in an integral domain D. Then
J = K if and only if their generators are associate elements in D.

Let the generators of J and K be a and b, respectively.
First, suppose a and b are associates and b = a - v, where v is a unit in D. For any ¢ € K there exists some
s € D such that

c=b-s=(@ - Vs=a(v s)y=a-s’, where s €D

Then ¢ € J and K - J. Now b = a - v implies a = b - v™!; thus, by repeating the argument with any d € J,
we have J = K. Hence, J = K as required.
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12.10.

12.11.

Conversely, suppose J = K. Then for some s,z € D we have a=5b-s and b = a - t. Now

a=b-s=(a -tHs=a(t-s)
so that a—a(t-s)=alu—t-s)=z

where u is the unity and z is the zero element in D. Since a # z, by hypothesis, we have u — ¢ - s = z so that
t-s=mwuand s is a unit in D. Thus, a and b are associate elements in D, as required.

Prove: Let a,b,p € D, an integral domain which is also a principal ideal ring, and suppose
pla - b. Then if p is a prime element in D, pla or p|b.

If either a or b is a unit or if a or b (or both) is an associate of p, the theorem is trivial. Suppose the
contrary and, moreover, suppose p fa. Denote by J the ideal in D which is the intersection of all ideals in D
which contain both p and a. Since 7 is a principal ideal, suppose it is generated by ¢ € J so that p = ¢ - x for
some x € D. Then either (i) x is a unit in D or (i) c is a unit in D.

() Suppose x is a unit in D; then, by Theorem VIII, p and its associate ¢ generate the same
principal ideal J. Since a € J, we must have

a=c-g=p-h for some g, h € D

But then p|a, a contradiction; hence, x is not a unit.
(ii) Suppose c is a unit; then ¢-¢ ! =ue J and J =D. Now there exist s, € D such that

u=p s+¢-a, where u is the unity of D. Then
b=u-b=(p-s)b+(@-a)b=p(s-b)+t(a-b)

and, since pla - b, we have p|b as required.

Prove: The unique factorization theorem holds in any integral domain D which is also a
Euclidean ring.
We are to prove that every non-zero, non-unit element of D can be expressed uniquely (up to the order of

the factors and the appearance of the unit elements as factors) as the product of prime elements of D.
Suppose a # 0 € D for which (@) = 1. Write a = b - ¢ with b not a unit; then ¢ is a unit and a is a prime

element in D, since otherwise

ia) = 1Nb-c) = (b) by Theorem II, Section 12.2

Next, let us assume the theorem holds for all 5 € D for which (b) < m and consider ¢ € D for which
#(c) = m. Now if ¢ is a prime element in D, the theorem holds for ¢. Suppose, on the contrary, that ¢ is not a
prime element and write ¢ = d - e where both d and e are proper divisors of ¢. By Theorem II, we have
#(d) < m and ¥(e) < m. By hypothesis, the unique factorization theorem holds for both d and e so that we

have, say,

c=d-e=pi-pr-p3--PDs

Since this factorization of ¢ arises from the choice d, e of proper divisors, it may not be unique.

Suppose that for another choice of proper divisors we obtained ¢ = ¢; - ¢> - g3 - - - ¢;. Consider the prime
factor p; of ¢. By Theorem IX, Section 12.6, p11q; or p1l(g2 - ¢3 - - - q+); if p1 Aq1 then py|g2 or p1|(g3 - - - q); if
....... Suppose pilg;. Then g; = f - p1 where f is a unit in D since, otherwise, g; would not be a prime

element in D. Repeating the argument on
pa-p3-ps=f"! 419249 1 9i+1° 4
we find, say, p>|qy so that g = g - p, with g a unit in D. Continuing in this fashion, we ultimately find that,

apart from the order of the factors and the appearance of unit elements, the factorization of ¢ is unique.
This completes the proof of the theorem by induction on m (see Problem 3.27, Chapter 3).
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12.13.

12.14.

12.15.

INTEGRAL DOMAINS, DIVISION RINGS, FIELDS [CHAP. 12
Prove: S = {x 4+ y/3+2Y9: x,y,z € Q} is a subfield of R.

From Example 2, Chapter 11, S is a subring of the ring R. Since the Commutative Law holds
in R and 1 =14 0+/3 +0+/9 is the multiplicative identity, it is necessary only to verify that for x + y</3+
s L x2=3yz 32—xy.,s Y -xz, 3 a3 a3
299 # 0 € S, the multiplicative inverse > T D I3+ 5 /9, where D = x3+3)° +923—

9xyz, is in S.
Prove: Let D be an integral domain and 7 an ideal in D. Then D/J is a field if and only if J is a
maximal ideal in D.
First, suppose J is a maximal ideal in D; then .7 <_ I and (see Problem 12.3) D/J is a commutative ring
with unity. To prove D/J is a field, we must show that every non-zero element has a multiplicative inverse.
For any ¢ = I' .7, consider the subset
S={a+q-x:aeJ,xeD}
of D.ForanyyeDanda+g-x€ S,wehave (a+q-x)y=a-y+q(x-y) € Ssince a-y € J, similarly,
y(a+q-x) € S. Then S is an ideal in D and, since .7 — S, we have S = D. Thus, any r € D may be written
asr =a+ q - e, where e € D. Suppose for u, the unity of D, we find
u=a+gq-f, feD
From
ut+J=@+I)+@ .71 if+T)=@ Frif+T)
it follows that f + 7 is the multiplicative inverse of ¢ + J. Since ¢ is an arbitrary element of ! .7, the ring
of cosets D/ J is a field.
Conversely, suppose D/ J is a field. We shall assume 7 not maximal in D and obtain a contradiction. Let
then J be an ideal in D such that 7 — J ¢ T
ForanyacDandanypeJ .7, define(p+J) ! ia+T)=s+J;then
a+T=@+71-1s+T)
Now a—p-se J and, since 7 _J,a—p-seJ. But p e J; hence a € J, and J =D, a contradiction of
J ¢ T Thus, J is maximal in D.
The note in Problem 12.3 also applies here.
Supplementary Problems
Enumerate the properties of a set necessary to define an integral domain.
Which of the following sets are integral domains, assuming addition and multiplication defined as on R:
@ Ra+l:aez) (e) {a+bJ/3:0,bez)
®) {Ra:aez) (f) {r+sv/3:r,5e@
(© {av3:aezmy (&) {a+bV2+c/5+dV10:a,b,c,d €}

@ {rV3:re@
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12.16. For the set G of Gaussian integers (see Problem 11.8, Chapter 11), verify:
(@) G is an integral domain.
(b) i =a+biis a unit if and only if N() = a> + #* = 1.
(¢) The only units are 11, Ii.

12.17. Define S = {(a1, a2, a3, as) : a; € R} with addition and multiplication defined respectively by

(a1, a2, a3, as) + (b1, b2, b3, b4) = (a1 + b1, a2 + by, a3 + b3, a4 + ba)

and (a1, a2, a3,a4)(b1, b2, b3,b4) = (a1-b1,ar-by,a3 b3, a4-bs)

Show that S is not an integral domain.

12.18. In the integral domain D of Example 2(b), Section 12.2, verify:
(@ 3318417 and —33 | 8/17 are units.
(b) 48 — 114/17 and 379 — 92+/17 are associates of 5+ 4+/17.

© 8=2-2-2=2842/171-8+2/17) = (5 + +/17)(5 — +/17), in which each factor is a prime;
hence, unique factorization in primes is not a property of D.

12.19. Prove: The relation of association is an equivalence relation.

12.20. Prove: If, for <+ € D, N(ix) is a prime integer then i+ is a prime element of D.

12.21. Prove: A ring R having the property that for each a # z, b € R there exists r € R such that a-r=b is a
division ring.

12.22. Let D’ = {[0], [5]] and D" = {[0], [2], [4], [6], [8]] be subsets of D = Z;¢. Show:
(@) D’ and D” are subdomains of D.
(b) D’ and Z, are isomorphic; also, D” and Zs are isomorphic.
(¢) Every a € D can be written uniquely as a = a’ + a” where a’ € D’ and @’ € D”.

(d) For a,beD, with a=a’+d”" and b=5b'+b", a+b=(a’"+b')+(@" +b") and a-b =
a b +a” b".

12.23. Prove: Theorem II.

Hint. If b is a unit then #a) = #b '(a-b)] = Ha - b). If b is not a unit, consider a = g(a - b) +r,
where either r = z or /\r) = a - b), for a #z € D.

12.24. Prove: The set S of all units of an integral domain is a multiplicative group.

12.25. Let D be an integral domain of characteristic p and D’ = {x” : x € D}. Prove: (a) (@ £ by’ = a? £b? and
(b) the mapping D — D’ : x — x” is an isomorphism.
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12.26. Show that for all a # z, b of any division ring, the equation ax = b has a solution.

12.27. The set Q = {(q1 + q2i + g3j + 94k) : 91, 42, 43, g4 € R} of quaternions with addition and multiplication
defined by

(a1 + azi + asj + ask) + (b1 + bai + b3 j + bsk) = (a1 + b1) + (a2 + b2)i + (a3 + b3)j + (a4 + ba)k

(a1 + azi + asj + ask) - (b + bai + b3 j + bsk) = (a1b1 — asby — asbs — ashby)

and
+ (a1b2 + a2by + azbs — ashs)i + (a1bs — axbs + asby + ashr)j + (a1bs + azbs — asby + asb))k

is to be proved a non-commutative division ring. Verify:

(@) The subsets Qr={(gq1+¢2i+0j+0k)}, and Q3={(q:1+0i+¢3j+0k)}, and Qs={(g:+0i+
0j+q4k)} of Q combine as does the set C of complex numbers; thus, i2=j2=k%> -1.

®) q1, 92, g3, g4 commute with i, j, k.
(© ij=k,jk=iki=j
@ ji— -k ki——iik——j
(¢) With O as defined in Problem 11.17, Chapter 11, the mapping
0 — Q:(q1 + 920, g3 + g, —q3 + qai, 1 — g2i) = (g1 + q2i + ¢3) + g4k)
is an isomorphism.

(f) Q is a non-commutative division ring (see Example 4, Section 12.7).
12.28. Prove: A field is a commutative ring whose non-zero elements have multiplicative inverses.

12.29. Show that P = {(a, b, —b, a) : a, b € R} with addition and multiplication defined by

(a,b,—b,a)+ (c,d,—d,c)=(a+c,b+d,—-b—-d,a+c¢)
and (a, b, =b, a)(c,d, —d, ¢c) = (ac — bd, ad + bc, —ad — bc, ac — bd)

is a field. Show that P is isomorphic to C, the field of complex numbers.

12.30. (a) Show that {a+5+/3:a,b € @} and {a+ bv/2 + c/5+d\/10: a, b, c,d € Q} are subfields of R.
(b) Show that {a + bv/2 : a, b € @} is not a subfield of R.

1231. Prove: S={a+br:a,beR,r —1(1++/3i}isa subfield of C.
b b

a—
P_ab+ b2 @ —ab+ B2

Hint. The multiplicative inverse of a+ br #0 € S is p S.

12.32. (a) Show that the subsets S = {[0], [5],[101] and T = {[0], [3], [6], [9], [12]] of the ring Z;5 are integral
domains with respect to the binary operations on Z;s.

(b) Show that S is isomorphic to Z3 and, hence, is a field of characteristic 3.
(¢) Show that T is a field of characteristic 5.
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12.33. Consider theideals 4 ={2g: g€ G}, B={5g:2€ G}, E={7g:ge G},and F ={(1 +i)g : g € G} of G, the
ring of Gaussian integers. (a) Show that G/4 = G, and G/B = G5 are not integral domains. (b) Show that
G/E is a field of characteristic 7 and G/F is a field of characteristic 2.

12.34. Prove: A field contains no proper ideals.

12.35. Show that Problems 12.3 and 12.13 imply: If 7 is a maximal ideal in a commutative ring R with unity, then
J is a prime ideal in R.



Polynomials

INTRODUCTION

A considerable part of elementary algebra is concerned with certain types of functions, for example
1+2x+3x* x+x  5—4x* +3x

called polynomials in x. The casthcients in these examples ars ‘atepers, althongh It i not necegsary that
they always be. In elementary calculus, the range of values in x (domain of definition of the function) is
R. In algebra, the range is C; for instance, the values of x for which 1 + 2x + 3x2 is 0 are —1/3 _ {+/2/3)i.

In light of Chapter 2, any polynomial in x can be thought of as a mapping of a set S (range of x)
onto a set T (range of values of the polynomial). Consider, for example, the polynomial 1 + +/2x — 3x2.
If S =27, then T <~ R and the same is true if S =@ or S=R; if S =C, then T :~ C.

As in previous chapters, equality implies “identical with”; thus, two polynomials in x are equal if
they have identical form. For example, a + bx = ¢+ dx if and only if a =c and b =d. (Note that
a+ bx = c+ dx is never to be considered here as an equation in x.)

It has been our experience that the images of each value of x € .S are the same elements in 7" when
w(x) = /(x) and, in general, are distinct elements of 7" when w(x) # j¥(x). However, as will be seen from
Exampla | below, this lamiliar state of affairs I8 somehow dependant npore he range of x.

EXAMPLE 1. Consider the polynomials (x) = [1]x and #(x) = [LIx, where [1] = Zs, and suppose the range of x

to be the field Zs = {[0l,[L1,[2], [3], [4]]. Clearly, (x) and #(x) dillvr in lomn fure Dol cqual polynomials); yel, oy i
easily verified, their images for each x € Zs are identical.

Example 1 suggests that in our study of polynomials we begin by considering them as forms.

13.1 POLYNOMIAL FORMS
Let R be a ring and let x, called an indeterminate, be any symbol not found in R.

DEFINITION 13.1: By a polynomial in x over R will be meant any expression of the form

r:f(x)=a0x0+alx1+azx2 | ---=Zakxk, a€R

in which only a finite number of the a's arc ditterznt froan z, the zero element of R.
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DEFINITION 13.2: Two polynomials in x over R, (x) defined above, and

B =box’ +bix' +bx* =) bxF, beR

will be called equal, x(x) = fi(x), provided a; = b, for all values of k.

In any polynomial, as +(x), each of the components agx?, a,x!, a,x?, ... will be called a term, as a;x’,
a; will be called the «oefiicien( of the term. The terms of #(x) and #(x) have been written in a prescribed
(but natural) order and we shall continue this practice. Then i, the superscript of x, is merely an indicator
of the position of the term a;x’ in the polynomial. Likewise, juxtaposition of a; and x’ in the term a;x’ is
not to be construed as indicating multiplication and the plus signs between terms are to be thought of as
helpful connectives rather than operators. In fact, we might very well have written the polynomial i#(x)

above as » = (ay,ay,a, . . .).
If in a polynomial, as w(x). the cactficicnt @, # z. while all cocfhicicnts of terms which fallvwe arc z,

we say that w(x) is of degree n and call a, its leading coethicieat, In particnlar, the polynomial
apx® +zx' +zx> ... 1z of degree zero with leading coefficient ap when agy # z and has no degree (and no
feviditig coefticion’) when ag = z.

DEFINITION 13.3: Denote by R[x] the set of all polynomials in x over R and, for arbitrary
ir(x), #(x) € R[x|, define addition (+) and multiplication (-) on R[x| by

#(X) + 3(x) = (a0 + bo)x° + (a1 + b)x" + (a2 + b)x®
= Z(ak + bp)x*

and 2(x] - #(x) = apbox® + (aob1 + a1bo)x" + (aobs + a1by + azbg)x>

k
= chxk, where ¢, = Zaibk ;
0

(Note that multiplication of elements of R is indicated here by juxtaposition.)
The reader may find it helpful to see these definitions written out in full as

(X) B Hx) = (a0 2 bo)x° + (a1 2 b)x" + (a3 by)x
and () E1H(X) = (ap 2 bo)x® + (a, i3 by ® ay 3 bo)x* + (ag 2 by + a1 53 by 3 ay =5 bo)x? - - -

in which [ and [-] are the newly defined operations on R[x|, = and :=: are the binary operations on R
and, again, + is a connective.

It is clear that both the sum and product of elements of R[x| are elements of R[x], i.e., have only a
finite urmber of torme with now-Fern coctficicnts € R. It is easy to verify that addition on R[x] is both
associative and commutative and that multiplication is associative and distributive with respect to
addition. Moreover, the zero polynomial

zx’ +zx! +zx? = szk € R|x]
is the additive identity or zero element of R|[x]| while
—(x)  —apx® +i—a)x! —i-a)x* ... = Zf—ak)xk € Rlx|

is the additive inverse of i*(x). Thus,

Theorem 1. The set of all polynomials R[x| in x over R is a ring with respect to addition and
multiplication as defined above.
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Let m(x) and {(x) have respective degrees m and n. If m # n, the degree of i(x) + #(x) is the larger of
m,n; if m = n, the degree of w(x) + f3(x) is at most m (why?). The degree of o(x) - j3(x) is at most m +n
since a,,b, may be z. However, if R is free of divisors of zero, the degree of the product is m + n.
(Whenever convenient we shall follow practice and write a polynomial of degree m as consisting of no
more than m 41 terms.)

Consider now the subset S = {rx?:r e R} of R[x| consisting of the zero polynomial and all
polynomials of degree zero. It is easily verified that the mapping

R>S:r—>rx°

is an isomorphism. As a consequence, we may hereafter write ay for apx® in any polynomial =(x) € R[x].

13.2 MONIC POLYNOMIALS

Let R be a ring with unity u. Then u=ux? is the unity of R[x] since ux® - w(x) = w(x) for every
n(x) € R[x]. Also, writing x=ux'=zx"+ux!, we have xecR[x]. Now ay(x x x - to k
factors) = a;x* € R[x| so that in w(x) =ay+a;x+ax*> | --- we may consider the superscript i in
a;x* as truly an exponent, juxtaposition in any term a;x’ as (polynomial) ring multiplication, and the
connective + as (polynomial) ring addition.

DEFINITION 13.4: Any polynomial (x) of degree m over R with laading co=fficient u, the unity of R,
will be called monic.

EXAMPLE 2.

(@) The polynomials 1,x + 3, and x> — 5x + 4 are monic, while 2x?> — x 4+ 5 is not a monic polynomial over Z
(or any ring having Z as a subring).

() The polynomials b, bx + f, and bx> + dx + e are monic polynomials in S[x] over the ring S of Example 1(d),
Chapter 12, Section 12.1.

13.3 DIVISION
In Problem 13.1 we prove the first part of

Theorem II. Let R be a ring with unity u, »(x) =ap +a;x +ax> --- | aux™ € R[x| be either the
zero polynomial or a polynomial of degree m, and #(x) = by + b1x +box? ---  ux™ € R[x| be a monic
polynomial of degree n. Then there exist unique polynomials ggr(x),rr(x); qr(x),rL(x) € R[x| with
rr(x), rr(x) either the zero polynomial or of degree < n such that

(& w(x) = qr(x]- #x) +rr(x)
and
(@) o(x) = 8(x1 - qLlx) +r(x)
In (i) of Theorem II we say that i#(x) has been divided on the right by #(x) to obtain the right quotient
qr(x) and right remainder rgr(x). Similarly, in (ii) we say that w(x) has been divided on the left by 5(x)

to obtain the left quotient qr(x) and left remainder rr(x). When rg(x) = z (r.(x) = z), we call #(x) a right
(left) divisor of w(x).
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For the special case {(x) = ux — b = x — b, Theorem II yields (see Problem 13.2),
Theorem III. The right and left remainders when w(x) is divided by x — b,b € R, are, respectively,

rR=ao+a1b+azb2 o | apb”
and rr =ay + ba; + b202 -+ | bay,

There follows
Theorem IV. A polynomial (x) has x — b as right (left) divisor if and only if rg =z (r;, = z).

Examples illustrating Theorems II-IV when R is non-commutative will be deferred until Chapter 17.
The remainder of this chapter will be devoted to the study of certain polynomial rings R[x| obtained by
turther spacial’zing the coefficient ring R.

134 COMMUTATIVE POLYNOMIAL RINGS WITH UNITY

Let R be a commutative ring with unity. Then R[x] is a commutative ring with unity (what is its unity?)
and Theorems II-IV may be restated without distinction between right and left quotients (we replace
qr(x) = qr(x) by g(x)), remainders (we replace rr(x) = rr(x) by r(x)), and divisors. Thus (i) and (i) of
Theorem II may be replaced by

@iy w(x) = q(x] - #(x)+ r(x)

and, in particular, we have

Theorem IV'. In a commutative polynomial ring with unity, a polynomial (x) of degree m has x — b
as divisor if and only if the remainder

@ r=a+ab+abt—-- +a,h" =z
When, as in Theorem IV’, r = z then b is called a zero (root) of the polynomial m(x).
EXAMPLE 3.

(@) The polynomial x> — 4 over Z has 2 and —2 as zeros since (2)2 —4=0and f—2)2 -4=0.

(b) The polynomial [31x* 4] over the ring Zg has [2] and [6] as zeros while the polynomial [11x*  |1] over Zg has
[11,31,[5],[7] as zeros.

When R is without divisors of zero so also is R[x|. For, suppose (x) and Z(x) are elements of R[x|,
of respective degrees m and n, and that

(X1 - #(x) = apby + (aob; + a1bg)x -+ | ambpx™" =7

Then each cnetiicient in the prodrct and, o partienlar a,,b,, is z. But R is without divisors of zero; hence,
a,b, =z if and only if a,, = z or b, = z. Since this contradicts the assumption that #(x) and #(x) have
degrees m and n, R[x| is without divisors of zero.

There follows

Theorem V. A polynomial ring R[x] iz an integral domain if and anly 1 the coeticiznt riap R is an
integral domain.
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13.5 SUBSTITUTION PROCESS

An examination of the remainder
(a) r=ao+a1b+azb2 v | amb™

in Theorem IV’ shows that it may be obtained mechanically by replacing x by b throughout i*(x) and,
of course, interpreting juxtaposition of elements as indicating multiplication in R. Thus, by defining £(b)
to mean the expression obtained by substituting b for x throughout f(x), we may (and will hereafter)
replace r in (a) by w(b). This is, to be sure, the familiar substitution process in elementary algebra where
(let it be noted) x is considered a variable rather than an indeterminate.

It will be left for the reader to show that the substrotion process will not lead to futare dithicultias.
that is, to show that for a given b € R, the mapping

f&x) = f) forall f(x)eRlx]

is a ring homomorphism of R[x| onto R.

13.6 THE POLYNOMIAL DOMAIN F[x]

The most i portant polynomial domeing arise when the coeticient ring s a fizld F. We recall that every
non-zero element of a field F is a unit of F and restate for the integral domain F[x| the principal results
of the sections above as follows:

The Division Algorithm. 1If ix(x), #(x) € F|x] where 5(x) # z, there exist unique polynomials g(x), 7 (x)
with r(x) either the zero polynomial of degree less than that of /(x), such that

w(x) = q(x] - 3(x) +r(x)
For a proof, see Problem 13.4.
When 7 (x) is the zero polynomial, f(x) is called a divisor of i*(x) and we write #(x)|w(x).
The Remainder Theorem. If n(x),x — b € F[x], the remainder when m(x) is divided by x — b is n(d).
The Factor Theorem. If »(x) € F[x|and b € F, then x — bis a factor of w(x) if and only if i»(b) = z, that
is, x — b is a factor of w(x) if and only if b is a zero of m(x).
There follow

Theorem VI. Let #(x) € Flx| have degree m > { 1nid leading coefficient a. If the distinct elements
by, by,...,b, of F are zeros of n(x), then

m(x) = a(x — bi))(x — by)---ix — by,)

For a proof, see Problem 13.5.

Theorem VII. Every polynomial (x) € F[x| of degree m > 0 has at most m distinct zeros in F.

EXAMPLE 4.
(@) The polynomial 2x? + 7x — 15 € @Q[x| has the zeros 3/2, — 5 € Q.

(») The polynomial x2 + 2x + 3 € C[x] has the zeros —1 + +/2i and —1 — +/2i over C. However, x2 + 2x + 3 € Q[x]|
has no zeros in @.
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Theorem VIII. Let ¥(x), #(x) € F[x]| be such that i(s) = #(s) for every s € F. Then, if the number of
elements in F exceeds the degrees of both ix(x) and #(x), we have necessarily w(x) = £#(x).

For a proof, see Problem 13.6.
EXAMPLE 5. It is now clear that the polynomials of Example 1 are distinct, whether considered as functions or as
forms, since the number of elements of 7 = Zs does not exceed the degree of both polynomials. What then appeared

in Example 1 to be a contradiction of the reader’s past experience was due, of course, to the fact that this past
experience had been limited solely to infinite fields.

13.7 PRIME POLYNOMIALS

It iz not difficnlt to shew that the culy nnits of o polyvnomial domain F[x| are the non-zero elements (i.e.,
the wnits) of be coellicien nne F. Thus, the only associates of w(x) € F[x] are the elements v - w(x) of
FI[x] in which v is any unit of F.

Since for any v # z € F and any w(x) € Flx|,

mx)=v 1 w(xi-v
while, whenever w(x) = g(x1 - £(x),
w(x) = [v 'qCxll - Iv- 5(x]]

it follows that (a) every unit of F and every associate of i#(x) is a divisor of (x) and () if #(x)|¥(x) so
also does every associate of /#(x). The units of 7 and the associates of w(x) are called trivial divisors of
i(x). Other divisors of w(x), if any, are called non-trivial divisors.

DEFINITION 13.5: A polynomial w(x) € F[x] of degree m = 1 is called a prime (irreducible)
polynomial over F if its only divisors are trivial.

EXAMPLE 6.
(@) The polynomial 3x% + 2x + 1 € R[x| is a prime polynomial over R.

(b) Every polynomial ax + b € F[x|, with a # z, is a prime polynomial over F.

13.8 THE POLYNOMIAL DOMAIN Clx|

Consider an arbitrary polynomial
#(X) = by +b1x+byx*> - | byx™ e Clx|

of degree m » 1. We shall be concerned in this section with a number of elementary theorems having to
do with the zeros of such polynomials and, in particular, with the subset of all polynomials of C[x] whose
coedicients are rational numbers, 3Mos: of the tizorems will be fonrd n any college clpebrn text stared.
however, in terms of roots of equations rather than in terms of zeros of polynomials.

Suppose r € C is a zero of f#(x). Then H(r) = 0 and, since b,, ' € C, also b, ' - fi(r) = 0. Thus, the
zeros of f#(x) are precisely those of its monic associate

i#(X) = by, 1 SHX) =ap+ax+ax® oy, (X0 4 X
Whenever more convenient, we shall deal with monic polynomials.

It is well known that when m=1, w(x)=ay+x has —ay as zero and when m=2,
(x) = ap + a1 x + x* has § (—a; — Va2 — 4ap) and H—a + Va2 — 4ay) as zeros. In Chapter 8, it was
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shown how to find the n roots of any a € C,; thus, every polynomial x" —a € C[x] has at least n
zeros over C. There exist formulas (see Problems 13.16-13.19) which yield the zeros of all polynomials
of degrees 3 and 4. It is also known that no formulas can be devised for arbitrary polynomials of
degree m = 5.

By Theorem VII any polynomial i#(x) of degree m = 1 can have no more than m distinct zeros. In the
paragraph above, »(x) = ap+ a;x + x> will have two distinct zeros if and only if its discriminant
a2 — 4ap # 0. We shall then call each a simple zero of «(x). However, if a;?> — 4ap = 0, each formula
yields — 1 a; as a zero. We shall then call —1a; a zero of multiplicity two of «(x) and exhibit the zeros as

% a, % a.
EXAMPLE 7.
(@) The polynomial x? + x* — 5x + 3 = (x — 1)2(x + 3) has —3 as simple zero and 1 as zero of multiplicity two.

(») The polynomial x* — x3 — 3x2 + 5x —2 = (x — 1)*(x + 2) has —2 as simple zero and 1 as zero of multiplicity
three.

The so-called

Fundamental Theorem of Algebra. Every polynomial w(x) € C[x| of degree m = 1 has at least one zero
in C.

will be assumed here as a postulate. There follows, by induction

Theorem IX. Every polynomial w(x) € C[x] of degree m == 1 has precisely m zeros over C, with the
understanding that any zero of multiplicity # is to be counted as » of the m zeros.

and, hence,

Theorem X. Any ix(x) € Cl[x] of degree m = 1 is either of the first degree or may be written as the
product of polynomials € C[x] each of the first degree.

Except for the special cases noted above, the problem of finding the zeros of a given polynomial is a
dificu’t one and will not e considered here, Tn the remamnder of this scction e shall Tt one attenminen

to certain subsets of C[x| obtumed by restricting the ring of coefficlants,
First, let us suppose that
mx) =ap +a1x+ @ax? | ax™ e R[x]
of degree m =~ 1 has r = a + bi as zero, i.e.,

n)=ay+ar+ar | auym=s5s+ti=0

By Problem 8.2, Chapter 8, we have

A =ay+af+aP - lafF"=s+ti=0

so that
Theorem XI. Ifr € Cis a zero of any polynomial ix(x) with rea’ coeic’ents, then 7 is also a zero of w(x).

Let r =a+ bi, with b #0, be a zero of w(x). By Theorem XI 7 =a — bi is also a zero and we
may write

w(x) = [x —{a + bi)llx — {a — bi]l - w1(x)

=[x 2ax+a®+ |- (x)
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where i¥;(x) is a polynomial of degree two less than that of w(x) and as real coctticicnzs. Since =
qradratic polyvioomial with real coetficients will have imaginary zercs if and ooly if ite diserimiannt s
negative, we have

Theorem XII. The polynomials of the first degree and the quadratic polynomials with negative
discriminant are the only polynomials € R[x| which are primes over R;

and
Theorem XIII. A polynomial of odd degree € R[x| necessarily has a real zero.
Suppose next that

Hx) =bg+bix+bx? 1 - | bx™ € Q[x]
Let ¢ be the greatest common divisor of the numerators of the ’s and d be the least common multiple of
the denominators of the &’s; then

(x) =§' BX)=ay+aix+ax? | a,x™ e Qx|

has ntepral costticients whaose only camman dixisors are —1 the units of Z. Moreover, #(x) and x(x)
have precisely the same zeros.
If r € Qis a zero of (x), i.e., if

W) =ag+air +ar> -1 @yt =0

there follow readily
(i) ifre Z, then rlay
(ii) if r = s/t, a common fraction in lowest terms, then
1" w(s/) =apt" +aist™ 4 asit™ 2 ol ay, 8" Mt as™ =0

so that s|ap and ?|a,,. We have proved

Theorem XIV. Let

nf.(x)=ao+alx+azx2 I oo ] amx™

be a polynomial of degree m = | hav ng intseral coefficients. 1f s/t € @, with (s, £) = 1, is a zero of n(x),
then slap and t|a,.

EXAMPLE 8.

(a) The possible rational zeros of

#(x) = 32 +2x2 Tx+2

are 1, £2, +4, +Z Now (1) =0, 1)#0,0(2) #0,cf 2)=0,}) = 0,00, D #0,D#0, il H#0
so that the rational zeros are 1, — 2, { and (x) = 3(x — 1)(x + 2)(x — ).
Note. By Theorem VII, ix(x) can have no more than three distinct zeros. Thus, once these have been found,

all other possibilities untested may be discarded. It was not necessary here to test the possibilities — % , %, — %

(b) The possible rational zeros of

w(x) =4x° —4x* =53 4+ 5% +x—1
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are £1, £1, £1 Now (1) = 0,4 1)=0,#(}) =0,+ 1) =0 so that

r - ~

(x) = 4(x — 1)(x+1)Lx—%)Lx+%) x = 1)

and the rational zeros are 1,1, — 1,1, —1.

(¢) The possible rational zeros of
wx)=x*—2x> —5x2 +4x +6

are 11, 12, I3, 16. For these, only i—1) = 0 and (3) = 0 so that
w(x) = (x + D(x = 3)(x* = 2)
Since none of the possible zeros 11, | 2 of x2 — 2 are zeros, it follows that x2 — 2 is a prime polynomial over @
and the only rational zeros of (x) are —1, 3.
() Of the possible rational zeros: 1, 4, £1, £, of w(x) = 6x* — 5x* + 7x2 — 5x + 1 only ] and { are zeros.

Then «(x) = 6(x — H(x — (x> + 1) so that x> + 1 is a prime polynomial over @, and the rational zeros of «(x)

11
are 3, 3.

() The possible rational zeros of
w(x) = 3x* —6x> + 4x? — 10x + 2

are 11, 12,1 %, I % Since none, in fact, is a zero, «(x) is a prime polynomial over @.

13.9 GREATEST COMMON DIVISOR
DEFINITION 13.6: Let ix(x) and #(x) be non-zero polynomials in F[x|. The polynomial d(x) € F[x|
having the properties

(1) d(x) is monic,
(@ dx)Im(x) and d(x)|#(x),
(3) for every c(x) € F[x] such that c(x)|=(x) and c(x)|#(x), we have c(x)|d(x),

is called the greatest common divisor of ir(x) and #(x).

It is evident (see Problem 13.7) that the greatest common divisor of two polynomials in F[x| can be
found in the same manner as the greatest common divisor of two integers in Chapter 5. For the sake of
variety, we prove in Problem 13.8

Theorem XV. Let the non-zero polynomials (x) and /(x) be in F[x]. The monic polynomial

(0) dx)=s(x)-v(x)+Uxl-Hx),  s(x),6x) € Flx]

of least degree is the greatest common divisor of w(x) and 2(x).
There follow

Theorem XVI. Let w(x) of degree m = 2 and /(x) of degree n= 2 be in F[x]. Then non-zero
polynomials 1+(x) of degree at most n — 1 and v(x) of degree at most m — 1 exist in F[x] such that

(© (el w(x) +(x) - Hx) =z

if and only if w(x) and #(x) are not relatively prime.
For a proof, see Problem 13.9.
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and
Theorem XVII. If w(x), #(x), p(x) € Flx] with w(x) and p(x) relatively prime, then p(x)|u(x]- #(x)
implies p(x)|#(x).

In Problem 13.10, we prove
The Unique Factorization Theorem. Any polynomial n(x), of degree m = | and wira leading coefficiznt
a, in F[x| can be written as

w(x) = a - [p1 )™ < |pax1]™ - - - p (XN

where the p;(x) are monic prime polynomials over F and the m; are positive integers. Moreover, except
for the order of the factors, the factorization is unique.

EXAMPLE 9. Decompose (x) = 4x* + 3x> + 4x? 4 4x + 6 over Z; into a product of prime polynomials.

W hawe, with the understanding chat all cocfficicnts are residuc elasses modolo 7.

w(x) = 4x* +3x° +4x% +4x + 6 = 4x* + 24 +4x? +4x + 20
=40+ 63 + X2 +x+ 5 =4x+ D + 522 +3x+5)
= 4(x + D(x 4+ 3)(x% + 2x +4) = 4(x + 1)(x + 3)(x + 3)(x + 6)
= 4(x + 1)(x + 3)%(x + 6)

13.10 PROPERTIES OF THE POLYNOMIAL DOMAIN F[x]

The ring of polynomials F[x| over a field F has a number of properties which parallel those of the ring Z
of integers. For example, each has prime elements, each is a Euclidean ring (see Problem 13.11), and each
is a principal ideal ring (see Theorem IX, Chapter 11). Moreover, and this will be our primary concern
here, F[x] may be partitioned by any polynomial *(x) € F[x] of degree n =~ 1 into a ring

Flxl/(-(x)) = {[wCell, [T, - . .}

of equivalence classes just as Z was partitioned into the ring Z,,. (Recall, this was defined as the quotient
ring in Section 11.11.) For any w(x), #(x) € F[x] we define

@ [l Ax) + 1ex) - #(x) = 1e(x) € Fx)

Then w(x) € [r(x]], since the zero element of F is also an element of F[x|, and [#(x]] [#(x]]if and only
if w(x] = fx)}(mod ~(x)), i.e., if and only if L(x)|(ix(x] — #(x)).
We now define addition and multiplication on these equivalence classes by

[T 4 13T — Tee(x) + (e
and
[eGel] - [8Cx] — [m(x - B(x1]
respectively, and leave for the reader to prove

(@) Addition and multiplication are well-defined operations on F[x|/(+(x)).

(b) FlxI/(*(x)) has [z| as zero element and [u] as unity, where z and u, respectively, are the zero and
unity of F.

(o) FlIx|/(*(x)) is a commutative ring with unity.
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In Problem 13.12, we prove
Theorem XVIII. The ring F[x]/(+(x)) contains a subring which is isomorphic to the field F.

If ~(x) is of degree 1, it is clear that F[x|/(*(x)) is the field F; if ~(x) is of degree 2, F[x|/(*.(x))
consists of F together with all equivalence classes {[ay + a1x| : ap,a; € F,a; # z}; in general, if ~(x) is of
degree n, we have

FIx)/(x)) = {lao + aix +ax*> 1 @, 1x" ]:a;€ F}

Now the definitions of addition and multiplication on equivalence classes and the isomorphism: a; <> [a;]
imply

[ao +aix+ax® |- 1 ay 1x" ' laol +lailx] +laallxP — - +[a, 11-[x]" !
=ayp+ai[x] + w[xP -1 ay o[x]" !
As a final simplification, let [x] be replaced by & so that we have
FIx)/(x) ={ao + @i+ @i — - +a, 1&" g€ F)

In Problem 13.13, we prove

Theorem XIX. The ring F[x|/(~(x)) is a field if and only if ~(x) is a prime polynomial over F.
EXAMPLE 10. Consider ~(x) = x2 — 3 € @[x], a prime polynomial over @. Now

Qx)/(* —3) = {a + a1£ : ap,a; € @}

is a field with respect to addition and multiplication defined as usual except that in multiplication 2 is to be replaced
by 3. It is easy to show that the mapping

ag+ a1t o ag +a1«/3
is an isomorphism of @[x|/(x*> — 3) onto

QV3| — lag + a;1+/3 : ag,a; € @},

the set of all polynomials in +/3 over @. Clearly, @[v/3] = R so that @[+/3] is the smallest field in which x* — 3
factors completely.

The polynomial x2 — 3 of Example 10 is the monic polynomial over @ of least degree having /3 as a
root. Being unique, it is called the minimum polynomial of /3 over @Q. Note that the minimum
polynomial of +/3 over R is x — /3.

EXAMPLE 11. Let F = Z; = {0, 1,2} and take »(x) = x> + 1, a prime polynomial over F. Construct the addition
and multiplication tables for the field F[x]/(x(x)).

Here
Flxl/((x)) = {ao + a1t : ag, a1 € F}
={0,1,2,4,2:, 1 + 5, 1 424,24+ 52424}
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Since A(+) = 2 4+ 1 =[0], we have £2 =] 1]= 2], or 2. The required tables are

Table 13-1
+ 0 1 2 4 28 14¢ 1424 244 2424
0 0 1 2 E 2% 1+t 1424 24+ 2424
1 1 2 0 1+4 1424 24+ 2424 £ 24
2 2 0 1 244 2425 4 2 1+ 1+2¢
L 4 1+4 2+ 2% 0 142 1 2424 2
2¢ 24 1424 2424 0 4 1 1+ 2 244
144 144 244 L 142 1 242 2 24 0
1424 142¢% 2424 24 1 1+ 2 244 0 4
244 244 L 14+ 242 2 24 0 1424 1
2424 2421 2% 1424 2 241 0 b 1 1+
Table 13-2

0 1 2 £ 2£ 145 142% 24-£ 242%
0 0 0 0 0 0 0 0 0 0
1 0 1 2 4 24 144 1424 24+ 2424
2 0 2 1 24 & 242¢ 244 1424 144
) 0 E 2t 2 1 244 1+4 2424 1424
2% 0 2¢ k 1 2 142¢ 2424 1+ 244
144 0 144 242¢ 2+4-¢ 1424 24 2 1 4
1424 0 1424 244 14+% 2424 2 4 2t 1
244 0 244 142¢ 2424 144 1 24 k 2
2424 0 2424 144 1424 244 & 1 24

EXAMPLE 12. Let F = @ and take »(x) = x> 4+ x + 1, a prime polynomial over F. Find the multiplicative inverse
of £2 + £+ 1 € Flxl/(+(x)).

Here Flx1/(*(x)) = {ao + a1t + axt? : ag, a1, a € @} and, since #(4) =43+ £+ 1 =0, we have > — -1 — ¢ and
t# _ —r — 12 One procedure for finding the required inverse is:

set (ao + arh + a1+ +4%) =1,
multiply out and substitute for 43 and L4,

equate the corresponding coefficients of 4%, &, 42
and solve for ag, a1, a>.

This usually proves more tedious than to follow the proof of the existence of the inverse in Problem 13.13. Thus,
using the division algorithm, we find

1= %(;3 +E+ DA —4) +%(-f.-2 +E+HDEE-2642)
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Then &+ £+ DI - %(52 + 54+ DE? =284 2)]

so that %(i2+¢+1)(¢2—2¢+2)=1
1
and 3 (¢% — 2 +2) is the required inverse.

EXAMPLE 13. Show that the field R[x|/(x? + 1) is isomorphic to C.
We have R[x]/(x% + 1) = {ay + a1 £ : ap,a; € R}. Since {2 = —1, the mapping
a+a1é — ap +ayi

is an isomorphism of R[x]/(x?> + 1) onto C. We have then a second method of constructing the field of
complex numbers from the field of real numbers. It is, however, not possible to use such a procedure to
construct the field of real numbers from the rationals.

Example 13 illustrates

Theorem XX. 1If (x) of degree m = 2 is an element of F[x], then there exists of field 7', where & = ',
in which w(x) has a zero.
For a proof, see Problem 13.14.

It is to be noted that over the field 7' of Theorem XX, w(x) may or may not be written as
the product of m factors each of degree one. However, if x(x) does not factor completely over 7, it
has a prime factor of degree n = 2 which may be used to obtain a field F”, with &« F  F” in
which #(x) has another zero. Since (x) has only a finite number of zeros, the procedure can always be
reneated o sulficient unnber of times to virimately produce a tizld F@ in which w(x) factors completely.

See Problem 13.15.

Solved Problems

13.1. Prove: Let R be a ring with unity u; let
w(x) =ap+a1x+ @x? — -+ aux™ € R[x]
be either the zero polynomial or of degree m; and let
A(X) =by+b1x+byx? +-- +ux" € R[x]

be a monic polynomial of degree n. Then there exist unique polynomials gr(x), rr(x) € R[x] with
rr(x) either the zero polynomial or of degree < » such that

@  »(x) =qr(x)- Hx)+rr(x)

If «x(x) is the zero polynomial or if #n > m, then (i) holds with gr(x) =z and rr(x) = =(x).
Let n -= m. The theorem is again trivial if m =0 or if m =1 and n = 0. For the case m =n =1, take
w(x) = ap + a;x and A(x) = by + ux. Then

#(x) = ag + a1x = ay(bo + ux) + (ap — a1bp)

and the theorem is true with gr(x) = a; and rr(x) = ag — a; be.

We shall now use the induction principal of Problem 3.27, Chapter 3. For this purpose we assume
the theorem true for all wm(x) of degree =m —1 and consider w(x) of degree m. Now 14(x) =
w(x]  amx"™ - j%(x) € R[x| and has degree < m. By assumption,

10x) = A(x) + #(x) + r(x)
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13.2.

13.3.

with r(x) of degree at most n — 1. Then
a(x) = 14X) + amx"™" - Hx) = ((x) + amx™" H(X) + r(x)
= gr(x} - ¥(x) + rr(x)

where gr(x) = i(x) + ax™® ™ and rr(x) = r(x), as required.
To prove uniqueness, suppose

#(x) = gr(x) - H(X) + rr(x) = g’ - #(x) + rg(x)
Then
(gr(x)  qr(xl) - #(x) = rg — rr(x)

Now rp(x} rgr(x) has degree at most n — 1, while, unless gr(x! gr(x) =z, (qr(x) gg(x1) + A(x) has degree
at least n. Thus gr(x) gp(x) =z and then rp(x) rr(x) =z, which establishes uniqueness.

Prove: The right remainder when w(x) =ay+a;x+ax> - | aux™ € R[x] is divided by
x—bbeR,isrg=ap+ab+ab® - | a,b™
Consider
w(xp re=ai(x —b)+ax(x* b1 - au(x™ —b")
={a+a(x+b)— - —au(x™ ' +bx" 2 — . —b™ 1)L x—b)
= qr(x)ix —b)
Then

i#(x) = gr(x) Ix —b)+rr

By Problem 1 the right remainder is unique; hence, rp is the required right remainder.

In the polynomial ring S[x| over S, the ring of Example 1(d), Chapter 12, Section 12.1,
(@) Find the remainder when w(x) = cx* + dx® + cx? + hx + g is divided by #(x) = bx® + fx +d.
(b) Verify that f is a zero of p(x) = cx* +dx> +cx®> + bx + d.

(a) We proceed as in ordinary division, with one variation. Since S is of characteristic two, s 1 i ) =s+1¢
for all s,¢ € S; hence, in the step “change the signs and add” we shall simply add.

e +hx+b

b3 +fx+dch4+dx3+cx2+hx+g
ex* + ex® + fix?
hx® + hx® + hx
hx® + gx? +ex
b +dx+g
bx* 4+ fx+d
gx+f
The remainder is r(x) = gx + 1.
() Here f2=c, f>=c¢f =e, and f* = h. Then
wf)=ch+de+c?+bf +d
=d+c+h+f+d=a

as required.
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13.4.

13.5.

13.6.

13.7.
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Prove the Division Algorithm as stated for the polynomial domain F[x].

Note. The requirement that j(x) be monic in Theorem II, Section 13.3, and its restatement for
commutative rings with unity was necessary.

Suppose now that «(x), A(x) € Flx| with b, # u L Teading cowiTicizny ol A(x). Then, since b, ' always
exists in F and #(x) = b, ! - #(x) is monic, we may write

a(x) = g/ (x3+ F(x) +r(x)
=[bn 'qCN - 1y - F(x1 = H(X)

= g(x) - i(x) + r(x)

with r(x) either the zero polynomial or of degree less than that of A(x).

Prove: Let «(x) € F[x] have degree m > {1 and leading coelicient a. If the distinct elements
by,by,...,b, of F are zeros of w(x), then i(x) =a(x b} (x byi---ix by).

Suppose m = 1 so that i#(x) = ax + a; has, say, b; as zero. Then (b)) =ab; +a, =z, a1 —ab;, and
w(x) = ax + a; = ax — ab; = a(x — by)

The theorem is true for m = 1.
Now assume the theorem is true for m = k and consider (x) of degree k + 1 with zeros by,bs,...,bgy1.
Since b; is a zero of +(x), we have by the Factor Theorem

w(x) = q(x)- 1x — by)

where ¢g(x) is of degree &k wil lwding cocllicient a. Since (b)) = q(b;) (b — b)) =z for
Jj=2,3,...,k+1 and since b; — b; #z for all j # 1, it follows that by, bs,..., b1 are k distinct zeros of
¢(x). By assumption,

q(x) = a(x — ba)(x — b3} + X — brt1)

Then

wx)=alx bi)x byl---Ix  bgi1)
and the proof by induction is complete.

Prove: Let w(x), f{(x) € F[x] be such that m(s) = f(s) for every s € F. Then, if the number of
elements of F exceeds the degree of both r(x) and #(x), we have necessarily i*(x) = 5(x).

Set 14x) = a#(x)  fi(x). Now 14(x) is either the zero polynomial or is of degree p which certainly does not
exceed the greater of the degrees of «(x) and A(x). By hypothesis, v(s) = #(s)  A(s) for every s € F. Then
1(x) = z (otherwise, 1#(x) would have more zeros than its degree, contrary to Theorem VII) and (x) = fi(x)
as required.

Find the greatest common divisor of w(x) = 6x° + 7x* — 5x> — 2x2 — x+1 and f(x) = 6x*—
5x3 — 19x% — 13x — 5 over @ and express it in the form

d(x) = s(x] - w(x) + 1(x] - #x)
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13.8.

13.9.

Proceeding as in the corresponding problem with integers, we find
a(x) = (x + 23 A(x) + (24x3 +49x% + 30x + 11) = 1 (x} - f(x) +r1(x)
1 93
Alx) = 3—2(8x =231 r1(x) + §(3x2 +2x 4+ 1) = ga(x) - ri(x) + r2(x)

ri(x) = 9—13 (256x + 3521 - ry(x)

Since r(x) is not monic, it is an associate of the required greatest common divisor d(x) = x2 +§x+%.
Now

ra(x) = #(x) — ga(x} - r1(x)
= Ax) = 2(x) - 5(x) + q1(x] - g2(x) - #(x)
=q2(x) - 12(x) + (1 + g1} - g2 ()b - H(x)

1 1 .,
- — - 4K — — — - H
% (8x —23) - w(x) + 7 8x* — Tx — 14} - K(x)

2—;9 (8x — 23} - (x) + L 8x? —Tx — 14} H(x)

and d(x) = 32 ra(x) = 279

279
Prove: Let the non-zero polynomials «(x) and #(x) be in F[x]. The monic polynomial

d(x) = so(x) - #(x) + 1o - H(x), So(x), to(x) € Flx|

of least degree is the greatest common divisor of #(x) and #(x).
Consider the set
S = {s(xl - ax(x) + 1) - £(x) : s(x), t(x) € F[xI

Clearly this is a non-empty subset of F[x] and, hence, contains a non-zero polynomial #(x) of least degree.
For any b(x) € S, we have, by the Division Algorithm, b(x) = g(x} - &(x) + r(x) where r(x) € S (prove this)
is either the zero polynomial or has degree less than that of 4(x). Then r(x) =z and b(x) = q(x} - 4(x) so
that every element of S is a multiple of 4(x). Hence, #(x)l#(x) and #(x)|f(x). Moreover, since
8(x) = So(x) - 12(x) + Zo(x} - H(x), any common divisor ¢(x) of (x) and A(x) is a divisor of 4(x). Now if &(x)

is monic, it is the greatest common divisor d(x) of «(x) and #(x); otherwise, there exist a unit v such that
I #(x) is monic and d(x) = 1" - 4(x) is the required greatest common divisor.

Prove: Let i#(x) of degree m == 2 and /(x) of degree n - 2 be in F[x]. Then non-zero polynomials
11(x) of degree at most n — 1 and (x) of degree at most m — 1 exist in F[x| such that

© ) ex) +(x)- Hx) =z

if and only if w(x) and f#(x) are not relatively prime.

Suppose 4(x) of degree p :: 1 is the greatest common divisor of w(x) and fi(x), and write
o) = m(xl 30D, ) = folx) - 5(%)
Clearly £(x) has degree = m 1 and Hy(x) has degree ~“n 1. Moreover,

Fo(x) - a(x) = Fo(x) - o (ox + Ax) = ol 1 Fo(x) - A(xd] = aro(x} - H(x)

so that Ao(x) m(xt [ rep(x) f(x) =2z

and we have (¢) with 1(x) = F(x) and v(x) = ().
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13.10.

13.11.

13.12.

13.13.

13.14.
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Conversely, suppose (¢) holds with «#(x) and #(x) relatively prime. By Theorem XV, Section 13.9, we have
u = s(x1- x(x) + t(x]1 5(x) for some 8(x), t(x) € Flx|

Then () = pa(ch () wx() + () 1) A(x)
= s(c) =) - B0 — 1k - #(x) - 7(x)
= B[k (x) - 1) — w(x) - s(x)]

and #(x)|:1(x). But this is impossible; hence, (¢) does not hold if (x) and #(x) are relatively prime.

Prove: The unique factorization theorem holds in F[x].

Consider an arbitrary #(x) € F[x|. If (x) is a prime polynomial, the theorem is trivial. If «(x) is
reducible, write #(x) = a - fi(x} - 1/(x) where f(x) and 14(x) are monic polynomials of positive degree less than
that of #(x). Now either £(x) and 14(x) are prime polynomials, as required in the theorem, or one or both are
reducible and may be written as the product of two monic polynomials. If all factors are prime, we have the
theorem; otherwise . ... This process cannot be continued indefinitely (for example, in the extreme case we
would obtain «(x) as the product of m polynomials each of degree one). The proof of uniqueness is left for
the reader, who also may wish to use the induction procedure of Problem 3.27, Chapter 3, in the first part of
the proof.

Prove: The polynomial ring F[x| over the field F is a Euclidean ring.

For each non-zero polynomial (x) € F[xl|, define (i) =m where m is the degree of i(x). If
#(x), fi(x) € Flx| have respective degrees m and n, it follows that i) =m, () =n, We-H=m+n
and, hence, )iz - A1 == (). Now we have readily established the division algorithm:

#(x) = q(x3 7(x) + r(x)

where r(x) is either z or of degree less than that of #(x). Thus, either r(x) =z or 1\(r) = I(#) as required.

Prove: The ring F[x|/(~(x)) contains a subring which is isomorphic to the field F.

Let a,b be distinct elements of F; then [a], [b] are distinct elements of F[x]/(A(x)) since [a] = |b] if and
only if x(x)|(a — b).

Now the mapping @ — [a] is an isomorphism of F onto a subset of F[x]/(*(x)) since it is one to one and
the operations of addition and multiplication are preserved. It will be left for the reader to show that this
subset is a subring of F[x|/(+(x)).

Prove: The ring F[x]/(+(x)) is a field if and only if ~(x) is a prime polynomial of F.

Suppose »(x) is a prime polynomial over F. Then for any [(x]] # z of F[x|/(+(x)), we have by Theorem
XV, Section 13.9,

u = () B + () 14(x) for some H(x), 14(x) € Flx]

Now “(x)lu — (x1 - A(x) so that [«(x]] - |A(x)] = [u]. Hence, every non-zero element [(x1] ¢ Flx]/(=(x)) has
a multiplicative inverse and F[x|/(*(x)) is a field.

Suppose »(x) of degree m » 2 is not a prime polynomial over F, i.e., suppose =(x) = i(x): 1(X)
where 11(x), W(x) € F[x| have positive degrees s and ¢ such that s + # = m. Then s < m so that (x) fiu(x)
and [(x)] # [z]; similarly, [»(x)] #[z]. But [(Oc]: [:0G] = [  (x)] = |2(xi] = |z]. Thus, since
[, [ @ = 1x]/(2(x)), it follows that F[x]/(+(x)) has divisors of zero and is not a field.

Prove: If w(x) of degree m = 2 is an element of F[x], there exists a field 7', where F < .7, in
which w(x) has a zero.
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13.15.

13.16.

13.17.

The theorem is trivial if «(x) has a zero in F; suppose that it does not. Then there exists a monic prime
polynomial *(x) € F[x| of degree n =2 such that =(x)|«(x). Since »(x) is prime over F, define
F' = Flxl/(*(x)).

Now by Theorem XVIII, Section 13.10, .5 ¢ _F’ so that «(x) € F'[x]. Also, there exists £ € F' such that
#(5) = [z|. Thus £ is a zero of «(x) and F is a field which meets the requirement of the theorem.

Find a field in which x* — 3 € @[x| (@) has a factor, (b) factors completely.
Consider the field @[x]/(x> —3) = {a + a1t + a2t2 : ap, a1, a2 € @}
(a) The field just defined is isomorphic to

F' ={ap + a3 + a2¥9 : ap, a1, € Q)
in which x> 3 has a zero.

(b) Since the zeros of x> — 3 are /3, /3w, /3 «?, it is clear that x> — 3 factors completely in F” = F'[w].

Derive formulas for the zeros of the cubic polynomial »(x) = ay + a;x + a,x + x> over C when
dp 75 0.

The derivation rests basically on two changes to new variables:

(@) If a =0, use x = y and proceed as in (i) below; if ay # 0, use x = y + v and choose v so that the
resulting cubic lacks the term in y2. Hincs Ihe cowilicien] of this 1emm i< gy 4+ 3v, the proper relation is
Xx =y — ay/3. Let the resulting polynomial be

Hy) =y —a/3)=q+py+y°

If g = 0, the zeros of #(y) are 0,,/—p, — ./—p and the zeros of i:(x) are obtained by decreasing each zero of
#(y) by ay/3. If g # 0 but p = 0, the zeros of #(y) are the three cube roots s, i+, w? 1 (see Chapter 8) of —¢
from which the zeros of (x) are obtained as before. For the case pg # 0,

(@) Use y =z — p/3z to obtain

28 4+ q23 — p3/27

1e) = Hz—p/32) =2 +q -p'/272° = 5

Now any zero, say s, of the polynomial 4(z) = z8 + gz3  p?/27z? yields the zeros p/3s ay/3 of w(x); the
six zeros of ii(z) yield, as can be shown, each zero of (x) twice. Write

1 1
Wz) = [2° + E(q — V@ + 43271 - 123 + E(q + /g2 +4p3 /271

and denote the zeros of z*+1(qg +/g2+4p3/27) by A,wd,«?A. The zeros of w(x) are then:
A—p/34 —ay/3,wA — &*p/34 — ay/3, and w?4 — wp/34 — ay/3.

Find the zeros of »(x] —11 —3x+3x% + x>,
The substitution x =y 1 yields
Fp)=a(y 1)—-6 6y+y’
In turn, the substitution y = z + 2/z yields

-6 48 (2 -2(*-4)

Wz) = fz+2/z) =2’ +8/2’ 6 7 p
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Take 4 = +/2; then the zeros of «(x) are:

V2494-1, 0?24+ ? V4 -1, Y2+ 0¥4 -1
The reader will now show that, apart from order, these zeros are obtained by taking 4 = /4.

13.18. Derive a procedure for finding the zeros of the quartic polynomial

(X)) =ap +a;x + o +asx’ +x4 e Clx], when ap # 0.

If a3 # 0, use x = y — a3/4 to obtain
#(y) = w(y — a3/4) = by + b1y + boy* + y*
Now
80) = (p+2qy + V) - 29y + %)
=pr+2q(r—p)y + (r +p — 44)y* + »*

provided there exist p, ¢,r € C satisfying

pr = by, 2q(r —p) = by, r+p—4¢*=b
If b, =0, take g = 0; otherwise, with ¢ # 0, we find

=by+44 b/2q and 2r=by+44*+b/2g

Since 2p - 2r = 4by, we have

@) 64¢° +32bag* + 4(12* — Abo)g* — b2 =0

Thus, considering the left member of (i) as a cubic polynomial in ¢2, way ol'ils werars dillorent rom 0 will

yield the required factorization. Then, having the four zeros of #(y), the zeros of i(x) are obtained by
decreasing each by a3 /4.

13.19. Find the zeros of #(x) = 35 — 16x — 4x + x*.
Using x = y + 1, we obtain
Ay) = iy + 1) = 16 — 24y — 6% + y*
Here, (i) of Problem 18 becomes
644° — 192¢* — 1124% — 576 = 16(¢* — 4)(4¢* +44* +9) =0
Take g = 2; then p = 8 and r = 2 so that
16 — 24y — 6% +3* = (8 + 4y + y)2 — 4y + %)

with zeros —2 = 2i and 2 £ +/2. The zeros of t(x) are: —1 £2i and 3 £ /2.
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Supplementary Problems
13.20. Give an example of two polynomials in x ul dirree 3 wily inlogmral cocllicienls whose sum S o deeree 2.
13.21. Tl the swm wnd prisduet ol sech pair of polauamial. oeor e indicated cosllicien | ring, (For convemieno.
[al, [?], ... have been replaced by a,b,... .)
(@ 4+x+2x%142x+3x%2Zs

) 145x4+2x%,742x+3x% +4x3; Zg
© 24+2x+x3,14+x+x>+x42,

Ans. (@) 3x;4+44x 4+ x2 +2x° + x*
© X+ +x424x+x2+X

13.22. In the polynomial ring S[x| over S, the ring of Problem 11.2, Chapter 11, verify
@ G+gx+/x)+(d+gx)=c+ex+fx’
®) (b+gx+x3)(d+cx)=b+hx+cx? +bx*
© G+gx+)d+ex)=b+cx+ bx?
(d) f + bx and e + ex are divisors of zero.

(e) cis azero of f + ex + fx? +ex® + dx*

13.23. Given i(x), £(x), 1(x) € Flx| with rvapovtive kading cowllicivnls a, b, ¢ and suppose #(x) = H(xt - 1(x). Show
that (x) = a - #(x¥- 1'(x) where [¥(x) and 1¥(x) are monic polynomials.

13.24. Show that D[x| is not a field of any integral domain D.

Hint. Let (x) € D[x] have degree > 0 and assume fi(x) € D[x] a multiplicative inverse of (x).
Then «=(x) - A(x) has degree > 0, a contradiction.

13.25. Factor each of the following into products of prime polynomials over (i) @Q, (i) R, (i) C.

@ x*-1 (© 6x*+5x3 +4x* —2x—1
b x*—4x2—x+2 (d) 4x° +4x* —13x3 —11x2 4+ 10x+ 6

Ans. (@) (x — D(x+ D2 +1) over @, R; (x — 1)(x + 1)(x — i)(x + i) over C

@ (x—-D2x+ D2x+3)x%—2) over @; (x — D2x+ D2x + 3)(x — v2)(x +/2) over
R,C.

13.26. Factor each of the following into products of prime polynomials over the indicated field. (See note in
Problem 13.21.)

@ xXX+1;Zs © 2x24+2x+1;Zs
B X+x+1;7Zs @ 3x*44x32+3;Zs

Ans. (@) (x+2)(x+3), @ +2°Bx+2)

13.27. Factor x* — 1 over (a) Zy;, (b) Z;3.
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13.28.

13.29.

13.30.

13.31.

13.32.

13.33.

13.34.

13.35.

13.36.

13.37.

13.38.

13.39.

13.40.
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In (d) of Problem 13.26 obtain also 3x> 4 4x? + 3 = (x + 2)(x + 4)(3x + 1). Explain why this does not
contradict the Unique Factorization Theorem.

In the polynomial ring S[x] over S, the ring of Example 1(d), Chapter 12, Section 12.1,
(@) Show that bx? + ex + g and gx? + dx + b are prime polynomials.
(b) Factor hx* + ex® + x> + b.

Ans. (b) (bx + b)(cx + g)(gx + d)(hx + e)

Find all zeros over C of the polynomials of Problem 13.25.

Find all zeros of the polynomials of Problem 13.26.
Ans. (a) 2,3; @ 1,3,3

Find all zeros of the polynomial of Problem 13.29(b).
Ans. b,e, f,d

List all polynomials of the form 3x% + cx + 4 which are prime over Zs.

Ans. 3x2+4,3x2 +x+4,3x2 +4x + 4
List all polynomials of degree 4 which are prime over Z,.
Prove: Theorems VII, IX, and XIII.

Prove: If a+ b./c, with a,b,c € @ and ¢ not a perfect square, is a zero of (x) € Z[x|, so also is

a — b./c.

Let R be a commutative ring with unity. Show that R[x| is a principal ideal ring. What are its prime
ideals?

Form polynomial i#(x) € Z[x| of least degree having among its zeros:

(@ +/3and2 (© land2+3/5 (e 1+4i of multiplicity 2
(b) iand3 (di l+4+iand2-3i

Ans. (@) x> —=2x* =3x +6, (d) x* —2x> +7x> + 18x + 26
Verify that the minimum polynomial of /3 + 2i over R is of degree 2 and over @ is of degree 4.

Find the greatest common divisor of each pair #(x), fi(x) over the indicated ring and express it in the form
S(xk - ax(x) + 1(x) - H(x).

@ X+x*—x>-3x+2,x3+2x2—x-2;0Q

B 3x*—6x* +12x2 +8x - 6,x> —3x*+6x-3;Q
(©) x°—3ix3 —2ix? —6,x* - 2i;C

@ X+33+x2+2x+2,x* +3°3 +3x2+x+2;Zs
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@ X +x3+xx*+2x°+2x,2Z;
(f) ex*4+hx® +ax® +gx+egx’+hx?+dx+g; S of Example 1(d), Chapter 12, Section 12.1.
Ans. (b)) Z£7(37x* —108x + 1770 o(x) + g7 [ 111x> 4+ 213x2 — 318x — 5031 - #(x)
@ (x+21 a(x)+ @x> + x+ 27 H(x)
(f) (gx+h) a(x) + (cx® + hx + e} - H(x)

13.41. Prove Theorem XVII, Section 13.9.
13.42. Show that every polynomial of degree 2 in F[x| of Example 11, Section 13.10, factors completely in

FIx1/(x> + 1) by exhibiting the factors.

Partial Ans.

PH1l=0+H0+24) 3% +x+2= 0+ £+ 2)(x + 24 +2)

2+ x+1=(+4+1D)0Cx+4+2)

13.43. Discuss the field @[x]/(x*> — 3). (See Example 10, Section 13.10.)

13.44. Find the multiplicative inverse of §2 + 2 in (a) @[x1/(x* + x + 2), (b) FIx1/(x* + x + 1) when F = Zs.
Ans. @ (1 258 £9), () 1GE+2)



Vector Spaces

INTRODUCTION

In this chapter we shall define and study a type of algebraic system called a vector space. Before making
a formal definition, we recall that in elementary physics one deals with two types of quantities: (@) scalars
(time, temperature, speed), which have magnitude only, and (b) vectors (force, velocity, acceleration),
which have both magnitude and direction. Such vectors are frequently represented by arrows. For
example, consider in Fig. 14-1 a given plane in which a rectangular coordinate system has been established
and a vector : = OP =(a, b) joining the origin to the point P(a, b). The magnitude of Z; (length of OP) is
given by r = +/a? + b2, and the direction (the angle ¢!, always measured from the positive x-axis) is
determined by any two of the relations sin ?=b/r, cos ?=a/r, tan ?=b/a.
Two operations are defined on these vectors:

Scalar Multtplzcatton Let the vector £ Hl =(a, b) represent a force at 0. The product of the scalar 3 and the
vector £; defined by 3.;1 =(3g, 3b) represents a force at O having the direction of : =1 and three times
its magnitude. Similarly, —2:1 represents a force at O having twice the magnitude of £; but with the
direction opposite that of £

Vector Addition. If ;1 =(a, b) and {32 =(c, d) represent two forces at O, their resultant g(the single force at
O lLaving the sawe ellea as the veo Torees £) and 5) is given by £ = £, + 5, = (a + ¢, b + d) obtained by
means of the Parallelogram Law.

In the example above it is evident that every scalar s € R and every vector .: €R ~ R. There can be no
confusion then in using (+) to denote addition of vectors as well as addition of scalars.

Denote by V the set of all vectors in the plane (ie., V=R R). Now V has a zero element ¢ F= (0,0)

and every £ =(a, b) € V has an additive inverse _} —(—a,—b) € V" such that & — l—q) = {;in fact, Vis an
y
(atec,b+d)
(c.d)
P(a, b)
X
0
Fig. 14-1
178
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abelian additive group. Moreover, for all 5, €R and E,ﬁ € V, the following properties hold:

s(¢+_>)—si+sr,l (S+I)E st + tF

s(t8) = (st)E &

-
=
[

EXAMPLE 1. Consider the vectors & =(1,2), $=(1/2,0), #= (0, —3/2). Then

(@ 3F=3(1,2)=(3,6), 27=(1,0), and 3L +27=(3,6) +(1,0) = (4,6).
(B) i4+27=22), i+7=(1/2, —3/2), and 5 + 2 7)—4(F + #) = (8,16).

14.1 VECTOR SPACES

DEFINITION 14.1: Let F be a field and V' be an abelian additive group such that there is a scalar
multiplication of ¥ by F which associates with each s € F and £ € V' the element s £ € V. Then Vis called
a vector space over F provided, with u the unity of F,

O sG+M=si+si @) s =(DE
@) G+ni=si+i () ui=§

hold for all 5,7€ F and ¥, 7€ V.

It is evident that, in fashioning the definition of a vector space, the set of all plane vectors of the
section above was used as a guide. However, as will be seen from the examples below, the elements of a
vector space, i.e., the vectors, are not necessarily quantities which can be represented by arrows.

EXAMPLE 2.

(@) Let F=Rand V = V2(R) = {(a1,a2) : a1, a2 € R} with addition and scalar multiplication defined as in the first
section. Then, of course, V is a vector space over F; in fact, we list the example in order to point out a simple
generalization: Let =R and V = V,(R) = {(a1, a2, ..., a,) : a; € R} with addition and scalar multiplication
defined by

ey

+‘EI)=(alaaZ""’an)+(b1’b2"'-’bn)
= (@ +bi,a+bs,....a,+by), ETe ViR
and

si?: s(ay, az, .. .,a,) = (say,sas, ... ,sa,), SE [R,f:e Va(R)

Then V,(R) is a vector space over R.

(b) Let F=R and V,(C) = {(a1,a,. . .,.a,) : a; € C} with addition and scalar multiplication as in (@). Then V,(C)is a
vector space over R.

(¢) Let F be any field, V = F[x] be the polynomial domain in x over F, and define addition and scalar
multiplication as ordinary addition and multiplication in F[x|. Then V is a vector space over F.

Let 7 be a field with zero element z and " be a vector space over F. Since V' is an abelian
additive group, it has a umque ZETO element ¢ and, for each element £e V, there exists a unique
additive inverse _: Z such that # 4 (_,? )= i. By means of the distributive laws (i) and (ii), we find for all
seFand:zeV,

2 2 2 2 2. 2
SE+zE=(@+2i=8s=5E+{
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and
z 4 FA- z A4
si+si=s(E+ ) =sE=585+¢
e - -> ->
Hence, z¢ = ¢ and s{ = (.

We state these properties, together with others which will be left for the reader to establish, in the
following theorem.

Theorem I. In a vector space V over F with z the zero element of F and : the zero element of V, we have

(1) si={forallseF
() zi=iforallieV
B) (—s)k=s(-)=—(sf)forallseFand iV

-

4 Ifsi=i thens=zori=<¢

14.2 SUBSPACE OF A VECTOR SPACE

DEFINITION 14.2: A non-empty subset U of a vector space V over F is a subspace of V, provided U is
itself a vector space over F with respect to the operations defined on V.

This leads to the following theorem.

Theorem II. A non-empty subset U of a vector space V over F is a subspace of V if and only if U is
closed with respect to scalar multiplication and vector addition as defined on V.
For a proof, see Problem 14.1.

EXAMPLE 3. Consider the vector space V = V3(R) = {(a,b,¢) : a,b,c€ R} over R. By Theorem II, the subset
U={(a,b,0:a,beR}is a subspace of V since for all s€R and (a, b, 0), (¢, d,0) € U, we have

(a,5,0) +(c,d,0)=(a+c,b+d,0) e U
and

s(a, b,0) = (sa,sb,0) e U

In Example 3, V'is the set of all vectors in ordinary space, while U is the set of all such vectors in the
XOY-plane. Similarly, W = {(a,0,0) : a€R} is the set of all vectors along the x-axis. Clearly, W is a
subspace of both U and V.

DEFINITION 14.3: Let ;El, 52, cees ._?,,, €V, a vector space over F. By a linear combination of these m
vectors is meant the vector [ ¢ v given by

2 - - - -
= Lci&i = cl&l + 02&2 e Cm&m, Ci € f

- -
Consider now two such linear combinations Z¢;%; and Zd;Z;. Since

l;ci‘:;)i + l:di'gi = l:(C,’ + d,)::.')l
and, for any se F,

-> ->
sEeid; = (sei)é;

we have, by Theorem II, the following result.

Theorem III. The set U of all linear combinations of an arbitrary set S of vectors of a (vector) space V'is
a subspace of V.

DEFINITION 14.4: The subspace U of V defined in Theorem III is said to be spanned by S. In turn, the
vectors of S are called generators of the space U.
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EXAMPLE 4. Consider the space V3(R) of Example 3 and the subspaces

U={s(1,2,1)+13,1,5):5,teR}
spanned by ;’1 =(1,2,1) and ;2 =(3,1,5) and
W ={a(1,2,1) +b(3,1,5)+c(3, 4,7):a,b,ccR}

spanned by -{"1, f-"z, and ‘?3 =3, —4,7).
We now assert that U and W are identical subspaces of V. For, since (3, —4,71= 3(1,2,1) +2(3,1,5), we may
write

W ={(a—-30(1,2,1)+ (b +2c)3,1,5) :a,b,ce R}
={s'(1,2,D)+¢t'(3,1,5) :5',t' eR}
=U
Let

U=1{kit +kity - | kni, kieF}

be the space spanned by S = {;31, ;32, cees Em}, a subset of vectors of V over F. Now U contains the zero
vector 7 ¢ i (Why?); hence, if ; ¢ g, it may be excluded from S, leaving a proper subset which also spans
U. Moreover, as Example 4 indicates, if some one of the vectors, say, £;, of S can be written as a linear
combination of other vectors of S, then £; may also be excluded from S and the remaining vectors will
again span U. This raises questions concerning the minimum number of vectors necessary to span
a given space U and the characteristic property of such a set. See also Problem 14.2.

14.3 LINEAR DEPENDENCE

DEFINITION 14.5: A non-empty set S = {El, 52, . Em} of vectors of a vector space V over F is called
linearly dependent over F if and only if there exist elements k;, ks, . . ., k» of F, not all equal to z, such
that

Y

z z z pd
Lkifi=ki& +kady | L k=1

T

DEFINITION 14.6: A non-empty set S = {51, 52, ... ,Em} of vectors of V over F is called linearly
independent over F if and only if

2.2 2 2
rkifi=kig +kaby | N k=14

implies every k; = z.

Note. Once the field F is fixed, we shall omit thereafter the phrase “over F”°; moreover, by “the
vector space V,(Q)” we shall mean the vector space V,(Q) over Q, and similarly for V,(R). Also, when
the field is Q or R, we shall denote the zero vector by 0. Although this overworks 0, it will always be clear
from the context whether an element of the field or a vector of the space is intended.

EXAMPLE 5.

(a) The vectors 51 =(1,2,1) and 52 = (3,1,5) of Example 4 are linearly independent, since if

kiZ| + kaZy = (k1 + 3k, 2k1 + ko, k1 + 5k3) = 0 = (0,0,0)
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then ky + 3k; =0, 2k, + k2 = 0, k1 + 5k> = 0. Solving the first relation for k; — —3k, and substituting in the
second, we ﬁ_pd Sky = 0;_'then ky =0 and _151 -3k, =0. . ..
(b) The vectors 4, =(1,2,1), £, =(3,1,5) and {3 = (3, —4,7) are linearly dependent, since 34, — 2t, + £; = 0.

Following are four theorems involving linear dependence and independence.

Theorem IV. 1If some one of the set S = {51, ;32, ...E,,,} of vectors in V over F is the zero vector :, then
necessarily S is a linearly dependent set.

Theorem V. The set of non-zero vectors S = {i?l, Ez, cees Em} of V over F is linearly dependent if and
only if some one of them, say &;, can be expressed as a linear combination of the vectors &, &, ..., 4; |
which precede it. For a proof, see Problem 14.3.

Theorem VI. Any non-empty subset of a linearly independent set of vectors is linearly independent.

Theorem VII. Any finite set S of vectors, not all the zero vector, contains a linearly independent subset
U which spans the same vector space as S. For a proof, see Problem 14.4.

EXAMPLE 6 In the set S = {! 1, 25 «3} of Example 5(b), ¢ «1 and . }o are huearly mdependent while £3 = 2{2 - 3g
Thus, T = { £, «2} isa ma_)glmum linearly mdependent subset of S. But, since £;, and £3 are linearly mdependent
(prove _this), while E =1 +3%), 7, = {*1a~=3} is also a maximum linearly independent subset of S. Similarly,
Ts = {t,, t3} is another. By Theorem VII each of the subsets T}, T», T3 spans the same space, as does S.

The problem of determining whether a given set of vectors is linearly dependent or linearly
independent (and, if linearly dependent, of selecting a maximum subset of linearly independent vectors)
involves at most the study of certain systems of linear equations. While such investigations are not
diliculu hey can be caronely tedious, We shall sosipone mest of ese probloans vaul Chaper 16
where a neater procedure will be devised.

See Problem 14.5.

144 BASES OF A VECTOR SPACE
DEFINITION 14.7: Aset S = {._%, 52, ...En} of vectors of a vector space V over F is called a basis of V'
provided:
(i) Sis a linearly independent set,
(i}) the vectors of S span V.
Define the unit vectors of V,(F) as follows:
Zl = (u’O’O’O" o ’0’0)
Z =(0,u,0,0,...,0,0)
2 _(0 0,u,0, ...,0,0)

Z,=(0,0,0,0,...,0,u)

and consider the linear combination

-

E=afi +me— -+ apd, =(a1,a2,...,4,), aGEF 0))

Iff=7 thena; =a, = - = a, = z; hence, E = {21, %, . .., 2,} is a linearly independent set. Also, if £ is
an arbitrary vector of V,(F), then (7) exhibits it as a linear combination of the unit vectors. Thus, the set
E spans V,(F) and is a basis.

EXAMPLE 7. One basis of V4(R) is the unit basis

E = {(1’ 0’ 0’ 0)’ (0’ 1’ 0’ 0)’ (0’ 0’ 1’ 0)’ (0’ 0’ 0’ 1)}
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Another basis is
F={1,1,1,0),(0,1,1,1),(1,0,1,1),(1, 1,0, 1)}
To prove this, consider the linear combination
= a1(1,1,1,0) + a2(0,1,1,1) + a3(1,0,1,1) 4+ a4(1,1,0, 1)
=(@t+ata,ar+a+as,a+ar+az,ar+a3+as); a;eR

If I'is an arbitrary vector (p, g,r, s) € V4(R), we find

a=@+q+r—29/3 a=@+r+s—-2¢)/3

@=@+r+s—2p)/3 ar=@P+q+s-2r)/3
Then F is a linearly independent set (prove this) and spans V4(R).

In Problem 14.6, we prove the next theorem.

Theorem VIII. If S = {El, 52, s, Em} is a basis of the vector space V over F and T = {7}y, flp, . . . , 7i,} iS
any linearly independent set of vectors of V, then n = m.

As consequences, we have the following two results.

Theorem IX. 1If S = {El, 52, cee, Em} is a basis of V over F, then any m + 1 vectors of V necessarily form
a linearly dependent set.

Theorem X. Every basis of a vector space V over F has the same number of elements.

Note: The number defined in Theorem X is called the dimension of V. It is evident that dimension, as
defined here, implies finite dimension.
Not every vector space has finite dimension, as shown in the example below.

EXAMPLE 8.
(a) From Example 7, it follows that V4(R) has dimension 4.
(b) Consider
V ={ag + a1x + apx? + a3x> + asx* : a; € R}
Clearly, B = {1,x, x2, x3, x*} is a basis and V has dimension 5.
(¢) The vector space V of all polynomials in x over R has no finite basis and, hence, is without dimension.

For, assume B, consisting of p linearly independent polynomials of 7 with degrees == ¢, to be a basis.
Since no polynomial of V of degree > ¢ can be generated by B, it is not a basis. See Problem 14.7.

14.5 SUBSPACES OF A VECTOR SPACE

Let V, of dimension 7, be a vector space over F and U, of dimension m < n having B = {51, 52, . Em} as
a basis, be a subspace of V. By Theorem VIII, only m of the unit vectors of V' can be written as linear
combinations of the elements of B; hence, there exist vectors of ¥ which are not in U. Let i, be such a
vector and consider

klgl +k2§2 vl kmgm + ki = G ki,keF )
Now k = z, since otherwise k 1 € F,

fo=k N kE —kyly — o —kond)
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and %, € U, contrary to the definition of ;. With k = z, (2) requires each k; = z since B is a basis, and we
have proved the next theorem.

Theorem XI. If B= {EI,EZ,...,EM} is a basis of U ¢ V and if #; € V but 7, ¢ U, then BU{#,} is a
linearly independent set.

When, in Theorem XI, m+ 1 =n, the dimension of V, By = BU{#j,} is a basis of V; when
m+ 1 < n, By is a basis of some subspace U; of V. In the latter case there exists a vector 7, in ¥ but not
in U; such that the space U,, having BU {#,, 7i,} as basis, is either V or is properly contained in V ....
Thus, we eventually obtain the following resuit.

Theorem XII. If B = {51,52,...,5,,,} is a basis of U ¢ V having dimension n, there exist vectors
s o+ v vy ily min V such that BU{i;, 7, ..., 7, ,,}is a basis of V. See Problem 14.8.

Let U and W be subspaces of V. We define
UNW={i:(cUiew)}
U+W={i+7:2eU,iie W}
and leave for the reader to prove that each is a subspace of V.

EXAMPLE 9. Consider V = V4(R) over R with unit vectors |, £, 73, %4 as in Example 7. Let

U = {a171 + ax¥2 + a3%3 : ;€ R}
and
W = {b1%y + by?3 + b3%4 : b; R}
be subspaces of dimensions 3 of V. Clearly,
UNW ={ci¥s+c2¢3:c;eR}, of dimension 2

and

U+ W= {alzl + azzz + a37='3 +b11-"2 +b21-"3 +b324 : a,-,b,- € R}

={di7| + s + ds?s + dsis : dieR} =V

Example 9 illustrates the theorem below.

Theorem XIII. If U and W, of dimension r -+ n, and s = n, respectively, are subspaces of a vector
space V' of dimension » and if UNW and U+ W are of dimensions p and ¢, respectively, then
t=r+s—p.

For a proof, see Problem 14.9.

14.6 VECTOR SPACES OVER R

In this section, we shall restrict our attention to vector spaces V' = V,(R) over R. This is done for two
reasons: (1) our study will have applications in geometry and (2) of all possible fields, R will present a
miviman i dithenltics.

Consider in V' = V,(R) the vectors ; = (a1, ax) and i = (by, b,) of Fig 14-2.
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J)

(04, by)

(ay, ap)

Fig. 14-2
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The length 5] of £ is given by 1E] = Va2 + a2 and the length of 7 is given by || = Vb2 + b,%. By the

law of cosines we have

g 2 >

|£ — 812 = |2% + 31> — 21 - 17| cost!
so that

cos ! — (@%+ a2+ B2+ b2 [ia; — by) +(02—b2)| arb; + aby

> >
201 -7 HRE]

The expression for cos ? suggests the definition of the scalar product (also called the dot product and inner

product) of ¢ and i by

L7 =aby +ab,

Then [&] =4/% & cosfl =& /1% - 17, and the vector % and % are orthogonal (ie.,

perpendicular, so that cos #/=0) if and only if & 7=

In the vector space V = V,,(R) we define for a]l E= (a1, @, ...a,) and 7j = (b1, b, ..

E-0=Xab;=aih) + @by - | ayby

> o
o = \/E E=\/012+022 | a2

These statements follow from the above equations.
(1) Isél=1sl-1Z forall fc V" and seR
(2) |& =0, the equality holding only when £=0
(@) |E-% = I -17| (Schwarz inequality)
@ |E+7 = 47| (Triangle inequality)

.l'r.¢

=y

Ty

&) ; and 7 are orthogonal if and only if ; -i1=0.

-5 bn),

mutually

For a proof of (3), see Problem 14.10.
See also Problems 14.11-14.13.
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Suppose in V,,([R) the vector i is orthogonaL to each vector of the set {H 1552, eees .:m} Then, since
NE=05= =0 qm_O we have ij- ic1q1+czH2 v | Cmll,) =0 for any c;eR and have
proved this theorem:

Theorem XIV. 1If, in V,(RR), a vector j is orthogonal to each vector of the set {51, 52, ey .f;_')m}, then 7 is
orthogonal to every vector of the space spanned by this set. See Problem 14.14.

147 LINEAR TRANSFORMATIONS

A linear transformation of a vector space V(F) into a vector space W(F) over the same field F is a
mapping T of V(F) into W(F) for which

) G+EHT=E5T+5T forall £, ev(F)
(@) 65T = sET) forall £ e V(F) and seF

We shall restrict our attention here to the case W(F)= V(F), i.e., to the case when T is a mapping
of V(F) into itself. Since the mapping preserves the operations of vector addition and scalar
multiplication, a linear transformation of V(F) into itself is either an isomorphism of V(F) onto V(F) or
a homomorphism of V(F) into V(F).

EXAMPLE 10. In plane analytic geometry the familiar rotation of axes through an angle s+ is a linear
transformation

T: (x,y) > (x cos . — y sin ixx sin i¥ 4+ y cos i¥)

of V»(R) into itself. Since distinct elements of V,(IR) have distinct images and every element is an image
(prove this), T is an example of an isomorphism of V(R) onto itself.

EXAMPLE 11. In 73(@Q) consider the mapping

T:(a,b,c)> (@+b+5c,a+2¢,2b+6¢), (a,b,c)eV3(Q@)

For (a,b, ¢),(d, e,f) € V3(Q) and s € Q, we have readily

@) (a,b,0)+d,e.f)=(a+d,b+e,c+f)—> (a+d+b+e+5c+5,a+d+2c+2f,2b+2e+6c+6f)
=(a+b+5c,a+2¢,2b+6c)+(d+e+5f,d+2f,2e+6f)

ie.,
and

(@) s(a,b,c) = (sa, sb,sc) - (sa + sb + Ssc,sa + 2sc,2sb + 6sc) = s(a+ b + S5c,a+ 2¢,2b + 6¢)
ie.,

[s(a,b,ciIT = s[(a,b,c)T1

Thus, T is a linear transformation on V3(@).
Since (0,0,1) and (2,3,0) have the same image (5,2,6), this linear transformation is an example of a
homomorphism of V3(@) into itself.

The linear transformation 7" of Example 10 may be written as

x(1,0) + y(0, 1) = x(cos w, sin ) + y(— sin v, cos i¥)
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suggesting that 7" may be given as
T :(1,0) > (cos w, sin ), (0, 1] — {— sin v, cos r)
Likewise, T of Example 11 may be written as
a(1,0,0) 4+ 5(0,1,0) + ¢(0,0,1) — a(1,1,0) + b(1,0,2) + c(5,2,6)
suggesting that 7" may be given as
T :(1,0,0) — (1,1,0),(0,1,0) > (1,0,2),(0,0,1) — (5,2,6)

Thus, we infer:
Any linear transformation of a vector space into itself can be described completely by exhibiting its
el on the unll base vectors of the space, Soe Problan 1415
In Problem 14.16, we prove the more general statement given below.
Theorem XV. If {51, 52, s, ._‘;_'),,} is any basis of V'=V(F) and if {3, %, ..., 1,} is any set of n elements of
V, the mapping

T:‘Ei_)ﬁi’ (1=1a2a’n)

defines a linear transformation of V into itself.
In Problem 14.17, we prove the following theorem

Theorem XVI. 1f T is a linear transformation of V(F) into itself and if W is a subspace of V(F), then
Wr = {:.T ¢ € W}, the image of W under 7, is also a subspace of V(F).

Returning now to Example 11, we note that the images of the unit basis vectors of V3(Q) are linearly
dependent, i.e., 28T + 35T — T = (0,0,0). Thus, V7 ¢ V;in fact, since (1,1,0) and (1,0,2) are linearly
independent, V7 has dimension 2. Defining the rank of a linear transformation T of a vector space V' to
be the dimension of the image space V1 of V under T, we have by Theorem XVI,

rr = rank of T - dimension of V'

When the equality holds, we shall call the linear transformation T non-singular; otherwise, we shall call T’
singular. Thus, T of Example 11 is singular of rank 2.

Consider next the linear transformation T" of Theorem XV and suppose T is singular. Since
the image vectors, ii; are then hnearly dependent, there ex1st elements s; € F, not all z, such that Zs;i}; = {,
Then, for é=2xs;;, we have 7 £T = }. Conversely, suppose fl= Lt,aL # 7 and

AT = S(HE)T = nG D + 06T -+ 6@ =

Then the image vectors .f;';T, (i=1,2,...,n) must be linearly dependent. We have proved the following
result.

Theorem XVII. A linear transformation T of a vector space V(F) is singular if and only if there exists a
non-zero vector £ € V(F) such that £ T =i

EXAMPLE 12. Determine whether each of the following linear transformations of V4(Q) into itself is
singular or non-singular:

2 > (1,1,0,0) 7 - (1,1,0,0)

. 22 - (0313130) . "22 - (0313130)

@ 49z ©,0,1,1)’ ®) B:yz (0,0,1,1)
zZ - (0,1,0,1) Z - (1,111
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Let ; = (a, b, ¢, d) be an arbitrary vector of V4(@).

(@) Set id = (a? + b4 +cé3 +dé)A =(a,a+b+d,b+c,c+d) = 0. Since this requires a=b=c=
d=0, that is, £ =0, A4 is non-singular.

(b) Set §B= (a+d,a+b+d,b+c+d,c+d)y=0. Since this is satisfied when a=c=1, b=0,
d=—1, we have (1,0,1, —1)B=0 and B is singular. This is evident by inspection, i.e.,
2B+ #3B = 24B. Then, since 7| B, #,B, #3B are clearly linearly independent, B has rank 3 and is
singular.

We shall again (see the paragraph following Example 6) postpone additional examples and problems
until Chapter 16.

148 THE ALGEBRA OF LINEAR TRANSFORMATIONS
DEFINITION 14.8: Denote by A the set of all linear transformations of a given vector space V{(F)

over F into itself and by M the set of all non-singular linear transformations in .A. Let addition (+) and
multiplication (-) on A be defined by

A+B:XA+B)=(A+iB, EcV(F)
and
A-B={A-B=(EAB, eV

for all 4, Be A. Let scalar multiplication be defined on A by

kA : ikd) = (DA,  EeV(F)
forall Ae Aand ke F.
EXAMPLE 13. Let
1-"1 d (d, b) 1-"l g (ea.f)
A: { and B: {
1-"2 - (C, d) 1-!2 - (ga h)

be linear transformations of V,(R) into itself. For any vector = (s, 1) € V»(R), we find

FA = (5,04 = (%1 + )4 = 5(a, b) + 1(c, d)
= (sa + tc, sb + td)
B = (se + tg, sf + th)

and
g(A +B) =(,D4+(s,)B=(s(a+e) + t{c+g),s(b+f)+td+h)
Thus, we have

Z = (a+eb+))
"22 - (C+g,d+h)
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Also,
HA - B) = ((s, D A)B = (sa + tc, sb + td)B
=(sa+tc)-le,f)+(sb+td)-{g h)
= (s(ae + bg) + t(ce + dg), s(af + bh) + t(cf + dh))
and

?1 — (ae+bg,af +bh)

A-B: .
# — (ce+dg,cf +dh)

Finally, for any k € R, we find
(kE)A = (ks, kt)A = (k(sa + tc), k(sb + td))

and

2 1 —> (ka, kb)

kA : .
o — (ke,kd)

In Problem 14.18, we prove the following theorem.

Theorem XVIII. The set A of all linear transformations of a vector space into itself forms a ring with
respect to addition and multiplication as defined above.

In Problem 14.19, we prove the next theorem.

Theorem XIX. The set M of all non-singular linear transformations of a vector space into itself forms a
group under multiplication.

We leave for the reader to prove the theorem below.

Theorem XX. If Ais the set of all linear transformations of a vector space V(F) over F into itself, then
A itself is also a vector space over F.

Let A, Be A. Since, for every ; ev,
HA+B)=tA+ B
it is evident that
Via+p - Va+ Vg

Then

Dimension of V(5 = Dimension of V4 + Dimension of Vp

and

T4+B) T4t 7B
Since for any linear transformation 7 € A,

Dimension of V7 = Dimension of V'
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we have

Dimension of V{4.p) ~* Dimension of V4

Also, since V4 - V,

Thus,

14.1.

14.2.

Dimension of V(4.5 - Dimension of V3

F4.B) T4, F4.B) - TB

Solved Problems

Prove: A non-empty subset U of a vector space V over F is a subspace of V if and only if U is
closed with respect to scalar multiplication and vector addition as defined on V.

Suppose U is a subspace of V; then U is closed with respect to scalar multiplication and vector addition.
Conversely, suppose U is a non-empty subset of V whlch is closed with respect to scalar multiplication and
vector addition. Let e U; then f—u)g — —m }l — —4 €U and ¥ + - *) =¢eU. Thus, U is an abelian
additive group. Since the properties ({)—(iv) hold in V, they also hold in U. Thus U is a vector space over F
and, hence, is a subspace of V.

In the vector space V3(R) over R (Example 3), let U be spanned by ;1 =(1,2, — 1) and
% =(2, —3,2) and W be spanned by {; =4,1,3) and £, (-3,1,2). Are U and W identical
subspaces of V'?

-

First, consider the vector = i3 — 5 = (7,0,1) € W and the vector

ﬁ=x§1 +y§2 =(x+2,2x -3y, —x+2y)eU
Now gand 7 are the same provided x, y € R exist such that
(x+2y,2x—3y, —x+2y)=(7,0,1)

We find x = 3,y = 2. To be sure, this does not prove U and W are identical; for that we need to be able to
produce x,y € R such that

e e e e
xr-:ll +yf-:'2 = af-:'3 + bf-:'4

for arbitrary a,b eR.
From

x+2y=4a 3b
—x+2y=3a+2b
we find x = 1(a — 5b), y = 1(7a — b). Now 2x — 3y # a+ b; hence U and W are not identical.

Geometrically, U and W are distinct planes through O, the origin of coordinates, in ordinary space. They
have, of course, a line of vectors in common; one of these common vectors is (7,0, 1).
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14.3.

14.4.

14.5.

> -
Prove: The set of non-zero vectors S = {£},%,...,&,} of V over F is linearly dependent if and
only if some one of them, say, &;, can be expressed as a linear combination of the vectors
£1>52, ..., % 1 Which precede it.

Suppose the m vectors are linearly dependent so that there exist scalars ki, k, ..., kn, not all equal to z,
such that Lk,{, =1 Supposs Further thal Lthe cozllivient &; is not z while the tnrlllm“nl skjy1,kiy2, o km arez
(not excluding, of course, the extreme case j = m}. Tth i ellest

z z :_ 7
kigy +hkaty o L kg =4 0))
. Ind =
and, since k;¥; # ¢, we have
z z z z
kig; = —ki&) —kafy — - —kj &
or
z z z
G=qartqei 1 1 giag )

with some of the ¢; # z. Thus, *_; is a linear combination of the vectors which precede it.

Conversely, suppose (2) holds. Then

-

k1'51+k252 ij'Ej+Zfl.'-;;+1+Zrl.'-;;+2 | --- |Z-m=

1

- - -
with k; # z and the vectors 4},4,,...,%,, are linearly dependent.

Prove: Any finite set S of vectors, not all the zero vector, contains a linearly independent subset U
which spans the same space as S.

Let S= {51,52,...,5,,,}. The discussion thus far indicates that U exists, while Theorem V suggests
the following procedure for extracting it from S. Considering each vector in turn from left to right, let us
agree to exclude the vector in question if (1) it is the zero vector or (2) it can be written as a linear
combination of all the vectors which precede it. Suppose there are n -~ m vectors remaining which, after
relabeling, we denote by U = {7, 7, ..., 7i,}. By its construction, U is a linearly independent subset of S
which spans the same space as S.

Example 6 shows, as might have been anticipated, that there will usually be linearly independent subsets of
S, other than U, which will span the same space as S. An advantage of the procedure used above lies in the
fact that, once the elements of S have been set down in some order, only one linearly independent subset,
namely U, can be found.

Find a linearly independent subset U of the set S = {i?l, Ez, 53, 54}, where
'g.-;l = (1323 - 1)3‘?2 =I 33 - 633)3 E’3 = (23 133)3‘?4 = (83737)€R3

which spans the same space as S.

First, we note that !1 #7 and move to {2 Since ¢ «2 — —3.? 1 (e, :2 is a linear combination of _? 1), we
exclude E £> and move to : . Now !3 # sal, for any s € R; we move to !4 Since £4 is neither a scalar multiple of
!1 nor of *3 (and, hence is not automatically excluded), we write

shi+ =512, -D+42,1,3) =677 =1k
and seek a solution, if any, in R of the system
s+2t=8, 25+t=17, s+3t=7

The reader will verify that , = 2*1 + 3£3, hence, U = { E \,3} is the required subset.
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Prove: If S = {51, 52, ... ,E,,,} is a basis of a vector space V over F and if T = {#, 75, ..., 1,} is a
linearly independent set of vectors of V, then n -~ m.

Since each element of T can be written as a linear combination of the basis elements, the set

- -

S/ = {F'il’ E‘.l’ t‘z, caay tm}
spans V and is linearly dependent. Now #%; # E; hencg, some one of the #’s must be a linear combination of

the element_§ which precede it in S’. Examining the 4’s in turn, suppose we find 5, satisfies this condition.
Excluding ¢; from ', we have the set

-

G DD D LB T
Sl ={F|'1,-.-1,-.-2,---,-._i la£i+la---a‘1m}

which we shall now prove to be a basis of V. It is clear that S| spans the same space as &, i.e., S| spans V.
Thus, we need only to show that S| is a linearly independent set. Write

> 2 2 2
h=aitas | agf, aeF, a;i#z
If S; were a linearly dependent set there would be some ¢}, > i, which could be expressed as
2 > 2 z Py z Py
L=bin +bk +biy - 1 biE bS5 o 1 b 1g g, by #z
whence, upon substituting for ;,
e e e e
f-:j=6'1f-:1+6'2f.;2 e ] Cj 1f-:j_1
contrary to the assumption that S is a linearly independent set.
Similarly,
Sll = {ﬁz, ﬁl’ fl"!?Z’ ey E‘Ii—l"!‘i+1’ e "im}
isa ﬁ_pearly dependent set which spans V. Since 7 and 7, are linearly independent, some one of the #’s in S/,

say, i, is a linear combination of all the vectors which precede it. Repeating this argument above, we obtain
(assuming j > i) the set

-

TN A A A A 3
So = {m, I b dos 0t Lo Sitls - s s 5j laHj+la---a£m}

as a basis of V.

Now this procedure may be repeated until 7 is exhausted provided n -* m. Suppose n > m and we have
obtained

Sm = {?i'ma Mm 15512 J-||1}
as a basis of V. Consider S/, =SU{#,.}. Since S, is a basis of V and 7, €V, then %, is
a linear combination of the vectors of S,. But this contradicts the assumption on 7. Hence n := m, as

required.

(a) Select a basis of V3(R) from the set

S = {tla‘iza ‘!133 54} = {(13 - 332)3 (2343 1)’ (33 133)3 (13 13 1)}

(b) Express each of the unit vectors of V3(R) as linear combinations of the basis vectors found in (a).
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(@) If the problem has a solution, some one of the *’s must be a linear combination of those which precede

it. By inspection, we find & = £ + £,. To prove {,1, £, ,4} a linearly independent set and, hence, the
required basis, we need to show that

at; +biy+ciy=(@+2b+c, —3a+4b+c,2a+b+c) = (0,0,0)

requires a = b = ¢ = 0. We leave this for the reader.

The same result is obtained by showing that

S-*?l +t§2 =g4, s,teR
ie.,
s+2t =1
-3s+4t =1
25+t =1

is impossible. Finally any reader acquainted with determinants will recall that these equations have a
solution if and only if

i1 2 1
-3 4 1]=0
|2 1 1|

(®) Set al, + bt, + ciy equal to the unit vectors 7,75, 7 in turn and obtain

a+2b+c =1 a+2b+c =0 a+2b+c =0
—3a+4b+c =0 —3a+4b+c =1 —3a+4b+c =0
2a4+b+c =0 2a+b+c =0 2a+b+c =1

having solutions:
a=3/2,b=5/2,c — —11/2 a=b—-1/2,c=3/2 a——-1,b——-2,c=5
Thus,

B —b+3E), and 7 ) —26 + 55

N =

=-(3 E| + 5ky — 118, % =

For the vector space V4(Q) determine, if possible, a basis which includes the vectors 51 =
s T 2’ 0’ 0) and EZ = (0’ 1’0’ 1)

Since £ # E, £y # E, and #, # st; for any s € @, we know that %; and #, can be elemgntg of a basis of

V4(@). Since the unit vectors 71, 7, #3, 74 (see Example 7) are a basis of V4(@), the set S = {¢1, 45, 71, %2, 73, 74}
spans V4(@) and surely contains a basis of the type we seek. Now 7| will be an element of this basis if
and only if

al + by +c? = (Ba+c, —2a+b+d,0,b) = (0,0,0,0)
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requires a = b = ¢ = 0. Clearly, 7| can serve as an element of the basis. Again, #, will be an element if and
only if

al; + by + 2 +diy = Ba+c, —2a+5b,0,b) = (0,0,0,0) 19)

requiresa = b =c= d=0.Wehaveb=0=3a+c= 2a+d;then(l)is satisﬁeébza =1,b=0,c= 3,
d =2 and so {i, t,, ?1, %2} is not a basis. We leave for the reader to verify that {4, ,,2, %} is a basis.

Prove: If U and W, of dimensions r = nand s - n, respectively, are subspaces of a vector space V'
of dimension n and if UNW and U+ W are of dimensions p and ¢, respectively, then
t=r+s—p.

-

Take A = {El, doseis, Ep} as a basis of UNW and, in agreement with Theorem XII, take B =
AU{X,%,...%, ptasabasisof Uand C =AU {ii, i,... #_,} as a basis of W. Then, by definition, any
vector of U + W can be expressed as a linear combination of the vectors of

2 7 > o g O ->
D={'51"52""a"~p’}'1’"1‘2’---"'.‘r o M1 1425 o0 v Mg p}

To show that D is a linearly independent set and, hence, is a basis of U + W, consider

2 2 2 > 2
aiiy taxiy, - | ap-_:,p-i-b].n] + byt
nd -> -> -> it
+ b, prrp ety Fealip 1o 1 g pls p =& o))
where a;,bj,cp € F.
Set = ¢ i} + eaiiy + - - —Cy_pity_p. Now T€W and by (I), e U; thus, 7€ UNW and is a linear
combination of the vectors of 4, say, & = g, ¥, + dply + - — dplsy: Then
-> -> > -
ciity ety | | ey pity p—d1E] —daly — —dpl, =

and, since C is a basis of W, each ¢; = z and each d; = z. With each ¢; = E, (1) becomes

-

c Py P g v g 2 '
ai) Fazs, | ap'ﬁp+b1"~l+b2-’~2 e | br phr p=+% (1)

Since Bis a basis of U, each a; = z and each b; = zin (I’). Then D is a linearly independent set and, hence, is
a basis of U + W of dimension ¢t =r+ s —p.

Prove: [§-7 = & -|7| for all £, 7 € V,(R).
For{ = 0or 7 = 0, we have 0 = 0. Suppose E;é 0 and 7 # 0; then |7] = k|¥] for some k € R™, and we have
Aea=laP =k 8P =k 1& -1l =K 1P = k2E- &)
and
0= (kE— R (ki — ) =k2¢E- ) _2k(E-T)+7-7
=% L -7 £2KE-7)
Hence,

—2k(E - 71 = 2kl - Al
HE 1w £ -
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- -
I -7l = 4] 17

14.11. Given £ =(1,2,3,4) and 7 = (2,0, — 3, 1), find

14.12.

14.13.

14.14.

@E- 7, @ and [, (oI55 and | =37, (d) |f+7l

(@ £ 7=1242-0+31-3)+4-1 -3
®) El=+11+22+3-3+4-4=+/30, i =+/4+9+1=+14
(©) I5H=+254+25-4+25-9425-16 =530, | =37 =+/9-44+9-9+9-1 =314
@ E+7=(3,205and [} +7 =+9+4+25=+/38
Given é =(1,1,1) and 7 = (3,4, 5) in V3(R), find the shortest vector of the form % = & + s7.
Here,
P =(1+3s,1+4s,1+55)
and

|m |2 = 3+ 24s + 505>

Now |;| is minimum when 24 + 100s = 0. Hence, P = (7/25,1/25, — 1/5). We find easily that *and i are
orthogonal. We have thus solved the problem: Find the shortest distance from the point P(1,1,1) in
ordinary space to the line joining the origin and Q(3,4,5).

-

For & = (a1, @, a3), = (b1, by, b3) € V3(R), define

@
®
©
@

E % 1 = (axbs — asha, ashy — aybs, ayby — axhy)

Show that % x 7 is orthogonal to both Fand 7.
Find a vector & orthogonal to each of I = (1,1,1) and 7 = (1,2, - 3).

Feidoa FF) = ay(apb3 — asby) + ax(asb; — a1bs) + as(a by — axby) = 0 and similarly for K |§ A, FF)
PoFad=(U=3-2-1,1-1 Li=3)1-2 1-1)—(=541)

Let E: (1,1,1,1) and 7§ = (1,2, — 3,0) be given vectors in V4(R).

@
®
©

Show that they are orthogonal.

Find two linearly independent vectors * and { which are orthogonal to both f and .

Find a non-zero vector ¥ orthogonal to each of E, A, 7 and show that it is a linear combination of
and .

(@ P-f=1-141 2+11—3)=0; thus, ¢ and 7 are orthogonal.

(b) Assume (g, b, ¢, d) € V4(R) orthogonal to both ¥ and 7i; then

() a+b+c+d=0 anda+2b—-3c=0

First, take ¢ = 0. Then a + 2b =0 is satisfied by a =2,b — —1; and a+ b+ c+d = 0 now gives
d -1.Wehave s =(2, —1,0, —1).

Next, take b = 0. Then a — 3¢ =0 is satisfied by a=3,c=1; and a+b+c+d =0 now gives
d — —4. We have it = (3,0,1, — 4). Clearly, 7 and ji are linearly independent.
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Since an obvious solution of the equations (i) is a = b = ¢ = d = 0, why not take P= (0,0,0,0)?

(¢) If ¥ =(a,b,c,d)is orthogonal to r, 7, and 7, then
a+b+c+d=0, a+2b—3c=0 and 20—-b-d=0

Adding the first and last equation, we have 3a te= 0 which is satisfied by a=1,¢c -3.Now b -5,
d=17,and ¥ =(1, — 5, —3,7). Finally, ¥ =5 — 3.

Note: It should be clear that_'the solutions obtained here are not unique. Fi_}'st of all, any non-zero
scalar multiple of any or all of 4, i, ¥ is also a solution. Moreover, in finding » (also, ¥) we arbitrarily
chose ¢ = 0 (also, » = 0). However, examine the solution in (¢) and verify that ¥ is unique up to a scalar
multiplier.

Find the image of ; =(1,2,3,4) under the linear transformation

g - ({,-2,0,9
A . 22 —> (2,4, 1, - 2)
) HZ = (0,-1,5 -1
2 - (1,3,2,0

of V(@) into itself.
We have

E: 21 +222 +3Z3 +4Z4 i (la _2’0’4)
+2(2,4,1, —2)+3(0, — 1,5, — 1) +4(1,3,2,0) = 9,15,25, — 3)

Prove: If {El, 52, s, 5,,} is any basis of V' = V(F) and if {#;, ,, ..., 1i,} is any set of n elements of
V, the mapping

T:&— i, i=12,...,n)

defines a linear transformation of V into itself.

Let .? = };sl.{,. and 7 = Et,-g',- be any two vectors in V. Then
Db fi= s+ 1) — s+ )7, = sl + i,
so that
) C+DT= T+7T
Also, for any s € F and any ? ev,
s-?: s}_Is,-g,- — SE§;H;
so that
@) DT =sCT)
as required.

Prove: If T'is a linear transformation of V(F) into itself and if W is a subspace of V(F), then
Wr ={ET : £ € W}, the image of W under T, is also a subspace of V(F).
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14.18.

For any !T AT € Wr, we have !T+ AT = (g +®W7T. Since £, r; € W implies * +He W, then
(H +MTeWr. Thus Wr is closed under addition. Similarly, for any £ FT e Wz, seF, we have s(tT) =

(s*)T € Wr since £ € W implies sg € W. Thus, Wr is closed under scalar multiplication. This completes
the proof.

Prove: The set A of all linear transformations of a vector space V(F) into itself forms a ring with
respect to addition and multiplication defined by
A+B:5A+B)=i4+%B, EeV(F)
A-B:HA -B)=(EA)B, EeV(F)
for all 4,Be A.
Let I, T e V(F), ke F, and 4, B, C € A. Then
C+NA+B=C+MNA+C+MB=14+74+B+7B
= A+ B) + (4 + B)
and
(k2)(A + B) = (K)A + (k)B = k(i4) + k(i B)
= k(A +FB)
= ki(4 + B)
Also,
C+MA-B) = [+ DAIB = (4 + DB
= (B +(i)B =4 B) + (4 B)
and

(ki)(A - B) = [(kiAVB = [k(i4)1B = K[(A)B] = ki(4 - B)

Thus, 4+ B,A- Be A and A is closed with respect to addition and multiplication.

Addition is both commutative and associative since
HA+B)=TA+ B=IB+i4=iB+4)
and
MA4+B) +Cl—td+B+ic=la+tB+IC
=td+HB+C) =4+ @B+ CN

Let the mapping which carries each element of V(F) into 7 be denoted by 0; i.e.,

- -

0:0=% eV



198

VECTOR SPACES [CHAP. 14

Then 0 € A (show this),
HA+0)=iA+0=(A+(=%4
and 0 is the additive identity element of A.
For each 4 € A, let —A4 be defined by
—A:l—4) —E4),  feV(P)
It follows readily that —4 € A and is the additive inverse of A4 since
{=A=F-DA=04 [ CaN-{a 1 a1-L-0

We have proved that A is an abelian additive group.

Multiplication is clearly associative but, in general, is not commutative (see Problem 14.55). To complete
the proof that A is a ring, we prove one of the following Distributive Laws

A-iB+C)=4-B+4-C
and leave the other for the reader. We have
HA 1B+ CY =(34)B + C) = (F4)B + (F4)C
=54 -B)+5A4-C)=54 -B+4-C)

14.19. Prove: The set M of all non-singular linear transformations of a vector space V(F) into itself

forms a group under multiplication.

Let A, Be M. Since 4 and B are non-singular, they map V(F) onto V(F), ie., Vy=V and Vz="V.
Then Viyp =(V4)pg=Va=V and 4-B is non-singular. Thus, 4-BeM and M is closed under
multiplication. The Associative Law holds in M since it holds in .A.

Let the mapping which carries each element of V(F) onto itself be denoted by 1, i.e.,
I:i1=% Fev(
Evidently, I is non-singular, belongs to M, and since
- A)=(EDA=Td=(FAHI=H4 1)

is the identity element in multiplication.

Now A is a one-to-one mapping of V(F) onto itself; hence, it has an inverse 4 ! defined by
AV:Epat =t lev®
For any Lhe V(F), Ae M, and k € F, we have FA,fde V(F). Then, since
TA+74)A" =C+DA4 - A =+ F= (4™ + (G4
and
[k(EANA ' = (DA ' = kE = KIG)A ']

it follows that 4 ! € A. But, by definition, 4 ! is non-singular; hence, 4 ! € M. Thus each element of M
has a multiplicative inverse and M is a multiplicative group.
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14.20.

14.21.

14.22.

14.23.

14.24.

14.25.

14.26.

14.27.

14.28.

Supplementary Problems

Using Fig. 14-1:
(a) Identify the vectors (1,0) and (0, 1); also (a,0) and (0, b)
(b) Verify (a,b) = (a,0) + (0,5) = a(1,0) + (0, 1).
Using natural definitions for scalar multiplication and vector addition, show that each of the following are
vector spaces over the indicated field:
@ V=R,F=0Q
b V=CF=R
© V={a+b72+cV/3:0,b,ccQ); F=Q
(d) V = all polynomials of degree -~ 4 over R including the zero polynomial; 7 = Q@
@@ V={ae*+cae*:c,0ecR; F=R
() V=A{(a,m,a3):2:€Q, a1 +2a, = 3a3}; F=Q
(@ V={a+bx:a,beZ}, F=12;

(@) Why is the set of all polynomials in x of degree > 4 over R not a vector space over R?

(b) Is the set of all polynomials R[x| a vector space over @? over C?

Let {,7 € V over F and s, € F. Prove:
(@) When _? #* E, then s.? = tf implies s = ¢.

(b)) When s # z, then st = s7 implies & = 7.
Let ?, E ZeV over F. Show that gand 7 are linearly dependent if and only if f: st for some se F.

(@) Let 5 ,he V(R). If ¥ and 7l are linearly dependent over R, are they necessarily linearly dependent over
Q? over C?

(b) Consider (a) with linearly dependent replaced by linearly independent.

Prove Theorem IV and Theorem VI.

For the vector space V' = V4(R) = {(a,b,c,d) : a,b,c,d e R} over R, which of the following subsets are
subspaces of V?

(@ U={@a,a,a,0): aeR}

®) U={@a,b,a,b):a,beZ}

(¢ U={(a,2a,b,a+b):a,beR}

(@ U={(a,m,03,a4) : a; €R, 205 + 3a3 = 0}

(& U={(a,a2,a3,a4): a;€R, 2a; + 3a3 = 5}

Determine whether the following sets of vectors in V3(Q) are linearly dependent or independent over Q:

(@ {(0,0,0),(1,1,1)} @ {©,1, 2,71, 1,1),1,2,1}
(b) {(L _2a 3)a (3a _6a9)} (e) {(0,2, _4)5(1a _2a - 1)a(1a _4a 3)}
@ {1, 2, 3),3,2,1} o {Qa, 1, D,2,310D,;-1,4, 2),(3,10,8)}

Ans. (¢), (d) are linearly independent.
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14.29.

14.30.

14.31.

14.32.

14.33.

14.34.

14.35.

14.36.

14.37.

14.38.

14.39.

14.40.

14.41.

14.42.

VECTOR SPACES [CHAP. 14

Determine whether the following sets of vectors in V3(Zs) are linearly dependent or independent over Zs:

@ {(1,2,4),2,4D} (9 {0,1,1),(1,0,1),3,3,2)}
®) 12,3,4,6,2,D} (@ {(4,1,3),(2,3,1,(4,1,0)}

Ans. (a), (¢) are linearly independent.

For the set S = {(1,2,1),(2,3,2),(3,2,3),(1, 1, 1)} of vectors in V(Zs) find a maximum linearly independent
subset T and express each of the remaining vectors as linear combinations of the elements of 7.

Find the dimension of the subset of V3(Q) spanned by each set of vectors in Problem 28.
Ans. (@), (b) 1; (), () 2, (@), () 3

For the vector space C over R, show:

(a) {1,i}is a basis.

(b) {a+ bi,c + di} is a basis if and only if ad — bc # 0.

In each of the following, find a basis of the vector space which includes the given set of vectors:
@ {1,1,0),(0,1, )} in V3(Q).

® {21, 1, 2,23, 2,1,@42 1,3)}in Vy(Q).

© {(2,1,1,0),(1,2,0,1)} in Va(Zs).

@ {G0,1,0)0,i,1,0)} in V4(C).

Show that S = {51, §2, §3} ={(G,1+4+42),2+1i1),(3,3+2i, — 1)} is a basis of V3(C) and express each of
the unit vectors of V3(C) as a linear combination of the elements of S.

Ans. 2] — [i1—39 — 6L, + (80 — )E, + (2 — 13)E,1/173

2, =[(86 401, +i—101 + 51i)E, + (71 29)%,1/346

73 = [(104 + 16)F, + (75 — 550, | ¢ 63 — 23i)i51/346
Prove: If klgl + kzgz + k3§3 = E, where ki, k; # z, then {El, 53} and {52, 53} generate the same space.
Prove Theorem IX.
Prove: If {El, 52, 53} is a basis of 73(@), so also is {El + 52, 52 + 53, 53 + El}. Is this true in V3(Z,)? In V3(Z5)?
Prove Theorem X.

Hint. Assume A and B, containing, respectively, m and n elements, are bases of V. First, associate S
with 4 and T with B, then S with B and T with 4, and apply Theorem VIII.

Prove: If V' is a vector space of dimension 7 = 0, any linearly independent set of n vectors of V is a basis.

Let 51, 52, e ,{',,, eVand §S= {51,52, e ,Em} span a subspace U © V. Show that the minimum number of
vectors of ¥ necessary to span U is the maximum number of linearly independent vectors in S.

Let {51,.?2, vees ;7,,,} be a basis of V. Show that every vector _? €V has a unique representation as a linear
combination of the basis vectors.

Hint. Suppose £ = ¥¢E; = vdik; then ¥t — vdif, = F.

Prove: If U and W are subspaces of a vector space V, so also are UN W and U + W.
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14.43.

14.44.

14.45.

14.46.

14.47.

14.48.

14.49.

14.50.

14.51.

14.52.

14.53.

Let the subspaces U and W of V(@) be spanned by

A= {(23 - 13 130)3 (1303 23 1)}

and
B= {(Oa 03 130)3 (Oa 1303 1)’ (43 - 1353 2)}

respectively. Verify Theorem XIII. Find a basis of U + W which includes the vectors of 4; also a
basis which includes the vectors of B.

Show that P = {(a, b, — b,a) : a,b € R} with addition defined by
(a,b,—b,a)+(c,d,—d,c)=(a+c,b+d, {b+d),a+0)

and scalar multiplication defined by k(a,b, — b,a) = (ka, kb, — kb,ka), for all (a,b, — b,a),
(¢,d, —d,c)e P and ke, is a vector space of dimension two.

Let the prime p be a prime element of G of Problem 11.8, Chapter 11. Denote by F the field G, and by 7’
the prime field Z, of . The field F, considered as a vector space over F’, has as basis {1,4}; hence,
F={a;-14+ay-i:a,aeF). (@) Show that F has at most p? elements. () Show that F has at least p?
elements, (that is, a; -1 +ay - i=b; -1 + by - i if and only if a; — b; = ay — by = 0) and, hence, exactly p?
elements.

Generalize Problem 14.45 to a finite field F of characteristic p, a prime, over its prime field having »
elements as a basis.

For I, 7, it e Vn(R) and k € R, prove:

-

@:id=73 @C+D-A=ia+i, (O & D=kGE D

Sy
iy

-

Obtain from the Schwarz inequality 1 = (% - J"f)/(lgl 73+ 1 to show that cos ) = £ - 7i/|Z| 7| determines
one and only one angle between 0 and 180 .

Let length be defined as in ¥,(R), Show that (1, 1) € V>(Q) is without length while (1,7) € V2(C) is of length 0.
Can you suggest a definition of £ - 7 so that each non-zero vector of ¥»(C) will lutve lznyih dillerent [rom (7

Let T e V.(R) such that || = |7|. Show that ¥ — 7 and # + 7 are orthogonal. What is the geometric
interpretation?

For the vector space V of all polynomials in x over a field F, verify that each of the following mappings of V'
into itself is a linear transformation of V.

@ o) =) (© ox) >l D)
®) o > o) (@) o(x) > »(0)

Show that the mapping T : (a,b) — (a + 1,5 + 1) of V»(R) into itself is not a linear transformation.

Hint. Compare (7| + #2)T and (71T + % 7).

For each of the linear transformations 4, examine the image of an arbitrary vector i_; to determine the rank

of A and, if A is singular, to determine a non-zero vector whose image is 0.

@ A:%3 - 2,1, %—>(1,2)

(b) A4: Zl - (33 4)3 "22 - ':._334)

(C) A4: ;1 - (13 132)3 '-22 - (23 133)3 '-23 - (1303 - 2)
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@ A:3 >0, -1,1),% =i 3,3, —-3), 74— (2,3,4)
e A4:%2, - (0,1, —1),% —i—1,1,1), &3 —> (1,0, — 2)
(f) 4:71-(1,0,3),% - (0,1,1), % — (2,2,8)
Ans. (a) non-singular; (b) singular, (1, 1); (¢) non-singular; (d) singular, (3, 1, 0); (e) singular {—1, 1, 1);
(f) singular, (2,2, — 1)
14.54. For all A,Be A and k,l € F, prove
(@) kde A
b) k(A+B)=kA+kB; (k+DA=kA+14
(¢) k(A B)=(kA)B= A(kB); (k-DA = k(l4)
@d0-A=k0=0,ud=4
with 0 defined in Problem 14.18. Together with Problem 14.18, this completes the proof of Theorem
XX, given in Section 14.8.
14.55. Compute B - 4 for the linear transformations of Example 13 to show that, in general, 4- B # B - A.

14.56. For the linear transformation on V3(R)

+'-':)1 g (a’ b’ C) 17:)1 - (ja k’ l)
A:1%4 — (def) B:{%4 — (mnp)
23 g (ga h’ l) 17:)3 - (q’ r, S)

obtain

3 = (a+j,b+kc+])
A+B:31% — (d+me+n,f+p)
B = (g+qh+ri+s)

4 — (aj +bm+cq,ak+bn+ cr,al +bp + cs)
A-B:31% — (dji+em+fq,dk~+en+fr,dl+ep+f5)
B — (g +hm+iq,gk+hn+ir,gl + hp + is)

and, for any ke R,

2 — (ka,kb,kc)
kd: 13 — (kd ke, kf)
& — (kg kh, ki)

14.57. Compute the inverse 4 ! of

NERES R,
A.izz L oy Ar®.

Hint. Take
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and consider (¢ 4)4 ! = i where & = (a, b).
Ans. il > G-D
2 “ (. 23 1)
14.58. For the mapping

=010 - (11D

f 7V ="V,(R) int W = 73(R
H=0,1) > 01,2 ° 2R) nto (W®)

1
verify:

(@) T is a linear transformation of V into W.
(b)) Theimage of E=(2,1)eV is 2,3,4) e W.
(¢) The vector (1,2,2) € W is not an image.
(d) Vr, has dimension 2.

14.59. For the mapping

Zl =(13030) - (1303131)
T,:{#%=0,1,00 - (0,1,1,1) of V=V3R) into W= VyR)
1-"3 =(0303 1) - (13 _13030)

verify:
(@) T, is a linear transformation of V into W.
(b) Theimage of L=(1, -1, —1)eV is (0,0,0,0) e W.

(¢) Vr, has dimension 2 and rp, = 2.
14.60. For T, of Problem 58 and T, of Problem 59, verify

T . T zl = (130) - (2303232)
1+ 42:
22=(03 1) - (23 _13131)

What is the rank of T - T,?

14.61. Show that if U and W are subspaces of a vector space V, the set UU W = {f : ? eU or f € W} is not
necessarily a subspace of V.

Hint. Consider V = V5(R), U = {a7; : acR} and W = {b%, : beR}.



Matrices

INTRODUCTION

In the previous chapter we saw that the calculations could be quite tedious when solving systems of
linear equations or when investigating properties related to vectors and linear transformations on vector
spaces. In this chapter, we will study a way of representing linear transformations and sets of vectors

which will simplify these types of calculations.

15.1 MATRICES

Consider again the linear transformation on V3(R)

[ ©1— (a,b,0) i £ —G.kD
A: 18— def) and B:q&— (mnp)
23_)(gah’i) Z3->(q,r,s)

for which (see Problem 14.56, Chapter 14)

Z1 _)(a+]’b+kac+l)
A+B:§ & —> (d+me+nf+p)
H—>(@Eg+qh+ri+s)

{ 21 — (aj + bm + cq,ak + bn + cr,al + bp + cs)
A-B: 3% — (dj+em+fq,dk+en+fr,dl +ep + f5)
& — (gj + hm + iq, gk + hn+ ir, gl + hp + is)

[ 21 — (ka, kb, kc)
kA: 3 & — (kd, ke, kf), keR
2 - (kg, kh, ki)

204
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As a step toward simplifying matters, let the present notation for linear transformations 4 and B be
replaced by the arrays

a b c j k1
A=(d e f and B=|m n p #)
g h i q r s

effected by anclosing the Imape vectors [a brackers and then removwing the exeess parentheses and
commas. Our problem is to translate the operations on linear transformations into corresponding
operations on their arrays. We have the following two statements:

The sum A + B of the arrays A and B is the array whose elements are
the sums of the corresponding elements of 4 and B.

The scalar product kA of k, any scalar, and A4 is the array whose elements
are k times the corresponding elements of A.

In forming the product 4 - B, think of 4 as consisting of the vectors 7, 3, i3 (the row vectors of A)
whose components are the elements of the rows of 4 and think of B as consisting of the vectors ¥, ¥,, I';
(the column vectors of B) whose components are the elements of the columns of B. Then

ﬁl l?’l ) ]-}1 ﬁl ) }-}2 B’l i }-;3
AB=|% | [} o Bl=|kh T b b
3 2 T W £ T R Tl

where 2; - ?rj is the inner product of #; and Fj. Note carefully that in 4 - B the inner product of every row
vector of 4 with every column vector of B appears; also, the elements of any row of 4 - B are those inner
products whose first factor is the corresponding row vector of 4.

EXAMPLE 1.

() When 4 = [1 2

56
3 4]andB_|:7 8]overQ,wehave

A+B=

145 246 "6 8
10 12

347 448

10-1 10-2 10 20
1o,4=[ ]=[ ]

10-3 10-4 30 40

y 1 2 516 “1-542-7 1-6+2-8 19 22
B: ————— | = =
3 4 718 3.54+4-7 3.6+4-8 _43 50
5 61 112 5418 10424 23 34
and B-A=———- | — _
7 8 3.4 _7+24 14+32 31 46
(b) When
-1 0 —2‘| -3 -1 0‘|
A=10 -3 1‘ and B=1-2 0 3‘
2 1 0 0 2 -1
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over @, we have

T3 -1-4 2 "3 -5 2

A-B= 6 2 —9—1—‘= 6 2 —10—‘

6-2 -2 3 4 -2 3
3 3 -7
and B-4= 4 3 4
-2 -7 2

15.2 SQUARE MATRICES

The arrays of the preceding section, on which addition, multiplication, and scalar multiplication have
been defined, are called square matrices; more precisely, they are square matrices of order 3, since they
have 3? elements. (In Example 1(a), the square matrices are of order 2.)

In order to permit the writing in full of square matrices of higher orders, we now introduce a more
uniform notation. Hereafter, the elements of an arbitrary square matrix will be denoted by a single
letter with varying subscripts; for example,

by b b1z by

g by byn by by

A=|an an an| and B= by; b3y b3z b

a1 a4 by bsy baz by
Any element, say, b4 is to be thought of as b, 4 although unless necessary (e.g., 121 which could be
b1y,1 or by ;) we shall not print the comma. One advantage of this notation is that each element discloses
its exact position in the matrix. For example, the element b,4 stands in the second row and fourth

column, the element b3, stands in the third row and second column, and so on. Another advantage
is that we may indicate the matrices A and B above by writing

A=[a;], (=123;j=123)
and B=1[b;l, (i=1,23,4,j=1,2,3,4
Then with 4 defined above and C = [c;l, (i,j = 1,2, 3), the product

Ealjcjl Ealjcjz Ealjcjg
A-C= Eazjcjl Eazjcj'z Eazjcj'g,
Ea3jcj1 Ea3jcj2 Ea3jcj3

where in each case the summation extends over all values of j; for example,

Zayjcj3 = azic13 + axncos + azscss, ete.

DEFINITION 15.1: Two square matrices L and M will be called equal, L = M, if and only if one is the
duplicate of the other; i.e., if and only if L and M are the same linear transformation.

Thus, two equal matrices necessarily have the same order.

DEFINITION 15.2: In any square matrix the diagonal drawn from the upper left corner to the lower
right corner is called the principal diagonal of the matrix.

The elements standing in a principal diagonal are those and only those (aji,ax,as; of A4, for
example) whose row and column indices are equal.
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By definition, there is a one-to-one correspondence between the set of all linear transformations
of a vector space over F of dimension # into itself and the set of all square matrices over F of order n
(set of all m-square matrices over F). Moreover, we have defined addition and multiplication on
these matrices so that this correspondence is an isomorphism. Hence, by Theorems XVIII and XIX of
Chapter 14, we have the following theorem.

Theorem 1. With respect to addition and multiplication, the set of all n-square matrices over F is a ring
R with unity.
As a consequence:

Addition is both associative and commutative on R.
Multiplication is associative but, in general, not commutative on R.
Multiplication is both left and right distributive with respect to addition.

DEFINITION 15.3: There exists a matrix 0, or 0, the zero element of R, each of whose elements is the
zero element of F.

For example,

0 00
02=[8 8i| and 03= |:0 0 0:|
0 00

are zero matrices over R of orders 2 and 3, respectively.

DEFINITION 15.4: There exists a matrix I, or I, the unity of R, having the unity of F as all elements
along the principal diagonal and the zero element of F elsewhere.

1 0 1 00
12=[0 1i| and I3= 01 0
0 01

are identity matrices over R of orders 2 and 3, respectively.

For each A4 =|[a;| =R, there exists an additive inverse —A (—1)[a;| —|—ay| such that
A [ A)=0.

Throughout the remainder of this book, we shall use 0 and 1, respectively, to denote the zero element
and unity of any field. Whenever z and u, originally reserved to denote these elements, appear, they will
bave quie dilleeen cononedanions, Adso, 0 aad Loaz delinsd abeve over R will be used as the zero and
identity matrices over any field F.

By Theorem XX, Chapter 14, we have the following theorem:

For example,

Theorem II. The set of all n-square matrices over F is itself a vector space.
A set of basis elements for this vector space consists of the n? matrices

El]’(i’]= 1,2,3,...,71)

of order n having 1 as element in the (i,j) position and 0’s elsewhere. For example,
1 00 1 0 0|0 O
{E115E125E215E22}= H:O 0i|a|:0 0:|a|:1 0:|a |:0 I:H
is a basis of the vector space of all 2-square matrices over F; and for any

A= [‘cl 2}, we have A = aFE\1 + bE1; + cEy +dE>
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15.3 TOTAL MATRIX ALGEBRA

[CHAP. 15

DEFINITION 15.5: The set of all m-square matrices over F with the operations of addition,
multiplication, and scalar multiplication by elements of F is called the total matrix algebra M (F).

Now just as there are subgroups of groups, subrings of rings, . . ., so there are subalgebras of M,,(F).

For example, the set of all matrices M of the form

a b c
2c a b
2b 2c¢ a

where a,b,c € Q, is a subalgebra of M;(@Q). All that is needed to prove this is to show that addition,
multiplication, and scalar multiplication by elements of @ on elements of M invariably yield elements of
M. Addition and scalar multiplication give no trouble, and so M is a subspace of the vector space

M3(Q). For multiplication, note that a basis of M is the set

010 0 01
LX={0 0 1]/, Y=(2 00
2 00 020

We leave for the reader to show that for 4, B € M,

A -B=(al +bX +cY)xI +yX +2zY)

= (ax + 2bz + 2cy)I + (ay + bx + 2¢c2)X + (az + by + cx)Y € M;

also, that multiplication is commutative on M.

154 A MATRIX OF ORDER m > n

DEFINITION 15.6: By a matrix over F we shall mean any rectangular array of elements of F; for

example

a) ap ap bii by biz by
A=1{an an ax |, B= by by by by
as1 ax  as bs1 b3y b3z by

or A=]Jay],(G,j=1,2,3) B=[b;],(i=1,2,3;j=1,2,3,4)

any such matrix of m rows and » columns will be called a matrix of order m : n.

€12
€22
€32
C42

C= [clj]’(1= 1a2a 3a4a]= 1’2)

For fixed m and n, consider the set of all matrices over F of order m = n. With addition and
scalar multiplication defined exactly as for square matrices, we have the following generalization of

Theorem II.

Theorem II'. 'The set of all matrices over F of order m = n is a vector space over F.

Multiplication cannot be defined on this set unless m = n. However, we may, as Problem 14.60, Chapter
14, suggests, define the product of certain rectangular arrays. For example, using the matrices 4, B, C
above, we can form 4 - B but not B - A; B- C but not C - B; and neither 4 - C nor C - A. The reason is
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clear; in order to form L - M the number of columns of L must equal the number of rows of M. For B
and C above, we have

o1 p1-¥1 1Py Ebijci  EIbyjcp
B-C=|# |- [}71 ;‘2] =\|F-F1 Io-¥y | = Thycy Thycp
Py Py-P1 Py Zbyci  Ebycp

Thus, the product of a matrix of order m = n and a matrix of order n » p, both over the same field F, is a
matrix of order m = p. See Problems 15.2-15.3.

15.5 SOLUTIONS OF A SYSTEM OF LINEAR EQUATIONS

The study of matrices, thus far, has been dominated by our previous study of linear transformations
of vector spaces. We might, however, have begun our study of matrices by noting the one-to-one
correspondence between all systems of homogeneous linear equations over R and the set of arrays of
their coefficients. For example:

0] 2x4+3y+z=0 2 3 1
(i) x—y+4z=0 and 1 -1 4 3
(iii) 4x+11y—-5z=0 4 11 -5

What we plan tooda Tere is oo show thar o mateiv, cansidered ns the coefticient matnx of 2 system of
homogeneous equations, can be used (in place of the actual equations) to obtain solutions of the system.
In each of the steps below, we state our “moves,” the result of these “moves’ in terms of the equations,
and finally in terms of the matrix.

The given system (3) has the trivial solution x = y = z = 0; it will have non-trivial solutions if and
only if one of the equations is a linear combination of the other two, i.e., if and only if the row vectors
of the coefficient matrix are linearly dependent. The procedure for finding the non-trivial solutlons. if
any, is well known to the reader. The set of “moves” is never unique; we shall proceed as follows:
Multiply the second equation by 2 and subtract from the first equation, then multiply the second
equation by 4 and subtract from the third equation to obtain

(@) — 2() 0x+5y—7z2=0 0o 5 -7
(i) x—y+4z=0 and 1 -1 4 €))
(iii) — 4(ii) Ox+ 15y —-21z=0 0 15 =21
In (4), multiply the first equation by 3 and subtract from the third equation to obtain
@ — 23i) 0x+5y—7z=0 0o 5 -7
(i) x—y+4z=0 and 1 -1 4 ®))
@@y + 2@ 3() Ox+0y+0z=0 0 0 O

Finally, in (5), multiply the first equation by 1/5 and, after entering it as the first equation in (6), add
it to the second equation. We have

1[G - 23N Ox+y—7z/5=0 [0 1 —7/5—|
1[3Gi) + (1 x+0y+13z/5=0 and 1 0 13/5 ©)
(i) + 2@ — 3() 0x+0y+0z=0 [0 0 OJ

Now if we take for z any arbitrary r € R, we have as solutions of the system: x = —13r/5, y = 7r/5,

Z=r.
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We summarize: from the given system of equations (3), we extracted the matrix

2 3 1]
A=|1 -1 4
4 11 -5

by operating on the rows of A we obtained the matrix

0 1 -7/5]
B=|1 0 13/5
00 0 |

considering B as u coefficient matrix in the same unknowns, w2 read ont the solntions of the arizinal
system. We give now three problems from vector spaces whose solutions follow easily.

EXAMPLE 2. Isi, =(2,1,4), £, = (3, — 1,11), i3 = (1,4, — 5) a basis of V3(R)?
We set x.?l +y§2 + z.%_,-; =2x+3y+z,x—-y+4z,4x+11ly—52) = 0=(0,0,0) and obtain the system of

equations (3). Using the solution x —13/5, y=7/5, z=1, we find 5_:3 = (13/5);1 — f7/5)§2. Thus, the given set
is not a basis. This, of course, is implied by the matrix (5) having a row of zeros.

EXAMPLE 3. Is the set 7, =(2,3,1), /i, = (1, 1,4), 5 =(4,11, 5) a basis of V3(R)?

The given vectors are the row vector of (3). From the record of moves in (5), we extract (i) + 2(iiy 3(i) =0 or
#3423 — 37, = 0. Thus, the set is not a basis.

Note. The problems solved in Examples 2 and 3 are of the same type and the computations are
Hentical: the iritial procedures, howewver, are quite differeat. In Example 2, the given vextors constitute
the columns of the matrix and the operations on the matrix involve linear combinations of the
corresponding components of these vectors. In Example 3, the given vectors constitute the rows of the
matrix and the operations on this matrix involve linear combinations of the vectors themselves. We shall
continue to use the notation of Chapter 14 in which a vector of V,(F) is written as a row of elements
and, thus, hereafter use the procedure of Example 3.

EXAMPLE 4. Show that the linear transformation

[ 1-!1 d (2333 1) = ﬁ1
T:1 >0, -1,49=5
B> @411, -5 =7y

of V' = V3(R) is singular and find a vector of ¥V whose image is 0.

We write
2 3 1 T
T= 1 -1 4 1= 7.
4 11 -5 s

By Example 3, 7; + 2% — 37, = 0; thus, the image of any vector of ¥ is a linear combination of the vectors 7, and
7. Hence, V1 has dimension 2 and T is singular. This, of course, is implied by the matrix (5) having a single row
of zeros.

Since 3%, — 274, — &5 =0, the image of i = (3, —2, — 1)is 0, i.e.,

2 3 1
3, -2,-13-'1 -1 4|=0
4 11 -5

Note. The vector (3, —2, — 1) may be considered as a 1 » 3-matrix; hence, the indicated product
above is a valid one. See Problem 15.4.
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15.6 ELEMENTARY TRANSFORMATIONS ON A MATRIX
Lo solving a systom of hotnopeneous loear equanons witlh cocllicieniz in F certain operations may be
performed on the elements (equations) of the system without changing its solution or solutions:
Any two equations may be interchanged.
Any equation may be multiplied by any scalar k£ # 0 of F.
Any equation may be multiplied by any scalar and added to any other equation.
The operations, called elementary row transformations. therzbv induced on the coefficient matix of
the system are
The interchange of the ith and jth rows, denoted by Hj;.
The multiplication of every element of the ith row by a non-zero scalar &, denoted by H;(k).
The addition to the elements of the ith row of k (a scalar) times the corresponding elements of the jth
row, denoted by Hj(k).
Later we shall find useful the elementary column transformations on a matrix which we now list:

The interchange of the ith and jth columns, denoted by Xj;.
The multiplication of every element of the ith column by a non-zero scalar k, denoted by Ki(k).

The addition to the elements of the ith column of k (a scalar) times the corresponding elements of the jth
column, denoted by Kj(k).

DEFINITION 15.7: Two matrices A4 and B will be called row (column) equivalent if B can be obtained
from A by a sequence of elementary row (column) transformations.

DEFINITION 15.8: Two matrices 4 and B will be called equivalent if B can be obtained from 4 by a
sequence of row and column transformations.

Note: When B is row equivalent, column equivalent, or equivalent to A, we shall write B ~- 4. We
leave for the reader to show that -- is an equivalence relation.

EXAMPLE 5. (a) Show that the set {(1,2,1,2),(2,4,3,4),(1,3,2,3),(0,3,1,3)} is not a basis of V4(@). (b) If T'is the
linear transformation having the vectors of (@) in order as images of 2|, 2, £3, 74, what is the rank of 7? (c) Find a
basis of V(@) containing a maximum linearly independent subset of the vectors of (a).

(a) Using in turn Hyi[ 2), Hs [ 1); Hysi, 2), Hasi, 3); Hgp(2), we have

_1212—| 121 2 1 0 -1 O-I 10 -1 0
A=I2434IWI0010I~I00 10}_»}00 10I
1T 3 2 3 o 1 1 1 o 1 11 o 1 11
0313‘ 0313‘ 0 0 -2 0‘ 00 00‘

The set is not a basis.
(b) Using Hy5(1), HsI—1) on the final matrix obtained in (a), we have

A~ |

oo -
oOR OO
QO = = =
[ e I ]
oo -
oOR OO
[ B ]

Now B has the maximum number of zeros possible in any matrix row equivalent to 4 (verify this). Since B has
three non-zero row vectors, Vr is of dimension 3 and rr = 3.

(¢) A check of the moves will show that a multiple of the fourth row was never added to any of the other three.
Thus, the first three vectors of the given set are linear combinations of the non-zero vectors of B. The first three
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vectors of the given set together with any vector not a linear combination of the non-zero row vectors of B, for
example £, or 24, is a basis of Vy(@).

Consider the rows of a given matrix 4 as a set S of row vectors of V,(F) and interpret the
elementary row transformations on 4 in terms of the vectors of S as:

The interchange of any two vectors in S.
The replacement of any vector £ € S by a non-zero scalar multiple a=.
The replacement of any vector 5 € S by a linear combination ; + b of 5 and any other vector i € S.

The foregoing examples illustrate the following theorem.

Theorem III. The above operations on a set S of vectors of V,(F) neither increase nor decrease the
number of linearly independent vectors in S. See Problems 15.5-15.7.

15.7 UPPER TRIANGULAR, LOWER TRIANGULAR, AND DIAGONAL MATRICES

DEFINITION 15.9: A square matrix A = [a;;| is called upper triangular if a;; = 0 whenever i > j, and is
called lower triangular if a;; =0 whenever i <j. A square matrix which is both upper and lower
triangular is called a diagonal matrix.

1 2 3
For example, 0 0 4
|0 0 2|
[1 0 0]
is upper triangular, 30
13 4 5]
1 0 0
is lower triangular, while 0 0O
10 0 2|
-2 00
and 0 30
0 01

are diagonal.
By means of elementary transformations, any square matrix can be reduced to upper triangular,
lower triangular, and diagonal form.
am ]

over @ to upper triangular, lower triangular, and diagonal form.

(a) Using H 1 —4), H3 1—5); H31—1), we obtain

2 3 12 3 12 3
56|/~ 0 -3 —6|~ 0 -3 —6
7 8 0 -3 -7 0 o0 -1

EXAMPLE 6. Reduce

v A=
N v N
0 N W

A=

v b

which is upper triangular.
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(b) Using Hipl 2/5),Hysl 5/7); Hial 21/10), Hyl 1/28)

37 T-3/5 0 3/57 T-3/2 00
6—‘«--- 3/7 0 2/7—‘«--- 1/4 —1/4 0—‘
8 57 8 5 7 8

which is lower triangular.

(¢) Using Hyl 4),Hsii 5),Hsl 1); Hio(2/3); Hisl 1), Hyl 6)

12 3 10 -1 1 0 O
A~ 0 =3 -6~ 0 =3 6|~ 0 =3 0
0 0 -1 0 0 -1

which is diagonal. See also Problem 15.8.

15.8 A CANONICAL FORM
In Problem 9, we prove the next theorem.

Theorem IV. Any non-zero matrix 4 over F can be reduced by a sequence of elementary row
transformations to a row canonical matrix (echelon matrix) C having the properties:

(i) Each of the first r rows of C has at least one non-zero element; the remaining rows, if any, consist entirely
of zero elements.

(i) In the ith row (i=1,2,...,r) of C, its first non-zero element is 1. Let the column in which this element
stands be numbered j.
(@ii) The only non-zero element in the column numbered j;, (i = 1,2,...,r) is the element 1 of the ith row.

™ ji<jp<-<jn

EXAMPLE 7.

(a) The matrix B of Problem 15.6, is a row canonical matrix. The first non-zero element of the first row is 1 and
stands in the first column, the first non-zero element of the second row is 1 and stands in the second column, the
first non-zero element of the third row is 1 and stands in the fifth column. Thus, j; =1, j =2, j3 =5 and
J1 <j» < J3 is satisfied.

(b) The matrix B of Problem 15.7 fails to meet condition (iv) and is not a row canonical matrix. It may, however, be
reduced to

(=
(==

a row canonical matrix, by the elementary row transformations Hi,, H;3.

In Problem 15.5, the matrix B is a row canonical matrix; it is also the identity matrix of order 3. The
linear transformation A4 is non-singular; we shall also call the matrix 4 non-singular. Thus,

DEFINITION 15.10: An n-square matrix is non-singular if and only if it is row equivalent to the
identity matrix I,.

Note. Any n-square matrix which is not non-singular is called singular. The terms singular and
non-singular are never used when the matrix is of order m ~ n with m # n.
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DEFINITION 15.11: The rank of a linear transformation 4 is the number of linearly independent
vectors in the set of image vectors.

We shall call the rank of the linear transformation A the row rank of the matrix 4. Thus,

DEFINITION 15.12: The row rank of an m = n matrix is the number of non-zero rows in its row
equivalent canonical matrix.

It is not necessary, of course, to reduce a matrix to row canonical form to determine its rank. For
example, the rank of the matrix 4 in Problem 15.7 can be obtained as readily from B as from the row
canonical matrix C of Example 7(b).

15.9 ELEMENTARY COLUMN TRANSFORMATIONS

Beginning with a matrix 4 and using only elementary column transformations, we may obtain matrices
called column equivalent to A. Among these is a column canonical matrix D whose properties are
precisely those obtained by interchanging “row” and “column” in the list of properties of the row
canonical matrix C. We define the column rank of A to be the number of column of D having at least one
non-zero element. Our only interest in all of this is the following result.

Theorem V. The row rank and the column rank of any matrix 4 are equal.
For a proof, see Problem 15.10.
As a consequence, we define

DEFINITION 15.13: The rank of a matrix is its row (column) rank.

Let a matrix 4 over F of order m > n and rank r be reduced to its row canonical form C. Then using
the element 1 which appears in each of the first » rows of C and appropriate transformations of the type
Kj(k), C may be reduced to a matrix whose only non-zero elements are these 1’s. Finally, using
transformations of the type Kj;, these 1°s can be made to occupy the diagonal positions in the first r rows
and the first r columns. The resulting matrix, denoted by N, is called the normal form of A.

EXAMPLE 8.
(a) In Problem 15.4 we have

_1220—| 10 4 2—|
A=|2531~|01_1 1=C
3842 600 0 O
2 713 00 o0 0‘

Using K3;1—4), K41(2); K33(1), Kgo1—1) on C, we obtain

10 4—2‘| 10 00‘| ‘1000‘|

401 -1 1|?__|01—11|__|0100,_[12 0]
I0000‘ o 0 00‘ '0000“00’
00 0 0 00 00 0000

the normal form.
(b) The matrix B is the normal form of 4 in Problem 15.5.

(¢) For the matrix of Problem 15.6, we obtain using on B the elementary column transformations
Ksit, 4), K3(1), Kaal 2); Ki3s
0
0 | =[5 0l
0

(==
(= =]
— o O
(== ]
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Note. From these examples it might be thought that, in reducing A4 to its normal form, one first
works with row transformations and then exclusively with column transformations. This order is not
necessary. See Problem 15.11.

15.10 ELEMENTARY MATRICES

DEFINITION 15.14: The matrix which results when an elementary row (column) transformation is
applied to the identity matrix I, is called an elementary row (column) matrix.

Any elementary row (column) matrix will be denoted by the same symbol used to denote the
elementary transformation which produces the matrix.

EXAMPLE 9. When

~

Il
I
oo~
oo
— oo
- 1

we have
0 0 1 100 100
Hz= 0 1 0|=K, Hyk)= 0 k 0| =Kk, Hy(k)= 0 1 k |=Kj5k)
1 00 0 0 1 0 0 1

By Theorem III, we have these two theorems.
Theorem VI. Every elementary matrix is non-singular.

Theorem VII. The product of two or more elementary matrices is non-singular.
The next theorem follows easily.

Theorem VIII. To perform an elementary row (column) transformation H (K) on a matrix 4 of order
m x n, form the product H-A4 (4-K) where H (K) is the matrix obtained by performing the
transformation H (K) on 1.

The matrices H and K of Theorem VIII will carry no indicator of their orders. If A4 is of order m » n,
then a product such as Hisz - 4 - K»3(k) must imply that Hs is of order m while K»3(k) is of order n, since
otherwise the indicated product is meaningless.

EXAMPLE 10. Given

over @, calculate

000 1 123 4] 7246 8

@ Hz A= 0 1 0|-|56 7 8|= 5678
1 00| |2 468 123 4

3001 "1 234 T-3 -6 -9 -12

®) Hi3:4= 010|567 8|= 5 6 7 8
00 1| 246 8 2 4 6 8

[ ]
w

1
(© A-Kyl = 5
2

1
E - N S}
[« NN Rt}
o0 00 N
R |
- I
(=
(= =
(= = =]
|
o O A
[ —— |
Il
1
N W =
N
B

0
—12—‘
6 0

N



216 MATRICES [CHAP. 15

Suppose now that Hy, H,...,H; and K}, K>, ..., K, are sequences of elementary transformations
which when performed, in the order of their subscripts, on a matrix 4 reduce it to B, i.e.,

Hy, ....H, H A K K-....K,=B
Then, defining S=H;-... Hy, Hyand T=K; K, -...-K;, we have
S-A-T=B

Now A and B are equivalent matrices. The proof of Theorem IX, which is the converse of Theorem VIII,
will be given in the next section.

Theorem IX. If A and B are equivalent matrices there exist non-singular matrices S and 7" such that
S-A-T=B.

As a consequence of Theorem IX, we have the following special case.
Theorem IX’'. For any matrix A there exist non-singular matrices S and T such that S - 4 - T = N, the

normal form of 4.

EXAMPLE 11. Find non-singular matrices S and T over @ such that

12 -1
S-A-T=S- 3 8 2—‘-T=N, the normal form of A4.
4 9 -1

Using Hoi, 3),Hz [ 4),Knl 2),K3 (1), we find

1 2 -1 100
A= 3 8 2|~ 0 2 5
4 9 -1 01 3|
Then, using Hy;31—1), we obtain
100
A~ 0 2
0 3

and finally H3,[ 1), K3[ 2) yield the normal form

h 0
0
1

Thus, H3pl—11- Hysl—1}) - H3 1—4) - Hy i =31 - A - K 1-23 - K31(1) - K34-2)

(==
(= =]

—1 00‘| -1 0 0‘| ‘100‘| -1 00
=10 1 0}-001 -1y-1 01 0|-1-310)-4
0—11‘ 00 1‘ —401‘ 001‘
1 -2 0 1 01- "1 0 O
10 10-010‘-|01—2

0 01 0 01 00 1

-1 0 07 "1 2 -1 -1 -2 5 -1 0 0‘|
=1 1 1 -1}-13 8 2-10 1 -2|=1010

-5 -1 2‘ 4 9 —1‘ 0 0 1‘ 00 1‘
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An alternative procedure is as follows: We begin with the array

1 0 O

01 o0

00 1

12 -1100
I 38 2010
A L =49 -1 0 01

and proceed to reduce A4 to I. In doing so, each row transformation is performed on the rows of six elements and
each column transformation is performed on the columns of six elements. Using Hy [ 3), H31 [ 4); Kxil 2), K31(1);
H23f—1); H32f—1); K32f—2) we obtain

1 0 0 1 0 0 1 -2 1
01 0 01 0 0 1 0
0 0 1 0 0 1 0 01
1 2 -1100 1 2 -1 1 00 1 0 0 1 00
3 8 2 010 0 2 5 -3 10 0 25 -3 10
4 9 1 0 01 — 01 3 4 01 - O 1 3 4 0 1
1 =21 1 -2 1 1 -2 5
0 1 0 0 1 0 0 1 -2
0 01 0 01 0 0 1
1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0
0 1 2 1 1 -1 0 1 2 1 1 -1 0 1 0 1 1 -1 T
- 0 1 3 4 1 - 0 01 -5 -1 2 - 0 0 1 -5 - 2 =1 S
and S+ A4-T =1, as before. See also Problem 15.12.

15.11 INVERSES OF ELEMENTARY MATRICES

For each of the elementary transformations there is an inverse transformation, that is, a transformation
which undoes whatever the elementary transformation does. In terms of elementary transformations or
elementary matrices, we find readily

H;j ' =H; K, ' =K
HO' 0O =H(/B K0 =K(1/K
Hij l(k) =I{ij[_k) I(ij l(k) =I(ij[_k)

Thus, we can conclude the next two results.

Theorem X. The inverse of an elementary row (column) transformation is an elementary row (column)
transformation of the same order.

Theorem XI. The inverse of an elementary row (column) matrix is non-singular.
In Problem 15.13, we prove the following theorem.

Theorem XII. The inverse of the product of two matrices 4 and B, each of which has an inverse, is the
product of the inverses in reverse order, that is,

(4-B'=B'-4'!

Theorem XII may be extended readily to the inverse of the product of any number of matrices. In
particular, we have

If S=H, ...-H, H then S1=H11'H21'...'Hsl
If T=K, K-... ' K; then T 1=Kt 1'...'K2 I'Kl 1
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Suppose A of order m : n. By Theorem IX’, there exist non-singular matrices S of order m and T of
order n such that § - 4 - T = N, the normal form of 4. Then

A=S'(S A Drtlt=s'N.T!
In particular, we have this result:
Theorem XIII. If A is non-singular and if S- 4 - T = I, then
A=S'-T'

that is, every non-singular matrix of order n can be expressed as a product of elementary matrices of the
same order.

EXAMPLE 12. In Example 11, we have

S = Hzpi—1) - Hyi—11 - Hy {—4) 'H211—3) and T = Ky{—2}- K31(1_j ' K32f—2)

Then S™'=Hy 7l 31 Hy 7l 41 Hy U 1 Hyp U 1) = Hy (30 Ha(4) - Hy(1) - Hp(1)
'10@ '100_| '100_‘ '100_| '100_|

=/310/-]010|]01 1}-]0o10|=|321]}
00 1 401‘001‘011‘411
T '=Kn(2) Kul 13 Kx(2)
'10@'10—1'20_" -1
=l012/-]o1 of-|
00 1 0 0 1‘

=138 2/
4 9 -1

and A=St.T17'=]3 2

Suppose 4 and B over F of order m > n have the same rank. Then they have the same normal
form N and there exist non-singular matrices Si, 77; Sz, 75 such that S147) = N = S, BT5. Using the
inverse S; ! and 77 ! of S| and T; we obtain

A=S8 ' S1AT, T\ '=8, ! BT, T, '=(S; ! S)B(T» T HY=S BT
Thus, A and B are equivalent. We leave the converse for the reader and state the following theorem.

Theorem XIV. Two m > nmatrices A and B over F are equivalent if and only if they have the same rank.

15.12 THE INVERSE OF A NON-SINGULAR MATRIX
DEFINITION 15.15: The inverse 4 !, if it exists, of a square matrix 4 has the property

A A'=4"4=1
Since the rank of a product of two matrices cannot exceed the rank of either factor (see Chapter 14),
we have the theorem below.

Theorem XV. The inverse of a matrix 4 exists if and only if 4 is non-singular.
Let A be non-singular. By Theorem IX’' there exist non-singular matrices S and T such that
S A - T=1.ThenA=S "' T !and, by Theorem XII,

A= ThH'=T S
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EXAMPLE 13. Using the results of Example 11, we find
1 -2 57 "1 0 o T26 -7 12
Atl=7-5= 0 1 =2|- 1 1 -1|{= 11 3 -5
0 o0 1 -5 -1 2 -5 -1 2

In computing the inverse of a non-singular matrix, it will be found simpler to use elementary row
transformations alone.

EXAMPLE 14. Find the inverse of
1 2 1
A= 3 8 2
4 9 -1

of Example 11 using only elementary row transformations.

We have
12 -1 100 1 2 -1 1 00 1 2 -1 1 00
[4T1=13 8 2 0 1 0 02 5 =310 10 1 3 4 01
4 9 -1 0 0 1 01 3 4 01 02 5 =310
10 =7 90 -2 1.0 0 26 -7 12
~10 1 3 40 1;~1010 11 3 -5|=[4"
0 0 -1 51 =2 001 -5 -1 2

See also Problem 15.14.

15.13 MINIMUM POLYNOMIAL OF A SQUARE MATRIX

Let A#0 be an n-square matrix over F. Since 4 € M,(F), the set {I, 4, A%, ...,A"Z} is linearly
dependent and there exist scalars ay, ai, ...,a,2 not all 0 such that

NA) = apl + A+ ad® - | gpd” =0

In this section we shall be concerned with that monic polynomial m(-) € F[-| of minimum degree
such that m(A4) = 0. Clearly, either m(:+) = #(+) or m(+) is a proper divisor of (). In either case, m(+)
will be called the minimum polynomial of A.

The most elementary procedure for obtaining the minimum polynomial of 4 # 0 involves the
following routine:

(1) If A=ayl, a, € F, then m(~) = » — ay.

(2) If A#al for all a € F but A2 = a1 A + apl with ay,a; € F, then m(+) = »2 — a; . — ay.

(3) If A2#aA+bI for all a,be F but 4> =aA? +a1A+apl with ay,a;,a; € F, then m(>) =
-3 -2

»7 — @t —aph — ag,

and so on.

EXAMPLE 15. Find the minimum polynomial of

S

NSRS I
N =N
— NN

over @.
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Since A # apl for all ay € Q, set

(9 8 8 12 2 10 0"|
A’=18 9 8 |=a;12 1 2 |+a!10 1 0
8 8 9‘ 2 21 00 1‘
[a14+a0 24 2a; |
= 200 a1+ay  2a
2a1 2a; ar+ag

After checking every entry, we conclude that A2 = 44 + 5I and the minimum polynomial is %2 — 44 — 5.
See also Problem 15.15.

Example 15 and Problem 15.15 suggest that the constant term of the minimum polynomial of 4 # 0
15 dulareny frew cero i and ooly 1 4 is non-singular. A second procedure for computing the inverse
of a non-singular matrix follows.

EXAMPLE 16. Find the inverse 4~!, given that the minimum polynomial of

(see Example 15) is »2 — 44 — 5.
Since 4% — 44 — 51 = 0 we have, after multiplying by A1, 4 —4I — 547! = 0; hence,

3/5  2/5 25

A7l =1(A—4I)= 2/5 —3/5 2/5—‘
3 25 2/5 —=3/5

15.14 SYSTEMS OF LINEAR EQUATIONS

DEFINITION 15.16: Let F be a given field and x1, x5,. .., x, be indeterminates. By a linear form over
F in the n indeterminates, we shall mean a polynomial of the type

ax; +bxy - | px,

in which a,b,...,p € F.
Consider now a system of m linear equations

anx) +anxs — -+ ax,=h
anxi+anxs | Xy =h )
Vamxi +amxs | GunXn = hm

in wlich hoth the eocffizicnts g;; and the constant terms /; are elements of F. It is to be noted that
the equality sign in (7) cannot be interpreted as in previous chapters since in each equation
the right member is in F but the left member is not. Following common practice, we write (7) to
indicate that elements r;,7,,...,r, € F are sought such that when x; is replaced by r;, (i =1,2,...,n),
the system will consist of true equalities of elements of F. Any such set of elements r; is called a
solution of (7).

Denote by

A=la;,i=12,....m; j=12,...,n
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the coetlicient matrix of (7) and by S = {51, 52, cees Em} the set of row vectors of A. Since the ;, are vectors
of V,(F), the number of linearly independent vectors in S is r < n. Without loss of generality, we can
(and will) assume that these r linearly independent vectors constitute the first » rows of A since this
at most requires the writing of the equations of (7) in some diffzr=nt order,

Suppose now that we have found a vector & = (r1,72,...,7,) € Va(F) such that
B b=hyly-0=hy, .. 8 -B=h
Since each Ei’ ((=r+1,r+2,...,m) 15 a lincar comhinatinr with coctticients in F of the r linearly

independent vectors of A4, it follows that

2 2 2
- = -

r1 '.'F;=hr+1":~r+2'l?'l=hr+2""’&m'?‘l=hm (8)
and x| = r;, X =r2,...,X, =1y is a solution of (7) if and only if in (8) each 4; is the same linear
combination of &1, h3,...,h as & is of the set £, Z,,..., £, that is, if and only if the row rank of the
augmented matrix

an a - am h —l

a; ap - anm h
[A H] —

aml Gum2 - Oy hm

is also r.
We have proved the following theorem.

Theorem XVI. A system (7) of m linear equations in » unknowns will have a solution if and only if the
pow rank of the cosficien:. nauis 4 and of the augmented matrix [4 H| of the system are equal.
Suppose A and [4 H| have common row rank r < » and that [4 H| has been reduced to its row

canonical form

1 0 0 - 0 cip1 CL42 - Cin ki
0 1 0 --- 0 com1 Cor2 - Cm ko
0 0 0 --- 1 Crr+l Crr42 ~°° Cm k;
0 0 0 00

0 0 0 --- 0 0 0 - 0 0 |

Let arbitrary values s,41, Sr4+2, - ..,5, € F be assigned to x,41, Xr42,. .., X,; then

X1 =K1 —Clr41 Sr41—ClLrt2 Sp42— "~ Cln " Sn
Xy=ky—Cory1 Sp41—Cori2 Sp2— 0~ Con Sn
X =k — Cror+l " Sr41 — Crrtl " Sr42 — " — Cm " Sn

are uniquely determined. We have the result below.

Theorem XVI'. In asystem (7) in which the common row rank of 4 and [4 H]is r < n, certain n — r of
the unknowns may be assigned arbitrary values in F and then the remaining » unknowns are uniquely
determined in terms of these.
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15.15 SYSTEMS OF NON-HOMOGENEOUS LINEAR EQUATIONS

We call (7) a system of non-homogeneous linear equations over F provided not every #; = 0. To discover
whether or not such a system has a solution as well as to find the solution (solutions), if any, we proceed
to reduce the augmented matrix [4 H| of the system to its row canonical form. The various possibilities
are illustrated in the examples below.

EXAMPLE 17. Consider the system

[ X1+2x —3x3+x4=1
2x1— xp+2x3 —x4=1
Ax; +3x; dx3+x4=2
over @. We have
12 -3 11 12 -3 1 1 12 =3 1 1
[4H]- 2 1 2 11|~ 0 S5 8 3 1|~ 0 5 8 3 1
4 3 -4 1 2 0 - 0 0 0 -1
Although this is not the row canonical form, we see readily that
rq =2<3=r[AHJ

and the system is incompatible, i.e., has no solution.

EXAMPLE 18. Consider the system

[ X1 +2x x3 -1
3x; +8x3 +2x3 =28
4x; +9x;, —x3 =14

over @. We have

1 2 -1 —1—| 12 -1 —1-| 12 -1 —1-|
[AH -13 8 2 28 (~10 2 5 31|~101 3 18
4 9 -1 14 ‘ 01 3 18‘ 0 2 5 31 ‘
10 -7 —37—| 100 —2-|
~10 1 3 18 ~10 1 0 3
00 -1 -5 ‘ 0 01 5 ‘
Here, r4 = rj4n) = 3 = the number of unknowns. There is one and only one solution: x; —2,x; = 3,x3 = 5.
EXAMPLE 19. Consider the system
X1 +XxXp+x3+Xx3+x5=3
2x1 +3x4+3x3+ x4 —x5=0
—X1 + 2% —5x3+2x4 —x5=1
3x; — x3 +2x3 — 3x4 — 2x5 -1
over @. We have
|' 1 1 1 1 1 3"| 1 1 1 1 1 3"|
P2 3 3 1 -1 0, 0 1 1 -1 -3 —6 |
[4 Hl =1 [~ I
‘ -1 -5 2 -1 1 ‘ o 3 -4 3 0 4 ‘
3 -1 2 -3 =2 -1 0 4 -1 -6 -5 -10
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10 o 2 4 ] 1o 0 2 4 ]
01 1 1 3 6f (01 1 1 3 61
‘00—7 6 9 21710 0 -1 -14 —25 —46|
00 3 -10 —17 —34‘ 00 3 -10 —17 —34‘
100 2 4 9 "1 00 2 4 9”
011 -1 =3 =6 (010 -5 -8 =52
001 14 25 46| loo1 14 25 46
003 —10 —17 —34‘ 000 —52 —92 —172‘
100 2 4 9] "L o0 0 e13 31/13
m‘o L0 -15 -28 -2 0100 —19113 -31/13 |
001 14 25 46 1o 010 313 —4/13
000 1 2313 43/13‘ 000 1 2313 43/13‘

Here both 4 and [4 H] are of rank 4; the system is compatible, i.e., has one or more solutions. Unlike the system
of Example 18, the rank is less than the number of unknowns. Now the given system is equivalent to

[ x; +%X5 =31/13

X2 —%X5 — —31/13
X3 +13—3.X5 = 4/13
X4 +%X5 =43/13

and it is clear that if we assign to xs any value r e @ then x; =3l —6r)/13,x2 =i 314+ 19r)/13,x3 =
1—4 —3r)/13, x4 = (43 — 23r)/13, x5 = r is a solution. For instance, x; = 1,x =2,x3 —1,x4 —2,x5=3 and
x1 =31/13,xy — —31/13,x3 — —4/13,x4 = 43/13, x5 = 0 are particular solutions of the system.

See also Problems 15.16-15.18.

These examples and problems illustrate the next theorem.
Theorem XVII. A system of non-homogeneous linear equations over F in #» unknowns has a solution
in F If and only If the rank of its coefficient matrix i equal to the mok of its avpmented marrx,
When the common rank is #z, the system has a unique solution. When the common rank is » < », certain
n—r of the unknowns may be assigned arbitrary values in F and then the remaining r unknowns
are uniquely determined in terms of these.

When m = n in system (7), we may proceed as follows:

(i) Write the system in matrix form

ainn an o A X1 h
@1 ap Gy | | x| _ |k
ayl  ap2 Tt Opp Xn hn

or, more compactly, as A - X = H where X is the n » 1 matrix of unknowns and H is the n = 1

matrix of constant terms.

(i)) Proceed with the matrix 4 as in computing 4 !. If, along the way, a row or column of zero elements
is obtained, A4 is singular and we must begin anew with the matrix [4 H]| as in the first procedure.
However, if 4 is non-singular with inverse 4 !,then 4 '(4- X)=A4 ! Hand X =4 ' H.

EXAMPLE 20. For the system of Example 18, we have from Example 14,

=26 -7 12
A= 1 3 =5

-5 -1 2
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X T2 —7 127 -1 -2
then X= x|=4''H= 11 3 -5|. 28|= 3

X3 5 1 2 14 5

and we obtain the unique solution as before.

15.16 SYSTEMS OF HOMOGENEOUS LINEAR EQUATIONS

We call (7) a system of homogeneous linear equations, provided each /; = 0. Since then the rank of the
coedicient matrix and the avgmented metrix are the sance. the system always has one of more solutions,
If the rank is #, then the trivial solution x; = x, = - - - = x, = 0 is the unique solution; if the rank is r < n,
Theorem XVI’ ensures the existence of non-trivial solutions. We have the following result.

Theorem XVIII. A system of homogeneous linear equations over F in n unknowns always has the
trivial solution x; =xy — -+ — x, = . If the rank of rhe cocflicicut i1s 5, the trivial solution is the
only solution; if the rank is r < », certain n — r of the unknowns may be assigned arbitrary values in F
and then the remaining » unknowns are uniquely determined in terms of these.

EXAMPLE 21. Solve the system

X1+2x—x3 = 0
31 +8x,+2x3 = 0 over Q.
A1 +9%—x3 = 0

By Example 18, 4 - I;. Thus, x; = x; = x3 = 0 is the only solution.

EXAMPLE 22. Solve the system

[ X1+x+x3+x4 = 0
2x1+3x242x3+x4 = O over Q.
3x; +4x, +3x3+2x4 = 0
We have
1111 111 1 101 2
A= 2 3 2 1|~ 010 -1~ 01 0 -1
3 432 01 0 -1 0 00 O
of rank 2. Setting x3 =s,x; =t where 5,7 € @, we obtain the required solutions as: x; — —s—2¢, x; =1,
X3 =85,X4 =L See also Problem 15.19.

15.17 DETERMINANT OF A SQUARE MATRIX

To each square matrix 4 over F there may be associated a unique element a € F. This element a,
called the determinant of A, is denoted either by det 4 or |4|. Consider the n-square matrix

a aipp a3 - dp

Q) a4y a3 - Oy

A= a3 a3 ax - asy
{anl apy  ap3 o Opp J

and a product

aij, G2j, Q3js - - - Qnj,



CHAP. 15] MATRICES 225

and n of its elements selected so that one and only one element comes from any row and one and only
one element comes from any column. Note that the factors in this product have been arranged so that
the row indices (first subscripts) are in natural order 1,2,3,...,n. The sequence of column indices
(second subscripts) is some permutation

o= (jlajZaj?n LR ’jn)

of the digits 1,2,3,..., n. For this permutation, define «, = +1 or —1 according as ¢ is even or odd and
form the signed product

(a) €441, Q2j, A3y - . . Ay,
The set S, of all permutations of » symbols contains n! elements; hence, n! distinct signed products of the

type (a) can be formed. The determinant of 4 is defined to be the sum of these ! signed products (called
terms of |A|), i.e.,

-" .
®) 4] = L €4a1;,327,03; . . - Gpj, Where the sum is over S,.
EXAMPLE 23.
@
P ap  anz
U] ‘ = ¢payan + f1apa1 = dan — daz)
|a21 ax

Thus, the determinant of a matrix of order 2 is the product of the diagonal elements of the matrix minus the product
ul” the efl-diapoma] lemenls.

@)

n a2 ais|
b1 ax a3 | = 123011022033 + £132011423032 + £213012021 033
I as; ds ass I
+ #231012a23031 + ©312013021432 + F32141302203]
= a11a22033 — 411023032 — 412021433 + 412423431 + 413021432 — 413322431

= ai(anass —anaxn) ap(anass — axnasl) + az(axan — apas))

| | | | |

axp ax | | a1 ax3 | | a1 axn |

=aj | ~ a2 I+¢113I i

asy 4asz| 1431 asz 1431 as
| | | | |
ayp  ax| |21 a3 | |@21 a2 |

— 1+1 . 1+2 1+3

=) ay | — =D an)| [ Ti=1) " a)| |
asy 4asz | |d31  as3 | 1431 as |

called the expansion of the determinant along its first row. It will be left for the reader to work out an expansion
along each row and along each column.

15.18 PROPERTIES OF DETERMINANTS

Throughout this section, A4 is the n-square matrix whose determinant |A4] is given by (b) of the preceding
section.
The next three theorems follow easily from ().

Theorem XIX. 1If every element of a row (column) of a square matrix A4 is zero, then |4| = 0.
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Theorem XX. If A is upper (lower) triangular or is diagonal, then |4| = aj1axa33- - -an,, the product of
the diagonal elements.

Theorem XXI. If B is obtained from 4 by multiplying its ith row (ith column) by a non-zero scalar &,
then |B| = k|A|.
Let us now take a closer look at (a). Since ;. is a mapping of S ={1,2,3,...,n} into itself, it may be
given (see Chapter 1) as
g lp=j, 20=j, 30 =J3... s NP = Jn
With this notation, (a) takes the form

(@) al1,1002,2083 30 - - - Ap pu

and (b) takes the form
®) 4] = Z €1, 1p02,2403,3p - - - Qn np
where the sum is over S,. Since S, is a group, it contains the inverse
pliip l=Lpe P =250 =3, e t=n
of . Moreover, & and 1 ! are either both odd or both even. Thus (a) may be written as

Ealljn g Gyl jpQisa 1 G 1,

and, after reordering the factors so that the column indices are in natural order, as

@) Fur1@y -1 102071 243,71 37 "Apy-1 g
and (b) as
-
(b”) |A| = LFL‘ 141, 1,1a2;. 1,203|,:, 13" Ay, In

where the sum is over S,. For each square matrix 4 = [a;|, define transpose A, denoted by AT, to be the
matrix obtained by interchanging the rows and columns of 4. For example,

ay ap a3 ayl a1 asl
when A= |ay axn ax then AT = ajp ax ax
as; a4z ass a3 dzz ass

Let us also write A7 =[a]], where a] = a;; for all i and j. Then the term of |A7|

T T T T __ . . .
0l Q2,5 43,5y 0 Qnyj, = €a85y,104,,2005,3 " Gy n

= £u010,1020,2030,3" " Apap

is by (b”) a term of |A|. Since this is true for every 1 € S,, we have proved the following theorem.
Theorem XXII. If AT is the transpose of the square matrix 4, then |47| = |A].

Now let 4 be any square matrix and B be the matrix obtained by multiplying the ith row of 4 by a non-
zero scalar k. In terms of elementary matrices B = Hy(k) - A; and, by Theorem XXI,

|B| = |Hi(ki - Al = klA|
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But |Hi(k)| = k; hence, |H{k]- A| = |Hi(k) - |A|. By an independent proof or by Theorem XXII, we
have also

|4 - Ki(k)| = 14 - 1K;(k)|

Next, denote by B the matrix obtained from A by interchanging its ith and jth columns and denote
by T the corresponding transposition (7,j). The =ftect of T on (a’) is to produce

1
(a/ ) Eurd1,10t32,20743,3u7 " " " Opynit
hence, |B| = Z Forl1,1:732,2:743,307 "7 O ot

where the sum is over S,. Now, = gt € §, is even when g is odd and is odd when  is even; hence,
£, — —¢.. Moreover, with * fixed, let # range over S,; then = ranges over S, and so

|B| = Z*"-:al,lnaZ,Z-:-a3,3-:-' Qe = — Al

We have proved the theorem below.

Theorem XXIII. If B is obtained from A4 by interchanging any two of its rows (columns), then
|Bl = |4l

Since in Theorem XXIII, B= A4 - K;; and |K;; = —1, we have |4 - K;;| = |4 -|K;;| and, by sym-
metry, |H;; - A| = |Hy| - Al.
The next theorem follows readily, excluding all fields of characteristic two.

Theorem XXIV. If two rows (columns) of A are identical, then |4| = 0.
Finally, let B be obtained from A4 by adding to its ith row the product of k (a scalar) and its jth row.
Assuming j < i, and summing over S,, we have
|B| = Z €a1, 10" G ja i 1,6 D@10 + K ju)ix1, (4 1)0  Bnyna
= Z‘.--al,1,:02,2.--03,3.--' Oy
+ Zﬁlal,lu' @@ 1,6 Dk, j0)8ix 1, (e Gnna

=|A|4+0=|A4| (using (»") and Theorems XXI and XXIV)

We have proved (the case j > i being left for the reader) the following result.

Theorem XXV. If B be obtained from A by adding to its ith row the product of k (a scalar) and its jth
row, then |B| = |4|. The theorem also holds when row is replaced by column throughout.

Since, in Theorem XXIV, B = Hy(k) - A and |Hy(k)| = |I| = 1, we have
|Hj(kl- A] = |Hy(k)l - Al and |4 - Ki(l)l =14 - Ky(k)I.

We have now also proved

Theorem XXVI. If A is an n-square matrix and H(K) is any n-square elementary row (column)
matrix, then

|H -A|=|H -|A| and |[4-K|=|A4l- K|
By Theorem IX’, any square matrix A can be expressed as

(C) A=H11-H21...Hsl'N'Kt1---K21'Kl !
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Then, by repeated applications of Theorem XXVI, we obtain

Al=|H, ' -H,'...H, ' "N K, '...K, ' 'K 1]
=H ' - H,! - H'..H,'"N-K,'..K, LK Y

=|H ' -\H '|...|H, ' -NI-K YLK Y K
If A is non-singular, then N = I and |N| = 1, if 4 is singular, then one or more of the diagonal elements
of Nis 0 and |[N| = 0. Thus, we have the following two theorems.
Theorem XXVII. A square matrix A4 is non-singular if and only if |4] # 0.
Theorem XXVIII. If A and B are n-square matrices, then |4 - B| = |4 - |B).

15.19 EVALUATION OF DETERMINANTS
Using the result of Example 23(ii), we have

2 3

6| = (1)‘
8

1
5 6

4 —2)

s 7 8 5 8 5 7

4 6
+(3)‘

4 5 ‘
5
7
= (40 421 2(32 30)+3(28 25
= -2-449=3
The most practical procedure for evaluating | 4| of order » = 3, consists in reducing 4 to triangular
form using elementary transformations of the types Hj;(k) and Kj(k) exclusively (they do not disturb
the value of |A|) and then applying Theorem XX. If other elementary transformations are used,

careful records must he kept since the effect of Hy or Kj; is to change the sign of |4| while that of H;(k)
or K;j(k) is to multiply |A4| by k.

EXAMPLE 24. An examination of the triangular forms obtained in Example 6 and Problem 15.8 shows that while
the diagonal elements are not unique, the product of the diagonal elements is. From Example 6(a), we have

123 |1 2 3] |1 2 3
A =4 5 6i= 0 3 6 =i0 3 6i=(1;u:—3;u:—1)=3
5 7 8 0 -3 -7 0 0 -1
See also Problem 15.20.
Solved Problems

15.1. Find the image of F;_: =(1,2,3,4) under the linear transformation

120 4'|
2 41 =2 S
A= ! 0 15 1 | of V4(@) into itself
1 32 o0

Ind 2r - - - > P s 25 7P = 5
MA=5[ ¥ T B =TTl Tt )

=(9,15,25, — 3) See Problem 14.15, Chapter 14.
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15.2. Compute A - B and B - A4, given

"1
A= 2—‘andB=|4 5 6|
3

"1 “1-4 1-5 1-6 ]4 5 6
A-B= 2|-]14 5 6|]= 2425 2-6[=18 10 12
3 3-4 3.5 3-6 12 15 18
"1
and B-A=[4 5 6| 2|=[4-1+5-2+6-3|=[32]
3

15.3. When

1 2 2 21 0 -1
A=|:3 0 1] and B= 13 -2 0], find A - B.
01 -1 -1

A-B=|:

2+2 1+6-2 —4+2 -1+42| (4 5 =2 1
6 3+1 -1 -3-1]"[6 4 -1 -4

15.4. Show that the linear transformation

|' 1 220

2 53 . . . .

' 38 4 2 l'in V4(R) is singular and find a vector whose image is 0.
‘ 2 713

Using in turn H21 f—2), H31f—3),H41f—2); H12f—2), H32f—2), H42f—3), we have

12201 12 201 10 4—2‘|
(2531 4,01 -1 1} 01 -1 1]
‘3842‘ '02—22‘ '0000‘
2 71 3 0 3 -3 3 00 0 O

The transformation is singular, of rank 2.

Designate the equivalent matrices as 4, B, C, respectively, and denote by 7, /%, 73, 74 the row vectors of 4,
by 4/, 7y, 7', iy the row vectors of B, and by 7", 7", 71", 74" the row vectors of C. Using the moves in
order, we have

A= B 2R, A= B - 3R, Al = Py—2h
=/ - =/ = /N =/ =/ = /N =/ =/
1 = M -2, i3 = =2, g = N —3mn
Now
- I -/ -/ - - - - - - -
Moo= =2 =( =341 2R —-23)=/k-2m+7n =0
while

P =R -3 =G —28 3G —28) =R 3R +45 =0

Thus, the image of P= (1, —2,1,0) is 0; also, the image of ¥ = (4, —3,0,1) is 0. Show that the vectors
whose images are 0 fill a subspace of dimension 2 in V4(R).
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15.5. Show that the linear transformation

12 3]
A=1]2 1 3/ isnon-singular.
321
We find
1 23 12 3 12 3—|
A=12 1 3 0 3 3;~10 1 1
3 1 ‘ 0 -4 -8 ‘ 0 -4 -8 ‘
|'1 0 1—| 10 1—| 100
~10 1 I1y~101 1 ~101 0|=8B
‘0 0 —4‘ 0 01 ‘ 0 01 ‘

The row vectors of A are linearly independent; the linear transformation 4 is non-singular.

15.6. Find the rank of the linear transformation

[1 22 4 2]
A= ‘ 2 53 10 7 of V3(R) into V5(R).
3 57 10 4
We find
12 2 4 2 1 2 2 4 2—|
A=12 5 3 10 7| ~10 1 -1 2 3
3 57 10 4 0 -1 1 -2 =2 ‘
10 40 —4—| 10 40 0—|
=10 1 -1 2 3;~101 -1 2 0|=B
00 00 1 ‘ 0 0 0 01 ‘

The image vectors are linearly independent; r4 = 3.

15.7. From the set
{(2’ 5’ 0’ - 3)’ (3’ 2’ 1’ 2)’ (1’ 2’ 1’ 0)’ (5’ 6’ 3’ 2)’ (1’ - 2’ - 1’ 2)}
of vectors in V4(R), select a maximum linearly independent subset.

The given set is linearly dependent (why?). We find

2 5 0 —3-| 0 1 -2 —3-|
I3 2 1 2I I0_4 -2 2I
4=[1 2 1 0|~/1 2 1 o]
s 6 3 2| 10 —4 —2 2
1 -2 -1 2‘ 0 —4 —2 2‘
01 -2 —3-| 01 -2 —3-| (0 1 0 —1-|
IOO—lO _10I IOO 1 1I IOOl 1I
lto 5 6|~|10 5 6|~|100 1|=B
10 0 10 —10] 10 0 —10 10| [0 0 0 O]
0 0 —10 —10‘ 00 —10 —10‘ ‘000 0‘

[CHAP. 15
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From an examination of the moves, it is clear that the first three vectors of A are linear combinations
of the three linearly independent vectors of B (check this). Thus, {(2,5,0, — 3),(3,2,1,2),(1,2,1,0)} is a
maximum linearly independent subset of 4. Can you conclude that any three vectors of 4 are necessarily
linearly independent? Check your answer by considering the subset (1,2,1,0),(5,6,3,2),(1, —2, — 1,2).

15.8. By means of elementary column transformations, reduce

to upper triangular, lower triangular, and diagonal form.
Using K13{—2/3),K23{—5/6); K12(1), K23f—1/24), we obtain
12 3 T -1 -12 3 T_3/2 -5/8 3
A= 4 5 6|~ 0 0 6|~ 0 -1/4 6
57 8 -1/3  1/3 8 0 0 8

which is upper triangular. Using K5, 2), K[ 3); K3[ 2) we obtain

1237 Tt 0o 0] 1 0 o0
A= 4 5 6|~ 4 -3 6|~ 4 -3 0
5 7

8 5 -3 -7 5 -3 -1

which is lower triangular. Using Kj;1—2), K3;1—3), K331—2); Ki3(5), K231—3); K12(4/3) we obtain

"1 0 0 "1 0 0 "1 0 0
A~ 4 =3 0|~ 4 =3 ol~ 0 =3 0
0

5 -3 -1 0 -1 0 +0 -1

which is diagonal.

15.9. Prove: Any non-zero matrix A over F can be reduced by a sequence of elementary row
transformations to a row canonical matrix (echelon matrix) C having the properties:

() Each of the first r rows of C has at least one non-zero element; the remaining rows, if any, consist

entirely of zero elements.
(i) Inthe ith row (i = 1,2, ...,r) of C, its first non-zero element is 1, the unity of F. Let the column in which

this element stands be numbered j;.
(@ii) The only non-zero element in the column numbered j; (i = 1,2, ...,r) is the element 1 in the ith row.

™ j<ja<-Jn

Consider the first non-zero column, number j;, of 4;
(@ Ifay, #0, use Hi(ay, ) to reduce it to 1, if necessary.
(b) 1If aj;, = 0 but a,;, # 0, use Hy, and proceed as in (a).

(¢) Use transformations of the type H; (k) to obtain zeros elsewhere in the j; column when necessary.

If non-zero elements of the resulting matrix B occur only in the first row, then B = C; otherwise, there is a
non-zero element elsewhere in the column numbered j, > ji. If by, # 0, use Hz(szz‘l) as in (@) and proceed
as in (c); if by, = 0 but by, # 0, use Hy, and proceed as in (a) and (c).

If non-zero elements of the resulting matrix occur only in the first two rows, we have reached C; otherwise,
there is a column numbered j3 > j, having non-zero element elsewhere in the column. If ... and so on;
ultimately, we must reach C.



232 MATRICES [CHAP. 15

15.10. Prove: The row rank and column rank of any matrix 4 over F are equal.

Consider any m » n matrix and suppose it has row rank r and column rank s. Now a maximum linearly
independent subset of the column vectors of this matrix consists of s vectors. By interchanging columns, if
necessary, let it be arranged that the first s columns are linearly independent. We leave for the reader to show
that such interchanges of columns will neither increase nor decrease the row rank of a given matrix. Without
loss in generality, we may suppose in

ai a2 -+ 4l Alsyl vt Qla
d1 Ay - dy Qa1 O
A=
as1 agp S Qg s, 5+1 U Qs
Oml Am2 -~ Gms Om,stl o Omn
the first s column vectors 1y, I, ..., I, ate linearly independent, while each of the remaining n — s column

vectors is some linear combination of these, say,
- - - -
Tgpr =cCnly+enly+ - —cily, (=12,...,n—53)
with ¢;; € F. Define the following vectors:
- - -
I"-'Il = (a113a123 e aals)a I'-"2 = (a213a223 e ,02.9), CENEY I"-'Im = (amlaam23 e aams)
and

I:-!rl = (alla (2] PR as+1,1)a I32 = (012, axy,... aas+1,2)a caey En = (alna 27 aas+1,n)

Since the /s lie in a space Vy(F), any s + 1 of them forms a linearly dependent set. Thus, there exist scalars
by, by, ..., g1 in F not all 0 such that

> > >
b1 +bainm---+ bs+1i'-'s+1 =biayy +braz + -+ - — bsy1as41,1,b1012 + baany + - -
+ by 1G541,2, - - - D101s + boapg + - — bsy1a511,)
= 5 25 P S -
=(§-n1,§-n2,___,§;-ns)=£

where £ = (0,0,...,0) =0 is the zero vector of Vy(F) and 5: (b1, b, ..., bsy1). Then
Ped=i-d - L.3,=0

Consider any one of the remaining &’s, say,

*'-'-':s+k = (al,s+ka A2, s54ksy v s as+1,s+k)
= (cr1a11 + cr2a12 + - - + Crstis, Cr1021 + Cr2a22 — - - + Chsl2s, - - -
Cr18sy1,1 + CR28s11,2 + -+ - — Chslsi1,5)
Then Pk = cuE-F) 4ol f2b o ou@-3)=0

Thus, any set of s + 1 rows of A is linearly dependent; hence, s = r, that is,

The column rank of a matrix cannot exceed its row rank.
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To complete the proof, we must show that r = s. This may be done in either of two ways:

() Repeat the above argument beginning with 4, having its first r rows linearly independent, and concluding
that its first r + 1 columns are linearly dependent.
(i) Consider the transpose of 4

aiy a1 - aml
T_ 912 G2 - am
Aln ABn - Omn

whose rows are the corresponding columns of A. Now the rank of A7 is s, the column rank of 4, and the
column rank of AT is r, the row rank of 4. By the argument above the column rank of AT cannot exceed its
row rank; i.e., r = s.

In either case we have r = s, as was to be proved.

15.11. Reduce

3 234 5
A=|2 -1 4 5 1
4 512 3

over R to normal form.

First we use Hyp[ 1) to obtain the element 1 in the first row and first column; thus,

234 5] 71 3 -1 -1 4
-1 45 1|~ 2 -1 4 5 1
51 2 4

-3 5 1 2 -3

A=

BN W

Using Hy(—2), H311—4), K314—3), K31(1), K41(1), K51 1—4), we have

A~ 0 =7 6 7 =7

1 000 0
0 -7 5 6 -19

Then using H32f—1), Ky — 1/7), K32{—6), K42f—7), K52(7), we have

10 0 O 0
4~ 01 0 0 0
600 -1 -1 -12

and finally, using Hji. 1), Kt 1), Ks3l 12),

“1

(=4

NS
—
_ o O
[ i ]

o O O
|

15.12. Reduce

—_ =

1 1 2
A= |72 -3 —6—‘
33 1 2

over R to normal form N and find matrices S and T such that S- 4 - T = N.
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We find
10 0 O 1 0 O 0
01 0 0 0 1 o0 0
00 1 o0 0 o0 1 0
00 0 1 0 0 0 1
11 1 2100 1 1 1 2 100
I 21 -3 -6 010 0 -1 -5 -10 -2 1 0
A L= 33 1 2001 >0 0 -2 —4 -3 01
1 -1 -1 =2 1 -1 -1 =2
0 1 o0 0 0 1 0 o0
0 o0 1 0 0 0 1 o
0 0 0 1 0 0 0 1
1 0 O 0 100 1 0 0 o0 1 0 0
0 -1 =5 =10 -2 1 0 0 1 5 10 2 -1 0
- 0 0 -2 -4 -301 -0 0 1 232 0 -1/2
1 -1 -1 -2 1 -1 -1 o0
0 1 0 o0 0 1 0 o0
0 0 1 o 0 o0 1 -2
0 0 0 1 0 0 0 1
1 0 0 o0 1 0 0 1 0 0 o0 1 0 0
0o 1 o0 o0 -11/2 -1 572 0o 1 0 o0 -11/2 -1 5/2 T
-0 0 1 2 32 0 -1/2 - 0 O 1 0 32 0 -1/2 = NS
Lo o 0 1 o 0
Hence, S= =112 -1 572 and T=] !
32 0 —172 0 0 1 ‘2‘
0 o0 0 1

15.13. Prove: The inverse of the product of two matrices A and B, each of which has an inverse,
is the product of the inverses in reverse order, that is

4-B)'=B'-4!
By definition, (4- B)™!-id-B) =(4-BYA-B)™! =I. Now
B' 4" i4-B=B'4'! 4AB=B' I-B=B'!-B=1I
and A BB - AHY=AB-B YA ' =4-4' =1
Since (4 - B) ! is unique (see Problem 15.33), we have (4-B) ' =B '. 4 1.

15.14. Compute the inverse of

"1 2 4
A= 3 1 0 over Zs.
2 21
We have
_124100—| _124100—| _124100—|
[AL1=13 1 0 01 0]~10 0 3 2 10|~1033 3071
221001 033301‘003210‘
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124100 102 401 100111
011102 011102~ 01W02372
0 01420 0 01420 0 01420
111
and Al= 23 2
4 20
15.15. Find the minimum polynomial of
111
A= 0 2 0 over R.
1 11
Clearly, A # aoI for all ay € R. Set
2 4 2 111 10 0—| Tai +ag ai ai
AA=|0 4 0]=a10 2 0|4+a10 1 0]=1 0 2a; +ay 0
‘242‘ 11 1‘ 001‘ a; a; a; +ag
which is impossible. Next, set
T4 12 4 2 4 2 _111—| |'100—|
A=10 8 0]=ai0 4 0|+a10 2 0|+a|0 1 0
4124‘ 242‘ 111‘ ‘001‘
2ayta;+ag 4a, + a; 2a; + a; —|
= 0 4ay + 2a; + ag 0
20y + a; 4a, + a; 200 + a1 +ag ‘
[ 20 + a1 +ay =4
From day +a; =12, we obtain ag=0,a; — 4,0 =4.
200 +a; =4

After checking every element of A% and not before, we conclude m(?) = »3 — 432 4 4;.

15.16. Find all solutions, if any, of the system

2+ 22+ 3x3 + x4 =
3x1 — X2 + x3 + 3xs
—2x1 +3xy —x3 — 2x4
X1 +5x; +3x3  3x4
2x1 + 7x3 + 3x3 — 2x4

Il
0N AN~

over R.

We have

[4 H|—

N =W N
W W = = W
N W N W -
0N AN
NN W
N W

W W = = W
N =W

0o = N NN
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1 5 3 -3 2‘| Lo 12 34 3/41 Lo 12 34 3/4‘|
10 1 12 =34 1/4] 0 1 12 =34 14| |0 1 12 -3/4 1/4
~10 13 5 -8 8l~100 =32 7/4 19/4|~100 1 1 -1
lo —8 -3 7 3| lo o 1 1 1| lo o =32 74 19/4
0 -3 -3 4 4 0 0 —3/2 174 19/4 00 o0 o0 0
100 1/4 5/4‘| 100 1/4 5/4‘| 100 0 1‘|

10 10 =54 34| ([0 10 -54 34| (0100 2|

10 0 1 1 1]~]0 0 1 1 211 ~10 010 2]

1o 0 0 13/4 13/4] 10 0 0 1 1] 10001 1]

000 0 0‘ 000 0 0‘ 0000 0‘

Both 4 and [4 HI] have rank 4, the number of unknowns. There is one and only one solution:
X1 = 1,X2 = 2,X3 — —2,X4 =1.

Note. The first move in the reduction was Hy4. Its purpose, to obtain the element 1 in the first row and
column, could also be realized by the use of H; (%).

over Z; to normal form. -‘

Using H1(5); H21(1), H31(3); H12(4), H32(3); H3(3); H13(1), H23(5), we have

15.17. Reduce

N W
N LN
v A

1 1 3 5 1 3 5"| 10 6"| 10 6—| 1.0 0
16 5 4|~16 5 4|~10 1 2|~1012|~1012|~10120
5‘ 4 2 5‘ 0 4 6 00 5‘ 0 01 00 1‘
15.18. Find all solutions, if any, of the system
[ X1 +2x+x3+3x4 = 4
2xX1+x+3x3+2x4 = 1
2+ x3+x4 = 3
3x1+x2+3x3+4x4 = 2
over Zs.
We have
1213 4‘| |’1 2 1 3 4‘| 1213 4‘| 1. 0 0 2 1'|
213 2 17 10 2 1 1 3 101 3 3 4 101 3 3 4
|02113‘ ‘02113‘ |02113‘ I00000‘
313 42 0 00 0O 0 00 0O 0 00 0O

Here, r4 = ria g = 2; the system is compatible. Setting x3 = s and x4 = ¢, with s,¢ € Zs, all solutions are
given by

x1=143t,x=44+25s+2t,x3=5,X4 =1

Since Zs is a finite field, there is only a finite number (find it) of solutions.
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15.19. Solve the system
21 + x3 + x3 = 0
X1 + x3 = 0
2% + x3 = 0
over Z3.
We have
- 1 2 2

Then assigning x3 = s € Z3, we obtain x; = 2s,x; = x3 = s as the required solution.

15.20. With each matrix over Q, evaluate

(a)
0 1 -3 -1 1 -3 -1 0 0 -1
25 4i=i—354='—3 2 13| = | 2
3 2 2| -5 2 —2 -5 -3 13 |5
_ 65

Kjp( 1) is used to replace a;; =

237

0 by a non-zero element. The same result can be obtained by using

Kjy; then
l o 1 -3} 1 o0 -3] 1 0 o
25 4 - -5 2 4 - -5 21
-3 2 2| 2 -3 -2 12 -3 4|
1 0 0‘
- -5 2 0 = 65
2 -3 65/2|
An alternate evaluation is as follows:
Lo 1 -3 o1 o
25 4] = | 25 19 = [1)!_§ 12‘ =  84+5T1= 65
-3 2 -2| -3 2 4 !
®
2 3 -2 4| -1 3 -2 4 -1 0 0 0!
32 12 _ 5—212!_ 5 13 -9 22!
3 2 34 7 |1 2 34 7 |1 5 1 8l
-2 4 0 5‘ -6 4 0 5‘ -6 -14 12 —19|
-1 0 0 0] -1 0 o0 0 -1 0 O 0]
e T S B | £ S S R I B S B 0|
S|t s 1 8 1 5 16 23 |1 5 16 0|
-6 —14 12 —19] ‘—6 -14 -30 —61 —6 —14 -30 —143/8|
= o 1) 1)(16) 143/81= 286
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15.21.

15.22.

15.23.

15.24.

15.25.

15.26.

15.27.
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Supplementary Problems

Given

over @, compute:

225 -2 0 0

(@ A+B= 1 6 5 @ B-C= 0 -2 0
56 3 0 0 -2

"3 0 6 -5 2 1

® 34= 0 9 3 (€ A C= 4 —2 -2
12 6 0 26 24 —6

"3 10 9 ]9 4 2

() A-B= 4 13 15 (f) A2=A-4= 14 11 3
6 14 20 4 6 10

For the arrays of Problem 15.21, verify (a) (4 + B)C = AC + BC, (b) (4 - B)C = A(B- C).

For A =a;l, (i=1,2,3;j=1,2,3), compute Is - 4 and 4 - I5 (also 03 - 4 and 4 - 03) to verify: In the set R
of all n-square matrices over F, the zero matrix and the identity matrix commute with all elements of R.

Show that the set of all matrices of the form

where a,b,c € @, is a subalgebra of M;3(Q).

Show that the set of all matrices of the form

where a,b,c € R, is a subalgebra of M;3(R).

Find the dimension of the vector space spanned by each set of vectors over @. Select a basis for each.
(@ {1,4,2,4),(1,3,1,2),(0,1,1,2),(3,8,2,4)}
) {1,2,3,4,5),(5,4,3,2,1),(1,0,1,0,1),(3,2, — 1, =2, — 5)}
(© {,1,0, —1,1),(1,0,1,1, — 1),(0,1,0,1,0),(1,0,0,1, 1), (1, — 1,0,1, 1)}
Ans. (@) 2, ) 3, () 4

Show that the linear transformation

IR
|

N W N~
[=-20 S I S ]
D= ww
N A —=O

of V4(R) into itself is singular and find a vector whose image is 0.
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15.28. Prove: The 3-square matrices I, Hyy, Hi3, Hy3, Hi» - Hi3, Hy3 - Hy; under multiplication form a group
isomorphic to the symmetric group on three letters.

15.29. Prove: Under multiplication the set of all non-singular n-square matrices over F is a commutative group.

15.30. Reduce each of the following matrices over R to its row equivalent canonical matrix:

-1 2 2 3‘|
[12 3] ., 25 4 6
@ 25 4 @ 1 3 2 2‘
2 4 -1 6
) -3 4 5 6 7 8
b2 4 5 6 7 8 9
B 121 -3 —6 | |
® © 15 6 7 8 o 3
33 1 2
10 11 12 13 14 15
-1212-|
13 2 2
© |2434‘
37 4 6
Ans.
. 100 2
) 1000
10 -7 lo 10 of
@ @ o100 (@ | |
01 2 ‘ '0 01 0|
001 2 ‘ ‘
000 0
10 -1 -2 -3 0‘|
101 2 3 40|
@ L @ | !
oo 0 0 01
00 0 0 00‘
15.31. In Example 11 use H>(}), H3(—1), Hx31-5), K3(2) on
1 -2 1
0 10
0 o0 1
1 00 10
0 25 -3 10
0 1 3 —4 0
and obtain
- 0 01 ) 21
S=1 11 3 5 and T=10 1 0
52 —1/2 1‘ 0 o 2‘

to show that the non-singular matrices S and 7 such that S -4 - T = I are not unique.
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15.32. Reduce

123 2]
A=]2 2 1 3]
30 4 1‘

over R to normal form N and compute matrices S and 7T such that S-4-T = N.

15.33. Prove that if 4 is non-singular, its inverse A4 ! is unique.

Hint. Assume 4-B = C- A =1 and consider (C - 4)B = C(4 - B).

15.34. Prove: If 4 is non-singular, then 4 - B = A4 - C implies B= C.

15.35. Show that if the non-singular matrices 4 and B commute, so also do (@) 47! and B, (b) 4 and B!, (c) 47!
and B .

Hint. (@) A4 -B)A™' = A"\(B- A)4~".

15.36. Find the inverse of:

‘133} ‘21—1}
@ 11 4 3 13 2
(@)
13 4 -1 2 1
s T3 4 2 77
W 12332
® 12 4 © I
356
2 32 3
s 111 1]
W 12 3 -4
© 113 3 ) ) 3 s s
2 4 3
3 4 5 8‘
over Q.
]7—3 37 103 —5—‘
Ans. @ |-1 1 o () 11_oi 3 -1 5 |
1 0 1 -5 5 —5‘
B ~ o1 11 7 =26
1 -3 2 |
-1 -7 -3 16
® -3 3 - ©® 3, 1 o
2 -1 0
1 -1 2
T2 16 -6 4'|
|'3—6 31 | |
()1| 2 3 0| @ 1] 2 4 30 -1
o L1 1
3 18| _10 44 30 -2 |
2 0 -1 !
4 13 6 -1
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15.37.

15.38.

15.39.

15.40.

15.41.

15.42.

15.43.

15.44.
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Find the inverse of

NS

- 1
N = =
—_— O
— =

— 1

over Z3. Does A have an inverse over Zs?

Ans. A1=i —!

Find the minimum polynomial of

[l S B =)
_— N
[\S B

01 0 200 112 2011
@@ o0 1|, ® 01 0], © 11 2] @ 1 2 1]

1 2 -1 0 01 11 2 11 2

Ans. (@) 23 432 -2: -1, ) 2 =31 +2, ) »2 —4x, @2 —5~+4

Find the inverse of each of the following matrices (a), (b), (d) of Problem 15.36, using its minimum
polynomial.

Suppose .3 + a2 + b is the minimum polynomial of a non-singular matrix 4 and obtain a contradiction.
Prove: Theorems XIX, XX, and XXI.

Prove Theorem XXIV (Hint. If the ith and jth rows of A are identical, |4| = |Hj; - |4[) and Theorem
XXVIII.

Evaluate:

123 2 -1 1
(@ 13 4 @ 3 2 4
1 43 1 0 3
1116

1o
® o 31 @ |>41L16
. 4129
24 27
S TR O
@ |1 0 1 ) | |
12 -2 00 0
|11 3 4

Ans. (a) =2, (b) =26, (c) 4, (d) 27, (e) 41, (f) 156

Evaluate:

r—1 2 3 i i
1 w=3 4 ®) |
1 4 i 3 I

r—2 -1 -4
L—3 -5

| _
@ | -1
I 4 5 = 6

Hint. Expand along the first row or first column.

Ans. (@) »3 — 732 —6i +42, (b) »3 — 1152 — 63 4+ 28
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15.45. Denote the row vectors of 4 = [ay], (i,j = 1,2,3), by 7y, 7, /3. Show that

(@) #y - i (see Problem 14.13, Chapter 14) can be found as follows: Write the array

aiy a2 a3 ajl 4a;z

az dxp axa 4z dap

and strike out the first column. Then

a a

- > |¢113 alll |011 012|
MY = o P |
|G22 423 |@23 421 421 422,
(B) 1Al=7 (F x A= P (F x&)=7y (F = i)
15.46. Show that the set of linear forms
fi = auxi+apxy —--—amx,
fr = auxi+apx; — - —ayx,
(a) over F
Jn = GmX1+ amaX2 — - - — AmnXn
L= Timeurly dependent i end only G0 the cozllicient mains

A=[ayl, (=12,...m; j=1,2,...,n)

is of rank r < m. Thus, (a) is necessarily linearly dependent if m > n.

15.47. Find all solutions of:

X1+ X2+2x34+ x2=5
(@ x1 —2x4+3x3—5x4=1 ()] 2x143x — x3—2x4=2

4x1 + 5x3 + 3x3 =17
[ X1+ X —2x3+ x4+3x5=1

(e 2x1 — X3 +2x3+2x4 +6x5 =2
3x; +2x; —4x3 —3x4 —9x5=3

®) ) x1+x2+x3i4

X1+ 5x; —2x3 =13
I x14+3x+ x3+ x34+4+2x5=0
2X1 4+ 5x —3x3+2x4 — x5=3
X1+ Xp+2x3— x4+ x5=5
3x1+ x4+ x3—2x4+3x5=0

xX1+x2+x3=4
(© 2x1 +5xp —2x3=3 D)
X1+ 7% —Tx3 =15

over Q.

Ans. (@ x1=142r-3s+5t,x2=r,x3=s5,x3=1
b)) x1=17/3=Tr/3,x2 — =5/3+4r/3,x3=r
e xi=1,x=2r,x3=r,x4 — -3b,xs=5b

) x1 —-11/5-4r/5,x=2,x3 — -1 —r,xg — —14/5—r/5, x5 =r

[CHAP. 15

15.48. (a) Show that the set M, = {4, B, ...} of all matrices over @ of order 2 is isomorphic to the vector space

Va(@).

Hint. Use A = [Z“ 312] — (ai1,a12,a21, a22). See Problem 11.3, Chapter 11.
b1 422
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(b) Show that

Lol L _[o1] L _[oo] L _[oo0
11—013 12—003 21—103 22—01

is a basis for the vector space.
by b

] if and only if 4 commutes with each I of (b).
by by

(¢) Prove: A commutes with B = [
Hint. B =by 11| + bia113 + by I + bypylrs.

15.49. Define

e[ 2Jeeren)

Show (@) S, is a vector space over R, (b) S, is a field.

_; ;} ] — Xx + yiis an isomorphism.

15.50. Show that the set £ = {(q; + ¢q2i + g3/ + q4k) : 41,42, ¢3, a4 € R} with addition and multiplication defined
in Problem 12.27, Chapter 12, is isomorphic to the set

Hint. In (b) show that the mapping S, - C: [

q1 q2 q3 q4

| —q2 1 —q4 3
Se=1 1 A :1q1,92,93, 94+ €R
—q3 q4 g —q2

—q4 —q3 q2 q1

Is Sy a field?

15.51. Prove: If 51, 52, e gm are m < n linearly independent vectors of V,,(F), then the p vectors

-

ﬁj=Sj1-%;1+Sj2-f.'2+'--—Sjm._*;'m, (.]=13233p)
are linearly dependent if p > m or, when p = m, if [s;] is of rank r < p.

15.52. Prove: If §1, §2, cees f,, are linearly independent vectors of V,(F), then the n vectors

N -

- -
=t +Hapty = =l (G=12,....7)

are linearly independent if and only if |a;| # 0.

g i] ca,b,ceR ‘ has the subrings

{lo o)xemb{[g oJrmverl e {[g J]nren]

as its proper ideals. Write the homomorphism which determines each as an ideal. (See Theorem VI,
Chapter 11.)

15.53. Verify: The ring T, = | [

15.54. Prove: (4 + B)T = AT + BT and (4 - B)T = BT - AT when 4 and B are n-square matrices over F.
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15.55. Consider the n-vectors X and Y as 1 x n matrices and verify
X v=x-Y'=v x7
15.56. (a) Show that the set of 4-square matrices

M ={I,Hy, Hy3, H4, Hy3, Hy, H3a, H13 - Hi3, Hyy - Hy3, Hyp - Hyg,
Hyy - Hy, Hy3 - Hig, Hia - Hiz, Hys - Hys, Hys - Hoz, Hyp - Hsa,
Hy3 - Hy, Hi4 - Hys, Hyy - Hys - Hig, Hip - Hia - Hi3, Hys - Hyp - Hyg,
Hy3-Hys- Hip, Hig - Hip - Hi3, Hiy - His - Hig}

is a multiplicative group.
Hint. Show that the mapping

Hy — (i), Hy - Hy — (i), Hy - Hy — (§)(kD), Hy - Hy - Hy — (ijk)

of M into S, is an isomorphism.

(b) Show that the subset {I, H3, Hy4, Hy3 - Ha4, Hy3 - Hog, H14 - Hy3, Hyy - Hyz - Hiy, Hyy - Hy3 - Hpp}
of M is a group isomorphic to the octic group of a square. (In Fig. 9-1 replace the designations
1,2,3,4 of the vertices by (1,0,0,0),(0,1,0,0),(0,0,1,0),(0,0,0, 1), respectively.)

15.57. Show that the set of 2-square matrices

tl b AR Toble M AR o} o)

is a multiplicative group isomorphic to the octic group of a square.

Hint. Place the square of Fig. 9-1 in a rectangular coordinate system so that the vertices 1,2, 3,4
have coordinates (1, — 1),(1,1),1 1,1),[ 1, — 1), respectively.

15.58. Let S spanned by (1,0,1, —1),(1,0,2,3),(3,0,2, —1),(1,0, —2, —7) and T spanned by (2,1,3,2),
0,4, - 1,0),(2,3, —4,2),(2,4, — 1,2) be subspaces of V4(@). Find bases for S,7,SNT, and S+ T.



CHAPTER 16

Matrix Polynomials

INTRODUCTION

In this chapter, we will be exposed to some theory about matrix polynomials. These topics are just
extensions and applications of some of the theory from Chapter 15. Topics such as matrices with
palvnomial elements, polyoomial. with matrix coeffic’ents. aad arthogonsl marricess will be studisd here,

16.1 MATRICES WITH POLYNOMIAL ELEMENTS

DEFINITION 16.1: Let F[+] be the polynomial domain consisting of all polynomials ~ with
coctticiznts in F. An m = n matrix over F[+|, that is, one whose elements are polynomials of F[+],

all(l) 012(;&_] - al,,(:-‘)
AG) = [a5 (1 ay(*) an(~) - an(+)
am1 (J') amZ(’-'-:l o amn(’-")

is called a +-matrix (read: lambda matrix).

Since /7 = F[~], the set of all m > n matrices over F is a subset of the set of all m » n *-matrices over
FI[~I. It is to be expected then that much of Chapter 15 holds here with, at most, minor changes. For
example, with addition and multiplication defined on the set of all n-square *-matrices over F[+]

precisely as on the set of all n-square matrices over F, we find readily that the former set is also a non-

commutative ring with unity 7,. On the other hand, although A(~) = [0 R +‘1)J is non-singular, i.e.,

|[A(R)| = (= + 1) # 0, A(>) does not have an inverse over F[-|. The reason, of course, is that generally
i#*(=) does not have a multiplicative inverse in F[~|. Thus, it is impossible to extend the notion of
elementary transformations on --matrices so that, for instance,

o-[o ] o)

16.2 ELEMENTARY TRANSFORMATIONS
The elementary transformations on ~-matrices are defined as follows:

The interchange of the ith and jth rows, denoted by Hj; the interchange of the ith and jth columns,
denoted by Kj.

245
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The multiplication of the ith row by a non-zero element k € F, denoted by H;(k); the multiplication of
the ith column by a non-zero element k € F, denoted by Ki(k).

The addition to the ith row of the product of f(+) € F[+| and the jth row, denoted by Hj[ f(+)]; the
addition to the ith column of the product of f(+) € F[~] and the jth column, denoted by Kj[ /(%))

(Note that the first two transformations are identical with those of Chapter 15, while the third permits all
elements of F[-| as multipliers.)

An elementary transformation and the elementary matrix obtained by performing that transforma-
tion on I will again be denoted by the same symbol. Also, a row transformation on A(%) iz aftected v
multiplying it on the left by the appropriate H. 1ud & ccluma transformation = affected by multiplying it
on the right by the appropriate K. Paralleling the results of Chapter 15, we state:

Every elementary matrix is non-singular.
The determinant of every elementary matrix is an element of F.
Every elementary matrix has an inverse which, in turn, is an elementary matrix.

Two m = n i-matrices A(+) and B(») are called equivalent if one can be obtained from the other
by a sequence of elementary row and column transformations, i.e., if there exist matrices S(~) =
H;...H, H; and T(+) =K - K;... K}, such that

S(~1-AG)-T(~) = B(»)

The row (column) rank of a *-matrix is the number of linearly independent rows (columns) of the
matrix. The rank of a ,-matrix is its row (column) rank.

Equivalent ~-matrices have the same rank. The converse is not true.

16.3 NORMAL FORM OF A A-MATRIX
Corresponding to Theorem IX’' of Chapter 15, there is

Theorem 1. Every m > n ~-matrix A(*) over F[«| of rank r can be reduced by elementary trans-
formations to a canonical form (normal form)

[fG) 0 o 0 0 0 - 0
0 fH(E) 0 0 0 0 - 0
NG 0 0 0 0 f,() 0 -~ 0
A) =
0 0 0 0 0 0 --- 0
|0 0o 0 -~ 0 0 0 --- 0

in which fi(%), f2(+), ..., f,(*) are monic polynomials in F[-~| and f{(~) divides f;;;(+) for i=
L2,...,r—1.

We shall not prove this theorem nor that the normal form of a given A(%) is unique. (The proof of
the theorem consists in showing how to reach N(+) for any given A(~); uniqueness requires further study
of determinants.) A simple procedure for obtaining the normal form is illustrated in the example and
problems below.

EXAMPLE 1. Reduce

143 41 242
AF=| 2:24: 3 241 2:2 2

W2 46h4+3 232425 +1 B4 A2450+2
over R(*) to normal form.
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The greatest common divisor of the elements of A4(%) is 1; take f1(+) = 1. Now use Kj3[ 1) to replace a;;(+) by
f1(#), and then by appropriate row and column transformation obtain an equivalent matrix whose first row and first
column have zero elements except for the common element f;(*); thus,

1 ~+1 ~+2 1 0 0 1 0 0
A(.'-._\.I Y - | 32 +1-1 2:2 -2 el l=1 2 12 G ~ 10 1 12 ; — B(l)
A4l 2:242:41 343245542 P41 o2 R34 0 2 342

Consider now the submatrix

it —i
32 i3 425
The greatest common divisor of its elements is +; set f2(+) = 4. Since f>(*) occupies the position of by,(%) in B(%), we

proceed to clear the second row and second column of non-zero elements, except, of course, for the common element
f2(#), and obtain

1 0 0 1 0 O 1 0 O
2

AGY =10 & =i [~[0 A 2—i |~]0 & 0 = N(%)
[0 »2 ;_3+2;.J [0 0 ;.2+21J [0 0 ;.2+2;_J

since 2 4 24, is monic.
See also Problems 16.1-16.3.

DEFINITION 16.2: The non-zero elements of N(-), the normal form of A(-), are called invariant
Sfactors of A(+).

Under the assumption that the normal form of a *-matrix is unique, we have

Theorem II. 'Two m > n =-matrices over F[X| are equivalent if and only if they have the same invariant
factors.

164 POLYNOMIALS WITH MATRIX COEFFICIENTS

In the remainder of this chapter we shall restrict our attention to n-square *-matrices over F [+]. Let A(+)
be such a matrix and suppose the maximum degree of all polynomial elements a;(*) of A(-) is p. By the
addition. when necessary of terms with zero coefhicients. A(-) can be written so each of its elements has
p + 1 terms. Then A(%) can be written as a polynomial of degree p in » with n-square matrices 4; over F
as cocHeicnts, called & matrix polynomial of degree p in b

EXAMPLE 2. For the *-matrix 4(+) of Example 1, we have

B »43 P41 A42

A@=| 2:2+:-3 24r-1 2:2-2

[ A3+ a2 460 +3 232420 +1 B Hi24+50+2

F0:3 +0:2 4543 02340245741 0:340:24+ 242
=|0:342:24: -3 0234:24:-1 02342:2401-2
| 3246043 083428242841 PByi2ysi42

0 0 O 0 0O 111 3 1 2
=({0 0 O0f3+|2 1 22241 1 O|24]|-3 -1 =2
|1 0 1 1 21 6 2 5 3 1 2
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Consider now the n-square »-matrices or matrix polynomials

A(G) = Apr? + 4, 137! 1 Arh+ Ay )

and B(+) =B, + B, 129! .| Bi*+ By #))

The two --matrices (matrix polynomials) are said to be equal when p=g and 4; = B; for
i=0,1,2,...,p.

The sum A(~) 4+ B(~) is a ~-matrix (matrix polynomial) obtained by adding corresponding elements
(terms) of the *-matrices (matrix polynomials). If p > g, its degree is p; if p = ¢, its degree is at most p.

The product A(*] - B(+) is a ~-matrix (matrix polynomial) of degree at most p + gq. If either A(*) or
B(~) is non-singular (i.e., either |A(~)| # 0 or |B(%)| # 0), then both A(%]- B(~) and B(*)- A(~) are of
degree p + ¢. Since, in general, matrices do not commute, we shall expect A(~) - B(~) # B(x1 - A(+).

The equality in () is not disturbed if ~ is replaced throughout by any k € F. For example,

A(k) = Ak + Ay 1K1 1 Ak + Ao

When, howeyver, /. is replaced by an n-square matrix C over F, we obtain two results which are usually
diteront:

AR(C) = A,CF + 4, 1CP' +-- + 41C + 4 €))

and Ap(C)=CP4,+C 4,1 | CA1+4 3

called, respectively, the right and left functional values of A(~) when » = C.

EXAMPLE 3.
M2 i1 10 0 1 0 -1 1 2
When A = = 24 14 and C= ,
|+ +3 242 0 1 1 0 3 2 2 3
(1 0 1 27> o 1 1 2 0 —1 7 10
then  Ar(C)= : + : + = )
[0 1 2 3 1 0 2 3 3 2 12 17
1 27271 0 1 2 0 1 0 —1 7 8
and A (C) = - + . + = ;
(2 3 0 1 2 3 1 0 3 2 14 17
See also Problem 16.4.
16.5 DIVISION ALGORITHM

The division algorithm for polynomials r(x), #(x) in x over a non-commutative ring R with unity was
given in Theorem II, Chapter 13. It was assumed there that the divisor f#x) was monic. For a non-monic
divisor, that is, a divisor fi(x) whose lezding coefficizn: is b, # 1, then the theorem holds only if 5, ! € R.

Far the coefficient ring considered here. every non-singular matrix 4 has an inverse over F; thus, the
algorithm may be stated as

If A(%) and B(’.) are matrix polynomials (/) and (2) and if B, is non-singular, then there exist unique
matrix polynomials Q;(~), Ri(+); O2(+), Ra(=) € F[~|, where R;(~) and R»(~) are either zero or of degree
less than that of B(*), such that

AG) = Qi) BGY+ R @

and A =BG 0a() + Ro() 7))
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If in (4) Ri(=) =0, B(~) is called a right divisor of A(*); if in (¢') Ry(») =0, B(-) is called a left
divisor of A(%).

EXAMPLE 4. Given

) 134322432 232450 44 1 o], [3 2], [3 5] 0 4
A(.-): = =+ 4 L4
R2yn1 2241 00 11 10 -1 1

HE S | 10 b
and B(:’-)=|: . }_+2i|=|:0 1i|5'~+|:0 2]

find Q;(+), Ri(*); Q2(}), Ra(+) such that
(@) A = Q1(-) B() + Ri(»)
(B) A(») = B(*) Q2(%) + Ra(%)
Here B, = [% (1)] #0and B, = [_% (1)]

(@) We compute

A(X)  A3B, }*B(:) = 2 1];.2+[3 5];.+[ 0 4]=c(;_)
(11 10 -1 1

C(G) CyB| MB() = 22 :~.+[ 0 4] =D(%)
(1 2] -1 1

D(+3— DB, B(:) = 00 =Ri(?)
__4 2_

Then

. Jr o 11 0 2
Q1(») = (433 + C2» + D))B, = ];~2+[ ];~+[ ]

[0 0 0 1 3 -2
(3240 42
L3 -2

(b) We compute

A(-) B(:)B] A31* 3 2 22 4 3 P4 0 4 E()
A - == - - = J
' R R 10 11

o [0 4 0 4
E(\) B(»)B, Exh = ].:_ + [ 1] =F(~)

(1 2 -1
N 1 -_1 2 R
F(>y B()B, F| = = Ry(*)
| -3 5
Th 02(*) = B] (4312 + Exh + F)) Lo 224 P2 o+ o 4
€n r) = = -
2 S T 0 0 -1 1 -2
243h 2i+4
T -2yl —io2

See Problem 16.5.
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For the n-square matrix B = [Bj] over F, define its characteristic matrix as

~=bu b bz - b

—by  h—byn by - by

#I B= b3, by ~ by - —bs,
_bnl _bn2 _bn3 A= bnn

With A4(+) as in (I) and B(-) = +I B, () and (¢') yield

A() = Qi1 - (-] — B)+ R, ®)
and AGF)=(I—-Bi-0x(*)+ R, &)
in which the remainders R; and R, are free of ~. It can be shown, moreover, that

R = AR(B) and R, = AL(B)

EXAMPLE 5. With

12 =1 1 2
AW = and B = s
=43 #2242 2 3

. =1 =2
we have .~.I—B=|:_2 }__3] and

4103 7 10
A(J-)=[ ](;.I—B)+[ ]
3 ~+3 12 17

A+l 3 7 8
=(~I-B) +
3 143 14 17

7 10
From Example 3, the remainders are R; = Ar(B) = [12 17] and

Ry = A(B) = [131 13]

16.6 THE CHARACTERISTIC ROOTS AND VECTORS OF A MATRIX
We return now to further study of a given linear transformation of V,(F) into itself. Consider, for
example, the transformation of V' = V3(R) given by
2 21 12,21
A=|1 3 1 or #—(1,3,1)
1 2 2 s —(1,2,2)
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(It is necessary to remind the reader that in our notation the images of the unit vectors 71, 75, 73 of the
space are the row vectors of 4 and that the linear transformation is given by

V—o>V:e—>:iAd

since one may find elsewhere the image vectors written as the column vectors of 4. In this case, the
transformation is given by

V—>V:.i> A=

For the same matrix 4. the two transtormarious are penerally different.)
The image of = (1,2,3) e V' is

2 2 1
n=023[1 3 1| = 7149eV
1 2 2

whose only connection with £ is through the transformation 4. On the other hand, the image of
£ = (r, 2r,r) € V is 5&1, that is, the image of any vector of the subspace V! ~ V, spanned by (1,2, 1), is a
vector of V. Similarly, it is easily verified that the image of any vector of the subspace V2 ~ V, spanned
by (1, —1, 0), is a vector of V'?; and the image of any vector V> ¢ V, spanned by (1, 0, —1), is a vector of
V3. Moreover, the image of any vector (s + ¢, —s, —f) of the subspace V* : V, spanned by (1, —1, 0) and
(1,0, —1), is a vector of the subspace generated by itself. We leave for the reader to show that the same is
not true for either the subspace V>, spanned by (1, 2, 1) and (1, —1, 0), or of V%, spanned by (1, 2, 1) and
(1,0,-1).

We summarize: The linear transformation 4 of V3(IR) carries any vector of the subspace V', spanned
by (1,2, 1), into a vector of V! and any vector of the subspace V4, spanned by (1, —1,0) and (1, 0, —1),
into a vector of the subspace generated by itself. We shall call any non-zero vector of V!, also of V4, a
characteristic vector (invariant vector or eigenvector) of the transformation.

In general, let a linear transformation of V' = V,(F) relative to the basis 7, 2, - - -, £, be given by
the n-square matrix 4 =[a;] over F. Any given non-zero vector &= (x1,Xx2,X3,...,X,) €V is a
characteristic vector of 4 provided {4 = -5, i.e.,

(@uxi+anxy - | GuXn, aX1 +axnx2 o0 | apXg, ..., ©6)
X1+ @nXy | GupXn) = (5X1. A X0, oo 2 Xy)
for some » € F.
We shall now use (6) to solve the following problem: Given 4, find all non-zero vectors & such that

tA = ~t with ~ € F. After equating corresponding components in (6), the resulting system of equations
may be written as follows

[ (- —ai)x1  — @1X%2 - a31x3 - = Al X = 0
—ax] + (F—an)xy -— as X3 - = 2 Xn = 0
1 —anix - a3 X + (—an)xs — --- - A3 Xy = 0 @

—a1xX1 - A X2 - A3,X3 - - = lA—amx, = 0
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which by Theorem XVIII, Chapter 15, has a non-trivial solution if and only if the determinant of the
coctficient matrix

b—a  —ay —as; - —ap
—ap A—ap —axp - —a4p
; T
—ai;3 —ay3 A—azy - —ap |=|M—-A[=0
—dln —aop —Aas, A= [

where AT is the transpose of 4. Now +I AT =(.I A)T (check this); hence, by Theorem XXII,
Chapter 15, |21 — AT| = |~I — A|, the determinant of the characteristic matrix of 4.

DEFINITION 16.3: For any n-square matrix 4 over F, |+ —AT| is called the characteristic
determinant of A and its expansion, a polynomial () of degree n, is called the characteristic poly-
nomial of A. The n zeros *y,»3. 23,....~, of ¢(+) are called the characteristic roots (latent roots or
eigenvalues) of A.

Now i(~) € F[~| and may or may not have all of its zeros in F. (For example, the characteristic
polynomial of a two-square matrix over R will have either both or neither of its zeros in R; that of a
three-square matrix over R will have either one or three zeros in R. One may then restrict attention solely
to the subspaces of V3([R) associated with the real zeros, if any, or one may enlarge the space to V3(C)
and find the subspaces associated with all of the zeros.) For any characteristic root -;, the matrix
wil Af is singular so that the system of linear equations (7) is linearly dependent and a characteristic
vector £ always exists. Also, k£ is a characteristic vector associated with #; for every scalar k. Moreover,
by Theorem XVIII, Chapter 15, when ;I — AT has rank r, the (7) has n —r linearly independent
solutions which span a subspace of dimension » r. Every non-zero vector of this subspace is a
characteristic vector of A4 associated with the characteristic root =;.

EXAMPLE 6. Determine the characteristic roots and associated characteristic vectors of V3(R), given
112
A=] 0 2 2
-1 13

|l.—1 0 1|
2I—A4T|=| -1 »=2 -1 |=:*-6:24112-6
| -2 -2 +i-3]

The characteristic polynomial of 4 is

the characteristic roots are =) = 1, #, = 2, ~3 = 3; the system of linear equations (7) is

(1 — 1)X1 + X3 =0
(a) —X + (A=2x; - X3 =
—-2x1 — 2x> + (5. - 3)X3 =0

X1+ X3

X3
associated with the characteristic root #; = 1 is the one-dimensional vector space spanned by £; = (1, 1,0). Every
vector (k, —k, 0), k # 0, of this subspace is a characteristic vector of 4.

X1 +x3=0
X1 +2x,=0"
associated with the characteristic root », = 2 is the one-dimensional vector space spanned by #; = (2, —1, —2), and
every vector (2k, —k, —2k), k # 0, is a characteristic vector of 4.

When » = »; = 1, the system (a) reduces to { : 8, having x; =1,x, —1,x3 =0 as a solution. Thus,

When =i, =2, system (a) reduces to { having x; =2,x; — —1,x3 — —2 as a solution. Thus,
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X1+ x2
2x1 4+ x3

associated with the characteristic root '3 = 3 is the one-dimensional vector space spanned by 53 =(1,-1,-2), and
every vector (k, —k, —2k), k # 0, is a characteristic vector of 4.

When » = »3 = 3, system (a) reduces to { : 8, having x; = 1, x — —1, x3 — —2 as a solution. Thus,

EXAMPLE 7. Determine the characteristic roots and associated characteristic vectors of V3(R), given

2 21
A=|1 3 1
1 2 2

=2 -1 -1
-2 =3 =2
-1 -1 -

The characteristic polynomial is

|

|
[+ — 47| = ‘:; —7:2 4115 —5;
|

2
the characteristic roots are ) = 5, A, = 1, A3 = 1; and the system of linear equations (7) is
(:-.—2))61 — X2 — X3 =0
(a) =21+ —=3)x3—2x3=0
—x1—X2+ (+~-2x3=0

X1 +x—3x3=0

When » = »; =5, the system (a) reduces to {x1 having x; =1,x; = 2,x3 =1 as a solution. Thus,

— X3 = 0
associated with »; = 5 is the one-dimensional vector space spanned by ¢ 1 =(1,2,1). When % = i, =1, the system
(a) reduces to x; +x; + x3 =0 having x; =1,x =0,x3 — —land x; = 1, x — —1,x3 =0 as hnearly independent

solutlous Thus, associated with %y =1 is the two-dimensional vector space spanned by E b = (1,0, —1) and
t3=(1,-1,0).

The matrix of Example 7 was considered at the beginning of this section. Examples 6 and 7, also
Problem 16.6, suggest that associated with each simple characteristic root is a one-dimensional vector
space and associated with each characteristic root of multiplicity m > 1 is an m-dimensional vector
space. The first is true but (see Problem 16.7) the second is not. We shall not investigate this matter here
(the interested reader may consult any book on matrices); we simply state

If * is a characteristic root of multiplicity m = 1 of 4, then associated with * is a vector space
whose dimension is at least 1 and at most m.
In Problem 16.8 we prove

- -
Theorem III. If »,, &1; »,, & are distinct characteristic roots and associated characteristic vectors of an
n-square matrix, then El and 52 are linearly independent.

We leave for the reader to prove

Theorem IV. The diagonal matrix D = diag(#;.*2,....4,) has ;. 25, .... %, as characteristic roots
and ¥, %, ..., %, as respective associated characteristic vectors.

16.7 SIMILAR MATRICES

DEFINITION 16.4: Two n-square matrices 4 and B over F are called similar over F provided there
exists a non-singular matrix P over F such that B = PAP !.

In Problems 16.9 and 16.10, we prove
Theorem V. Two similar matrices have the same characteristic roots,
and

Ti heorem VI If i £;is a characteristic vector associated with the characteristic root +; of B= PAP !, then
&= g,P is a characteristic vector associated with the same characteristic root ~; of A4.
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Let A4, an n-square matrix over F having »;.%,....#~, as characteristic roots, be similar to
D = diag(#;.y,....~,) and let P be a non-singular matrix such that PAP ! = D. By Theorem IV, Z; is
a characteristic vector associated with the characteristic root »; of D, and by Theorem VI, 5; = #;Pis a
characteristic vector associated with the same characteristic root »; of 4. Now #;P is the ith row vector
of P; hence, A4 has n linearly independent characteristic vectors ;P which constitute a basis of V,,(F).

Conversely, suppose that _)the_) set S of all characteristic vectors of an n-square matrix 4 spans V;(F).
Then we can select a subset {&1, &, . r,,,} of S which is a basis of V,(F). Since each &; is a characteristic
vector,

LA = by, A = inlh, ... A = 2ply
where %;. ~,,.... %, are the characteristic roots of 4. With
£ b0 - 0
52 0 }‘-2 1 . . .
P=| " |, wefind PA= P or PAP " =diag(~;.#2,.... #p)=D
'.s-'\-:n 0 0 “n

and A is similar to D. We have proved

Theorem VII. An n-square matrix 4 over F, having #;. *3,.... %, as characteristic roots is similar to
D = diag (1. 5, .... %,) if and only if the set S of all characteristic vectors of A4 spans V,,(F).
2 21
EXAMPLE 8. Forthematrix A= |1 3 1 | of Example 7, take
1 2 2
b L2 1 i1 2
P=|L,|=|1 0 —1|. Then P!'=|1 1 —1| and
o R -1
1 2 172217y L 4 500
PAP' = |1 0 -1|-[1 31 i3 —3l[=10 1 0]|=diag( 22.%3)
1 -1 of [1 22 [L -2 ! 00 1

Not every n-square matrix is similar to a diagonal matrix. In Problem 16.7, for instance, the
condition in Theorem VII is not met, since there the set of all characteristic vectors spans only a two-
dimensional subspace of V3(R).

16.8 REAL SYMMETRIC MATRICES

DEFINITION 16.5: An n-square matrix 4 = [a;| over R is called symmetric provided AT = 4, ie.,
a; = a;; for all i and j.

The matrix 4 of Problem 16.6, is symmetric; the matrices of Examples 6 and 7 are not.
In Problem 11, we prove

Theorem VIII. The characteristic roots of a real symmetric matrix are real.
In Problem 16. 12 we prove

Theorem IX. If 24, Hl, i, Hz are dlstmct characterlstlc roots and associated characteristic vectors of an
n-square real symmetric matrix, then £; and %, are mutually orthogonal.
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Although the proof will not be given here, it can be shown that every real symmetric matrix 4 is
similar to a diagonal matrix whose diagonal elements are the characteristic roots of A. The 4 has n real
characteristic roots and » real, mutually orthogonal associated characteristic vectors, say,

-> -> ->

- e o e . el
Flowly F2552y ooy Mmoo

If, now, we define

-El)l=£l/|£l|’ (i=1’2”n)

A has n real characteristic roots and » real, mutually orthogonal associated characteristic unit vectors

N > -> R >
Al A2, M2, o a e '?‘-n’ n
Finally, with
>
|
N
M
S = ,
N
L Tln

we have SAS ! = diag (~1. 72, .... %)
The vectors 7y, Iz, . . ., 1, constitute a basis of V,(IR). Such bases, consisting of mutually orthogonal
unit vectors, are called normal orthogonal or orthonormal bases.

16.9 ORTHOGONAL MATRICES

The matrix S, defined in the preceding section, is called an orthogonal matrix. We develop below a
number of its unique properties.
1, wheni=j

1. Since the row vectors ij; of S are mutually orthogonal unit vectors, i.e., 7; - 7 = { 0. when i £’

it follows readily that

- > -

M
h TR TR TR S I
- > o > J-]')Z'?-i)'l ﬁZ'ﬁZ ﬁZﬁ
S'ST = : |_:r.lll7:r-II27--.7flan = " =1
J-'|')n'i'-i)'1 ﬁn'?-i)'Z J-]')n'i'-in
[ 7

and ST=9 L.

2. Since S- ST = ST - § = I, the column vectors of S are also mutually orthogonal unit vectors. Thus,
A real matrix H is orthogonal provided H- H = HT -H =1.

3. Consider the orthogonal transformation Y = XH of V,(R), whose matrix H is orthogonal, and
denote by Y1, Y>, respectively, the images of arbitrary X, X> € V,(R). Since

Y, Y, =Y -, = XiHXGH =X(H-HHX," =X1X" =X - X,

an orthogonal transformation preserves inner or dot products of vectors.
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4. Since |Y;| = (Y; - Y1)'? = (X, - X1)"? = |X1|, an orthogonal transformation preserves length of
vectors.

5. Sincecost! =Y; - Y3/|Y;|- Ya| = X1 - X52/|X; - |X3| =cost), where 0 = &.& -z 7, we have ¥ = ). In
particular, if X; - X, =0, then Y; - Y, = 0; that is, under an orthogonal transformation the image
vectors of mutually orthogonal vectors are mutually orthogonal.

An orthogonal transformation ¥ = XH (also, the orthogonal matrix H) is called proper or improper
according as |H|=1or |[H = —1.

EXAMPLE 9. For the matrix 4 of Problem 6, we obtain

i = L/I5] = (2/v6, — 1/N6,—1/36), T =(1//3,1/+/3,1//3),
i =(0,1/v/2, -1/+/2)

Then, with
it 2/v6 —1/4/6 —1/4/6 2/6 1/4/3 0
S=|Hhl|=(1/v3 Y3 13|, S'=8T=|-1//6 13 142
i3 0 1/4/2 —1/42 —1/4/6 1//3 -1//2

and we have S- A4 -S~! = diag(9, 3, -3).

The matrix S of Example 9 is improper, i.e., |S| = —1. It can be verified easily that had the negative
of any one of the vectors 7, 7, 73 been used in forming S, the matrix then would have been proper.
Thus, for any real symmetric matrix 4, a proper orthogonal matrix S can always be found such that
S-A-S !is a diagonal matrix whose diagonal elements are the characteristic roots of A.

16.10 CONICS AND QUADRIC SURFACES

One of the problems of analytic geometry of the plane and of ordinary space is the reduction of the
equations of conics and quadric surfaces to standard forms which make apparent the nature of these
curves and surfaces.

Relative to rectangular coordinate axes OX and OY, let the equation of a conic be

ax® +by* +2cxy +2dx +2ey +f =0 ®

and, relative to rectangular coordinate axes OX, OY, and OZ, let the equation of a quadric surface be
given as

ax® + by* + cz* + 2dxy + 2exz + 2fyz + 2gx + 2hy + 2kz + m =0 ©)

It will he recalled that the necessary reductions are affected by o rotacon of the axes to remave all
cross-product terms and a translation of the axes to remove, whenever possible, terms of degree less
than two. It will be our purpose here to outline a standard procedure for handling both conics and
quadric surfaces.

Consider the general conic equation (8). In terms of degree two, ax? + by? + 2cxy, may be written in
matrix notation as

ax2+by2+20xy=(x,yj-[z Z}(;) =X E XT
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where X = (x, y). Now E is real and symmetric; hence there exists a proper orthogonal matrix

o[
i)
such that S - E - S ! = diag(+;. »2) where »1, ii;; »2, I}, are the characteristic roots and associated char-

acteristic unit vectors of E. Thus, there exists a proper orthogonal transformation X = (x/, y")S = X'S
such that

40

X'S-E-S'x7T =X'[ \
0 iy

i|X/T = .|"~1sz + :_xzy/Z

In which the crass-product tarm has O a3 coetticlent.

] A f
Let S = [ _‘I,l } = [ _‘:11 _':12 }; then

i) 1 22
, M1 2 > s oo s
(x,y)=X=XS=(x’,)/)[ S } =[x + 2y, hex + oy’ |
21 22

and we have

x=inx'+ 7y’
y = fax’ + fay’

This transformation reduces (8) to
X2 + 2oy + 2dT + €)X + 2(dT) + efim)y +f =0 &)

which is then to be reduced to standard form by a translation.
An alternate procedure for obtaining (8') is as follows:

() Obtain the proper orthogonal matrix S.
(i} Form the associate of (8§)

a ¢ d
ax2+by2+20xy+2dxu+2eyu+fu2=(x,y,u:l-|:c b ei|-(
d e

where X = (x, y, u). S 0
(iii) Use the transformation X = X~ [ 0 1 }, where X' = (x/, y/, ), to obtain

e[5 0e [ oo

the associate of (&).

EXAMPLE 10. Identify the conic 5x? — 2+/3xy 4+ 7% 4+ 204/3x — 44y + 75 = 0.

For the matrix
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of terms of degree two, we find 4, (% V3, %); 8,1 %, %«/ 3) as the characteristic roots and associated characteristic unit

vectors al‘ld form
S =
2'\/3

1
2
Then
5 -3 1043
S 0 ; .
X=X reduces X F-X =X| —/3 7 -2 |X =0
0 1
10/3 -22 75
W3 L 0 s —v3 10333 -1 o
to X[ -1 Ly/3 o|| /3 7 -22 LoL/3 o |X7
0 0 1]L10v3 -22 75 0 0 1
4 0 4 x!
=(x",y,u)| 0 8 163 |- | y' | =4x? +8y2 +8x's —32v/3p'u + T5u? =0
4 —-16v3 75 u'

the associate of 4x2 + 82 4 8x' — 324/3y + 75 = 4(x’ + 1)* + 8(y — 2//3)* =25 = 0.
X =x+1
Y =y —23

) x=%«/§x’—%y’ x’=x”—1
Using and
y=ix'+1J3y y'=y"+2/3

Under the translation { this becomes 4x”? + 8y "2 = 25. The conic is an ellipse.

it follows readily that, in terms of the original coordinate system, the new origin is at 0" 34/3/2,5/2) and
the new axes O”X” and O”Y” have, respectively, the directions of the characteristic unit vectors {% Vi 3,%) and

-4.4v3)
See Problem 16.14.

Solved Problems

16.1. Reduce

i 2~ +1 L42
AF)=| 2 +%  22242- 2 42-

2228 2:2-2:—1 224:-3

to normal form.
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The greatest common divisor of the elements of A() is 1; set fi(+) = 1. Now use K;i 2) followed by K>
and then proceed to clear the first row and first column to obtain

1 A 42 1 0 0
AG) - 0 24 R242h |~ 0 A2 p2 422
[ 2h—1 32-2h M2 +5i-3 2n—1 —a2—h —d2-2:-1
1 0 0
0 124 22425 = B(»)
[0 =32 - —x2-24—1

-2 . -2 .
sS4 R 42k . .
2, _}2_2;_1]1s 1; set fo(») = 1.

On B(*) use Hy3(1) and Ky31—1) and then proceed to clear the second row and second column to obtain

The greatest common divisor of the elements of the submatrix [

1 0 0 1 0 0
AGr~0 1 -1 0 1 0
0 *+1 —:2-2r-1 0 »4+1 —:2-=x
1 0 0 1 0 0
~10 1 0 ~l0 1 0 = N(%)
[0 0 —i2—4 0 0 »2+x

the final step being necessary in order that f3(+) = *? + } be monic.

3 0 0
] and (b)) B()=| 0 22— 0 | tonormal form.
0 0 2

(a) The greatest common divisor of the elements of 4(+) is 1. We obtain

= 0 a4l 1 =41 1 0
AN =
0 +4+1 0 ~+1 —A—1 41 —A-1 —A2—:
-1 0 1 0
- . =N(;‘)
0 -—-:2-: 0 24x

(b) The greatest common divisor of B(+) is ». We obtain

0

162. Reduce (a) A(%) = [0 o

[ 33 0 0 B3 i2—n 0 »2 22-4 0
B(x)=|0 22—+ 0 0 »—-~ O 342 2-0 00

[0 o0 2 0 o A2 0 0 2

2 2300 12— 00 : 0 0

— 4 2_: 00 —:3 0 0 0 -3 0

| o0 0 12 0 0 12 0 o0 2

) 0 -|

~10 2 0 = N(+)
[0 0 A4—5.3J
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The greatest common divisor of the elements of A(+) is 1. We use K3 followed by K;[ 1) and then proceed
to clear the first row and column to obtain

1 -1 ==2 1 0 0
1 o0
Aey 2 xr=3 =2 |~|0 A-1 2-2k =
0 B(v)
2—-4 -1 -1 0 1—A A2—4r4+4
The greatest common divisor of the elements of B(*) is * — 1; then
1 0 0 1 0 0
AGy~10 -1 2 -2 =10 =—1 0 = N(»)
0 1 » 2 4:43 [0 0 2 6:45

2 L4+1 43 7
16.4. Write A(?.) = - A —3:2 4 - | as a polynomial in + and compute 4(—2), Az(C)
F2425 24 322458

1 0 2
and 4;(C)whenC=| -1 -1 -4
-1 0 -2

00 0 111 213
AM=[0 0 =3|224|1 1 1|>+[0 0 0
11 3 215 000
00 0 111 213 0 -1 1
Al )=4|0 0 -3|-2|1 1 1|+[0 0 0]|=|-—2 —2 -14
11 3 215 000 0 2 2

We obtain

and

-1 0 -2
Since C2=| 4 1 10|, we have
1 0 2
[0 0 0 -1 0 27 (1 1 1 1 0 27] 2 1 3] 1 0 -1
Ar(CO)=10 0 -3 4 1 10|(+]1 1 1 -1 -1 -4]1+]0 0 0|=]—-4 -1 -10
11 3| 10 2] [215][-1 o -] [oo0oo0] [ 2 o 4
-1 0 -2 0 0 0] 1 0 2 1 1 17 2 1 3] 5 2
A (C) = 4 1 10 00 -3]4+|-1 -1 —4 1 1 1|4+]0 0 O0]= 0 4
1o 2f][t1 3] [-1 o —=2]{215] |ooo] |-3 -1 -5

16.5. Given
) [ 244+ 23 4+322 40 M43 42:2 40 +1
A=) =

B —2n+1 203 -3:2_2

(3241 R2-4
and B(~) = )
| 2245 20241
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find Q1(+), Ri(%); @2(%), R(*) such that

(@) A(+) = Q1(+1- B(*)+ Ri(*) and (b) A(+) = B(+] - Q2(+) + Ra(+).

We have

(1 17 11 3 2 1
A(R) = My B4 224
00 1 2 0 -3 -2 0

(117 0 1 10
B(i) = A4 4
12 10 01

(1 17 2 -1
Bz: and Bz_l=

) Gy 1 2], 2 2], 1
(a) A(~) A4B, -+°-B(x) = L 2 a7+ 0 3 P .

]

0
ot
1

! =C(
_2]— @

_ _— 121, [1 o 0 1 _
C(.-._’:I—C_;B2 -.-.-B(.-.): 1 3 i 4 b 1 A4 . =D(.-.)

D(+) DyB; -B()=0=Ry(+)
and

22
01(») = (4432 + C3+.+ D2)B, ' = ["'1

[ 0 0 1 0 1
(®) A B(i) By 'Agi? = ] a3 +[ ] W2+ [

| -1 0 1 -2 -
] ] o [0 0 ) 01 0
E(*)— B(*) B, E3* = 4 P4
| 0 -2 -1 0 1

1 0

| -1 2

and

) i 2:2 4 ;
() =By (A4 + B3 + ) = [_;_Zt )

~+1
=2

L 0 1
~+
2 0 1 -2

o [ 0 —1 0 -1 0
FGY— BGY B} F ]+[ H

2:2

2

=

—:2=2

16.6. Find the characteristic roots and associated characteristic vectors of

7 =2 =2
A= 2 1 4 | over R.
-2 4 1

The characteristic polynomial of A4 is

=7 2 2 |
[+ — 47| =

2 -4 -1

2 A—1 —4 |=:3-9:2_9:4381;

261
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the characteristic roots are »; =9.%; = 3. %3 — —3; and the system of linear equations (7) is

G-=Dx1 +2x+2x3 =0
(a) 21+ (- —Dxp —4x3 =0
2x; —4x+ (- Dx3 =0
_ _ X1 +2x,=0 . _ _ _ .
When ! =1, =9, (@) reduces to {x1 HP P having x; =2, x, i 1, x3 1 as a solution. Thus,

associated with »; = 9 is the one-dimensional vector space spanned by #; = (2, —1, —1).
X1 X3 = 0
Xy — X3 = 0 R

associated with », = 3 is the one-dimensional vector space spanned by #; = (1, 1, 1).

When » =3 =3, (a) reduces to having x; =1,x =1,x3 =1 as a solution. Thus,

When » = +3 — -3, (a) reduces to { x =0 having x; =0,x; = 1,x3 — —1 as a solution. Thus,
X +x3=0 .
associated with »; — —3 is the one-dimensional vector space spanned by t3 = (0, 1, —1).

16.7. Find the characteristic roots and associated characteristic vectors of

0 -2 =2
A=| -1 1 2 | over R.
-1 -1 2

The characteristic polynomial of 4 is

. 1 |
FI—AT)=[2 1-1 1 i=9.3_3;.2+4;
2 =2 i-=2]
the characteristic roots are »; —1..4y = 2,43 = 2; and the system of linear equations (7) is
X +xa+x3 = 0
(a) 214+ (- Dxp4+x3 = 0
2 —2%+G—-2x3 = 0

When A =4 ——1, (a) reduces to {xl —zz fg
3= >

associated with »; — —1 is the one-dimensional vector space spanned by &, = (1, 1, 0).

3 +x3=0

X] —Xp = 0 R

associated with », = 2 is the one-dimensional vector space spanned by t, = (1, 1, -3).

having x; =1,x; =1,x3 =0 as a solution. Thus,

When : =3 =2, (a) reduces to { having x; =1,x, =1,x3 —3 as a solution. Thus,

Note that here a vector space of dimension one is associated with the double root »; =2, whereas in
Example 7 a vector space of dimension two was associated with the double root.

16.8. Prove: If 74, 51; i, é’z are distinct characteristic roots and associated characteristic vectors of
A, then £, and £, are linearly independent.

Suppose, on the contrary, that 51 and 52 are linearly dependent; then there exist scalars a; and a,, not both
zero, such that

() @b +ady=0
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Multiplying (i) on the right by 4 and using E,A = .'~.,-.?,-, we have
() @b +arird = aiiby + @ik =0

1!

Now (¢) and (i) hold if and only 1f
.-'-2

linearly independent.

= 0. But then »; = *,, a contradiction; hence, ! ,1 and * 2 are

16.9. Prove: Two similar matrices have the same characteristic roots.

Let A and B = PAP ! be the similar matrices; then

i] B=iI PAP '=P:IP' PAP ' =PGI AP}

and

|:I Bl=|PGI AP |=|P I A-|Pl=|:I A

Now A and B, having the same characteristic polynomial, must have the same characteristic roots.
16.10. Prove_:) If E, is a characteristic vector associated with the characteristic root »; of B= PAP 1,
then Z; = ;P is a characteristic vector associated with the same characteristic root -; of A.
By hypothesis, E,-B = .'-.,-E,- and BP = (PAP )P = PA. Then g,-A = E,-PA = E,-BP = .'-.,-E,-P = .'-.,-5,- and 5, isa
characteristic vector associated with the characteristic root *; of 4.
16.11. Prove: The characteristic roots of a real symmetric n-square matrix are real.

Let A4 be any real symmetric matrix and suppose 4 + ik is a complex characteristic root. Now (h + ik)[ — A
is singular as also is

B =[(h+ik)I — Al |th — ik)[ — A1 — (B> + k)] —2hA + A*> = (hI — A? + K*I

Since B is real and singular, there exists a real non-zero vector f such that ?B =0 and, hence,

EBET = E((W]  A)* + K*IVET = {E(hI A)}{(hI A)TET}+k2§§T
=" :l_"'+k2g Sy =

where f = g(hI A). Now # - /i = 0 while, since £ * is real and non-zero, ! = 0. Hence, kK = 0 and 4 has only
real characteristic roots.

16.12. Prove: If 7], Hl, Fo, Hz are distinct characterlstlc roots and associated characteristic vectors of an
n-square real symmetric matrix 4, then il and ¢, are mutually orthogonal.

By hypothesis, t'lA = 5-1@1 and izA = 3-2&2- Then

and, taking transposes,

> =T L P2 T > =T . P2 T
Al =it and 54l = ih

> > T - T > > T > T 5> o

Now £1A32 =ilaly = -'2i1~2 and (x; — rp)f1dy =0. Since »; — =5 #0, it follows that 1, =# -4, =0
and I, and I, are mutually orthogonal.
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16.13. (@) Show that ¥ = (2, 1,3) and A= (1, 1, —1) are mutually orthogonal.
(b) Find a vector ¥ which is orthogonal to each.
(c) Use 7. & ¥ to form an orthogonal matrix S such that |S| = 1.
(@) #- A =0; % and # are mutually orthogonal.
G T=ari—i-4,51).
(© Take 7y =3&/1d = (2/v14,1/V/14,3/V/18), 75 = A/ 1A = (1/4/3,1/+/3, —1/+/3) and 7y
i 4/+/42,5/7/42,1/+/42). Then

=
I

Il
=i

2/v/14  1/4/14 3//14

=1
=1

|
fol=1 and S=|7 | = /3 143 —1/4/3
F»3| 75 —4//42 5/42 1/42

16.14. Identify the quadric surface

3x2—2y* — 2 —4xy—8xz—12yz—8x — 16y —34z—31=0

3 -2 -4
For the matrix E=| —2 -2 -6 | of terms of degree two, take
-4 -6 -1

3,(2/3, =2/3,1/3); 6, (2/3,1/3, —2/3); =9, (1/3,2/3,2/3)

2/3 -2/3 173
as characteristic roots and associated unit vectors. Then, with S = | 2/3 /3 -=2/3 |,
/73 2/3  2/3

Y VA S 0 <~/ S 0
X=(x,y,Z,u)=(x,y,Z’,1/)|:0 1]=X[0 1]

reduces

2/3 —2/3 13 0 3 2 —4 —4 23 2/3 1/3 0
23 13 -3 0| |2 2 -6 —8| | =23 13 23 o]|_
to X' . . x7
13 23 23 0| | -4 -6 -1 —-17 1/3 —2/3 2/3 0
0 0 01 4 8 17 31 0 0 01
30 0 -3 x
6 0o 6|y
=W,y,Z, ) =3x24+6y'2 —92'2 —6x'u/ + 12y'u’ — 36z'u’ —31u? =0
0 -9 -18 7
-3 6 -18 -31 v

the associate of

3x2 4+ 6y2 —92%2 —6x' +12) =362 =31 =3(xX — 1> +6(/ +1)2 =9 +2)>-4=0
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16.15.

16.16.

Under the translation

x = x-1
y o= y+1
= Z+42

this becomes 3z”2 4 6y”? — 92”2 = 4; the surface is a hyperboloid of one sheet.

Using (x, y,z) = (X', V', Z))S and the equations of the translation, it follows readily that, in terms of the
original coordinate system, the new origin has coordinates 1—2/3, —7/3, —1/3) and the new axes have the
directions of the characteristic unit vectors (2/3, =2/3, 1/3), (2/3, 1/3,-2/3),(1/3,2/3,2/3).

Supplementary Problems

24 41 2 24
GivenA(.J‘)=|:1212 "_l' ]andB(ﬁ.):[_ | :l_ ],ﬁnd

22240 2242:41
PN | 21

(@) AG) + B() = [

_:2
(b) AG) = B() = [;.2 ) +3 o 1]

342 1 Mp2i34i24 ;.]

(©) AG)- BG) = [ P32 n 44343242
204 253 £252 425 243 4252

d) B(): A(F) =

(@) BG1- AG) [ 27344 2:2—1

In each of the following find Q;(+), R1(+); Q2(+), Ra(+), where R;(+) and R,(*) are either 0 or of degree less
than that of B(%), such that A(x) = Q,(+1 - B(*) + Ri(+) and A(+) = B(*1 Q2(*) + Ra(+).

S [# =202 4202 Mt pa-1
(")A(")—[;‘4+13+:~.—2 22 +5 -1

) AG) = [;%;.2+2;. 2:2 1];3(}_)= [i i]
i3

] 241 A
;B(")=[1 :~.2+:~_]

42 2242:-

N —2:244-3 4242543 1 ooy _[2=2 3
(©) A() = 25 -2 Baa2reats B 10 s
B2y i4q 2:2 45 2442 -2
(d) A(+) = 21 Bya242a-1 42-2:41 |;
| 32 -4i-1 224 A3 =232 42542

[ —1 1 0
B#)=| -1 ++41 3
2 0 -2

ans. @ (_)_' -3 2oa] R(A)_[2;.+1 4; 1]
ns. (@) Qi(») = 2451 —i42] =1 »

0= 2 ¥ 1]; ro= |7 (]

s 0

L2422 2] N

® ew=7"" 7l re=[] ]
L [r¥2 A1 _
am="7" 1 mw=o
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;242 -1
| 241 24

[:2-2  i41 8 7
1) = ;o R(M) =

© Qi(")= ]; Ri(:)=0

[ 32 ) A4+3 -2 0 4
@ om=|r+1 2241 &+ |} RM®»=| 2 -3 =2
[1=2 -1 -1 -2 3 3
[ 22 n42 44 6 2 4
Q@E)=|+-2 2 -2|; R®=| 8 -2 7
| i -2 a41 2 -5 -2 —6

16.17. Reduce each of the following to its normal form:

- 2 2n—1 22 0 0
(@ | 2242~ 222432 2:242-1 @ 0 ~+1 0
| 22 —25 3:2—-42 4325242 | 0 0 ~+1
241 34-  3-;2 [ —1 3 -2 ]
®) =1 3241 -2 (e) -2 41 0
| x2 20013 2241 | 3 1 ~42]
- - ~+1 # 12 -2 2 3 7]
© -2 R24a—1 W242.-1 N -3 L+3 4
[ 224041 22 21 22 3. 2 | 2 0 ~+1
Ans
10 0 10 0
@ [0 » 0 } @ [0 141 0 }
|0 0 2 0 0 :34:2

10 0 1 0 0
® |0 i+l 0 } (e) 0 1 0 }
0 0 A+l |0 0 A342:24112420
1 0 0 1 0 0
© |01 0} ) o1 0 }
|0 0 1 |0 0 A3 42:2-51-2

16.18. Find the characteristic roots and associated characteristic vectors of each of the following matrices 4 over R.

2 0 -1 1 -1 0
1 -2 31
|53 el e 0 2 —ﬂ @ [_; : _ﬂ

Ol I RN A e % § ﬂ
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Ans.
(@) 6,(k, k); 1,(5k,2k) (e Lk, k, k);2,Q2k, k0)3,%k, kk)
(b) 0,4k, k); 6,2k, —k) oy 1,k2, -k -10);8,(Q2k, k, 2k)
© 2,k (@ 1,(3k,2k k)2, (%, 3k k); -1,(%,0,k)
d) 0,Qk, k)5, (k,—2k)

where k # 0 and [ # 0.

16.19. For an n-square matrix 4, show

(a) the constant term of its characteristic polynomial is —1)"|4|,
(b) the product of its characteristic roots is |4],
(¢) one or more of its characteristic roots is 0 if and only if |[4]| = 0.

16.20. Prove: The characteristic polynomial of an n-square matrix A is the product of the invariant factors

of »xI — A.
Hint. From P(+) (*I — A1+ S(*) = diag {fi(*), f2(*), ..., fa(*)] obtain

[P - ISGI - a(2) = fiGeb - fo(Ad - fa()
with |PGJ - 1SG)] = 1.

16.21. For each of the following real symmetric matrices 4, find a proper orthogonal matrix S such
that SAS ! is diagonal.

-3 2 27 -3 -1 —17
2 2 1 6
ORI I s 2@ |12 o
- 2 -5 07 4 -2 4]
4 -3 1 -2
CN I RON A N KA
Ans.
_ [1/3v2 —4/3v2 1732
@ | 7 WS] © | Vi o -z
| —1/4/5 2/4/5 23 13 23
_ - [5/v/42 —4//42 —1//42
3/4/10 —1/4/10
®) xm 3?5% ) | vE oviE 3T
- - | E U B
_ - [2/V/6 —1/v/6 —1//6
3/4/13 2/4/13
© 2;55 ﬁﬁ @® 0 1M2 12
- - | V3 13 143
_ - 23 —1)3 2/3
e ;/f _T/f] ® | V2 0 —1/v/2
A | o apva 1)
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16.22. Identify the following conics:
(@) 4 +24xy + 1137 + 16x+ 42y +15=0
(B) 9x% — 12xy + 4> + 8/ 13x + 12/13p + 52 =0
© 3x2 4+ 2xp+ 32 +4/2x + 124/2y -4 =0
Ans. (a) Hyperbola, (b) Parabola, (¢) Ellipse

16.23. Identify the following quadric surfaces:
(@) 3x2+8y2+322 4xy 4xz 4yz 4x 2y 4z412=0
(b) 2x* —y* — 622 — 10xy + 6yz + 50x — T4y + 42z + 107 =0
©A4x>+y? +22 —dxy—4xz+ 29z —6y+624+2=0
@ 2xy+2xz+2yz+1=0
Ans. (a) Elliptic paraboloid, (b) Hyperboloid of two sheets, (¢) Parabolic cylinder

16.24. Let 4 have ~;.%,.... A, as characteristic roots and let S be such that
S-A-S ! =diag(r.72,....2,) =D

Show that SAT S ~! = D when S = S~!. Thus any matrix 4 similar to a diagonal matrix is similar to
its transpose AT,

16.25. Prove: If Q is orthonormal, then QT = QL.
16.26. Prove: Every real 2-square matrix 4 for which [4| < 0 is similar to a diagonal matrix.

16.27. Prove by direct substitution that 4 = |:‘cl Z] is a zero of its characteristic polynomial.

b

16.28. Under what conditions will the real matrix 4 = |:‘cl d

] have

(a) equal characteristic roots,
(b) the characteristic roots =*1.



Linear Algebras

INTRODUCTION

This chapter gives a very brief introduction to linear algebra over a field. It discusses the properties of a
linear algebra, and the isomorphic relationship of a linear algebra to a subalgebra.

17.1 LINEAR ALGEBRA

DEFINITION 17.1: A set £ having binary operations of addition and multiplication, together with
scalar multiplication by elements of a field F, is called a linear algebra over F provided

() Under addition and scalar multiplication, £ is a vector space L£(F) over F.
(if) Multiplication is associative.
(iii) Multiplication is both left and right distributive relative to addition.
(iv) L has a multiplicative identity (unity) element.
) k) =k =k(r H)forall v. 5 Land k € F.

EXAMPLE 1.

(a) The field C of complex numbers is a linear algebra of dimension (order) 2 over the field R of real numbers since
(see Chapter 14) C(R) is a vector space of dimension 2 and satisfies the postulates (ii)—(v).

(b) In general, if £ is any field having F as a subfield, then £(F) is a linear algebra over F.

EXAMPLE 2. Clearly, the algebra of all linear transformations of the vector space V,(F) is a linear algebra of
order #2. Hence, the isomorphic algebra M, (F) of all n-square matrices over F is also a linear algebra.

17.2 AN ISOMORPHISM

The linear algebra of Example 2 plays a role here similar to that of the symmetric group S, in group
theory. In Chapter 9 it was shown that every abstract group of order 7 is isomorphic to a subgroup of S,,.
We shall now show that every linear algebra of order n over F is isomorphic to some subalgebra of
M, (F). (See Section 15.3 for an explanation of subalgebra.)

Let £ be a linear algebra of order n over F having {x;, x2, x3,...,X,} as basis. With each € L,
associate the mapping

T,:xT,=x . xel
269

Copyright © 2004 1965 by McGraw-Hill Companies, Inc. Click here for terms of use.



270 LINEAR ALGEBRAS [CHAP. 17

By (iii),
xT,+yT.=x w4y v=x+pe=x+yT,
and by (v),
kx)T, = (kx)r = k(x - v) = k(xT.,)

forany x, ¢t € L and k € F. Hence, T, is a linear transformation of the vector space £(F). Moreover, the
linear transformations 7", and T'; associated with the distinct elements v and § of £ are distinct. For, if
 # /3, the u - w % u - 5, where u is the unity of £ implies T", # T.
Now, by (i) and (v),

xTu+xTe=x v+x-f=x(w+ ) =xT,za

(T )Ts = (x- m)i = x(w - #) =xT'1.5
and

kx)T\ = (kx)v = k(x - ) = x - kir = xT%,.,

Thus, the mapping ¥ — T, is an isomorphism of £ onto a subalgebra of the algebra of all linear
transformations of the vector space L(F). Since this, in turn, is isomorphic to a subalgebra of M,(F), we
have proved

Theorem 1. Every linear algebra of order n over F is isomorphic to a subalgebra of M,(F).

EXAMPLE 3. Consider the linear algebra @[v/2] of order 3 with basis (1,/2,/4). For any element
a=a;l + a2 + a33/4 of Q[/2], we have

1 a=al + a2+ a4
2 a=2a;1 + a2 + a4
«3/‘—1-a=2a21 +20343/§+014VZ

Then the mapping

2a2 2a3 a)

ap az as
a11+a2~3/§+a3«3/2—> 203 a1 a

r s t
is an isomorphism of the linear algebra @[/2| onto the algebra of all matrices of M,(@) of the form |:2t r si| .
2s 2t r

See also Problem 17.1.

Solved Problems

17.1 Show that £ ={a; - 1 + a;» 4+ a3 : a; € R} with multiplication defined such that 1 is the unity,
0=0-140-w+40-fis the additive identity, and

@

are linear algebras over R.
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We may simply verify in each case that the postulates (i)—(v) are satisfied. Instead, we prefer to show that in
each case £ is isomorphic to a certain subalgebra of M3(R).

(a) For any a =a; - 1 + apis + a3 f, we have

l-a=al-ays+ az#
wa = (a; + ap)is + az b

foo=af

Hence, £ is isomorphic to the algebra of all matrices M3(R) of the form

a az as
0 ay+ay a3 |.
L 0 0 a) J

(b) For any a = a; - 1 + apie + a3 )4, we have

l-a = al+an+tasp
w-a = (a1 +ay)m
fow = af

Hence, £ is isomorphic to the algebra of all matrices M3(R) of the form

a az as
0 ag+ay O
0 0 a)

Supplementary Problems

17.2. Verify that each of the following, with addition and multiplication defined as on R, is a linear algebra over @.

@ QV3l—lal+b/3:a,bec@
® L={al+bJ/3+c/5+dV15:a,b,c,dc @)

17.3. Show that the linear algebra £ = @Q[+/¢, where ¢ € N is not a perfect square, is isomorphic to the algebra of
all matrices of M>(@) of the form [;2 Z]

17.4. Show that the linear algebra C over R is isomorphic to the algebra of all matrices of M>(R) of the form
a b
—b al

17.5. Show that each of the following is a linear algebra over R. Obtain the set of matrices isomorphic to each.

(@) L ={al +biz+ci?: a, b, c € R}, where G = {ix. x2. > = 1} is the cyclic group of order 3.
) L ={a1l +axx+ a3y : a; € R}, with multiplication defined so that 1 is the unity,0 =0-14+0 x40y

|lx y
is the additive identity, and x | 1 y.
yiy 0
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(© Q={a1+mi+asj+ak:

a
Ans. (a) |:

c
b

b
a
c

c
b
a

o

ai
a;
0

LINEAR ALGEBRAS

a; € R} with multiplication table

az as

ai
a; as i| © :Zi
0 (a1+a) a4

a;

—a3

i
J
k

—ay

ap

as

[CHAP. 17



CHAPTER 18

Boolean Algebras

INTRODUCTION

Boolean algebras, named after the English mathematician George Boole (1815-1864), have widespread
applications in both pure and applied mathematics. In this chapter, you will be given a brief introduction
to this subject, where the applications will be in the area of electrical networks.

18.1 BOOLEAN ALGEBRA

DEFINITION 18.1: A set B, on which binary operations U and N are defined, is called a Boolean
algebra, provided the following postulates hold:

({) U and N are commutative.
(ii) B contains an identity element 0 with respect to U and an identity element 1 with respect to N.
(iii)y Each operation is distributive with respect to the other, i.e.,
for all @, b,c € B

aU(bNcy=(@ubyNn(aUc

and an(bUc)y=(@nb)U(anc)
(iv) For each a € B there exists an a’ € B such that
aUa’' =1 and ana'=0

The more familiar symbols + and - are frequently used here instead of U and N. We use the latter
since if the empty set @ be now denoted by 0 and the universal set U be now denoted by 1, it is clear that
the identities 1.9-1.9', 1.4-1.4, 1.10-1.10/, 1.7-1.7, proved valid in Chapter 1 for the algebra of all
subsets of a given set, are precisely the postulates (i))—(iv) for a Boolean algebra. Our first task then will
be to prove, without recourse to subsets of a given set, that the identities 1.1, 1.2-1.2/, 1.5-1.5, 1.6-1.¢/,
1.8-1.8’, 1.11-1.11’ of Chapter 1 are also valid for any Boolean algebra, that is, that these identities are
consequences of the postulates (7)—(iv). It will be noted that there is complete symmetry in the postulates
with respect to the operations U and N and also in the identities of (iv). Hence, there follows for any
Boolean algebra the
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Principle of Duality. Any theorem deducible from the postulates (i)—(iv) of a Boolean algebra remains
valid when the operation symbols U and N and the identity elements 0 and 1 are interchanged
throughout.

As a consequence of the duality principle, it is necessary to prove only one of each pair of dual
statements.

EXAMPLE 1. Prove: For every a € B,

aUa=a and aNa=a @))]

(See 1.6-1.6/, Chapter 1.)
Using in turn (i), (iv), (iiQ), (iv), (@):

aUa=@Ua)Nl=(@Ua)N(@Ua')=@U@na')=aU0=a

EXAMPLE 2. Forevery a € B,

aUl=1 and an0=0 ©

(See 1.5-1.5, Chapter 1.)
Using in turn (i), (iv), (i), (i), (iv):

an0=0U@n0)=@nad)U@n0)=an@uU0)=and =0

EXAMPLE 3. Forevery a,b € B,

aU@nNb)y=a and anNn(@Ub)=a 3
Using in turn (i), (iii), (2), (ii):
aU@nb)y=@nhU@nb)=an(lub)=anl=a

See also Problems 18.1-18.4.

18.2 BOOLEAN FUNCTIONS

Let B={a,b,c,...} be a Boolean algebra. By a constant we shall mean any symbol, as 0 and 1, which
represents a specified element of B; by a variable we shall mean a symbol which represents an arbitrary
element of B. If in the expression x’ U (y N z) we replace U by + and N by - to obtain x' + y - z, it seems
natural to call x’ and y N z monomials and the entire expression x’' U (y N z) a polynomial.

Any expression as xU X, an¥, [an(dU1]'./id N ¥ N c) consisting of combinations by U and N
of a finite number of elements of a Boolean algebra B will be called a Boolean function. The number of
variables in any function is the number of distinct letters appearing without regard to whether the letter
is primed or unprimed. Thus, x U x’ is a function of one variable x while a N & is a function of the two
variables a and b.

In ordinary algebra every integral function of several variables can always be expressed as
a polynomial (including 0) but cannot always be expressed as a product of linear factors. In
Boolean algebra, on the contrary, Boolean functions can generally be expressed in polynomial form
(including 0 and 1), i.e., a union of distinct intersections, and in factored form, i.e., an intersection of
distinct unions.



CHAP. 18] BOOLEAN ALGEBRAS 275

EXAMPLE 4. Simplify:
@ GENHUExU)NYl, B EVY)NENy' N2, @ {x'Ny) UzlnixUz}
(@

ENHUIEUY)NY =N UIEUYY UYT=ixny) U Nny)UyI

=@xN)UIF U INEUYIN=ixny Ul Uy)N1l
=(xNHUEUY)=xNpUENyY =1

®

[(xUy)NExNy N2l =@xUy)Y Ulxny nz)Tl
= Ny)U[(xN)y Nz),a union of intersections.
[(xUNENY N2 =Ny uENy Nz
=(XUx)Nuy)NxXuz)nxuyyNn@puy)npuz)
=1NEUHINEUINExUPNINGUZ)
=(xUp)NrUz)NE Uz)N (X Uy),an intersection of unions.

©

([ NYYUuzliixUuz)) =[x’ NyYuzlu(xUzy
=Ny nZ)yu nz)=x N7 (by Example 3)
See also Problem 18.5.
Since (see Problem 18.15) there exists a Boolean algebra having only the elements 0 and 1, any
identity may be verified by assigning in all possible ways the values 0 and 1 to the variables.

EXAMPLE 5. To verify the proposed identity (see Example 4(a))

xNpUlxUY)nyl =1

we form Table 18-1.

18.3 NORMAL FORMS

The Boolean function in three variables of Example 4(b) when expressed as a union of intersections
(X' N y) U (x Ny N z) contains one term in which only two of the variables are present. In the next section
we shall see that there is good reason at times to replace this expression by a less simple one in which
each term present involves all of the variables. Since the variable z is missing in the first term of the above

Table 18-1
x y a=xNy xUy b=xUy)Ny aUb’
1 1 1 1 1 1
1 0 0 1 0 1
0 1 0 0 0 1
0 0 0 1 0 1
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expression, we obtain the required form, called the canonical form or the disjunctive normal form of the
given function, as follows

Nnyuxnynzy=FnynhHuEny Nz
=[x Ny)yNnzuZilttixNny Nz)
= NynauE NnynZyuxny Nz

See also Problem 18.6.

It is easy to show that the canonical form of a Boolean function in three variables can contain at
most 2? distinct terms. For, if x, y, z are the variables, a term is obtained by selecting x or X/, y or ¥/, z or
7 and forming their intersection. In general, the canonical form of a Boolean function in n variables
can contain at most 2" distinct terms. The canonical form containing all of these 2" terms is called
the complete canonical form or complete disjunctive normal form in n variables.

The complete canonical form in # variables is identically 1. This is shown for the case » =3 in
Problem 18.7, while the general case can be proved by induction. It follows immediately that the
complement F’ of a Boolean function F expressed in canonical form is the union of all terms of the
complete canonical form which do not appear in the canonical form of F. For example, if

F=xNypuEnyuEny),

then F' = (xNy).
In Problems 18.8 and 18.9, we prove

Theorem 1. 1If, in the complete canonical form in # variables, each variable is assigned arbitrarily the
value 0 and 1, then just one term will have the value 1, while all other terms will have the value 0.

and

Theorem II. Two Boolean functions are equal if and only if their respective canonical forms are
identical, i.e., consist of the same terms.

The Boolean function in three variables of Example 4(b), when expressed as an intersection of
unions in which each union contains all of the variables, is

xUuyn@puznExuznEx uy)
=[xU»pUENZNrliyuz)UNXNrixXuzu@nyilrixuy)uEnz)
=(xUyUz)Nn(xUuyuZ)nx'uyuznx'uyuz)nx uy uz)

This expression is called the dual canonical form or the conjunctive normal form of the function. Note that
it is not the dual of the canonical form of that function.

The dual of each statement concerning the canonical form of a Boolean function is a valid statement
concerning the dual canonical form of that function. (Note that the dual of term is factor.) The dual
canonical form of a Boolean function in » variables can contain at most 2" distinct factors. The dual
canonical form containing all of these factors is called the complete dual canonical form or the complete
conjunctive normal form in n variables; its value is identically 0. The complement F’ of a Boolean function
F expressed in dual canonical form is the intersection of all factors of the complete dual canonical form
which do not appear in the dual canonical form of F. Also, we have

Theorem I'. If, in the complete dual canonical form in 7 variables, each variable is assigned arbitrarily
the value 0 or 1, then just one factor will have the value 0 while all other factors will have the value 1,

and

Theorem II'. Two Boolean functions are equal if and only if their respective dual canonical forms are
identical, i.e., consist of the same factors.



CHAP. 18] BOOLEAN ALGEBRAS 277

In the next section we will use these theorems to determine the Boolean function when its values for
all possible assignments of the values 0 and 1 to the variables are given.

184 CHANGING THE FORM OF A BOOLEAN FUNCTION

Denote by F(x,y,z) the Boolean function whose values for all possible assignments of 0 or 1 to the
variables is given by Table 18-2.

The proof of Theorem I suggests that the terms appearing in the canonical form of F(x,y,z) are
precisely those of the complete canonical form in three variables which have the value 1 whenever
F(x,y,z) = 1. For example, the first row of the table establishes x N y Nz as a term while the third row
yields x Ny’ N z as another. Thus,

F(x,y,2)=(xNynzauENy nNz2auEnynzauEnynz)
=(xNzu' Ny)

Similarly, the factors appearing in the dual canonical form of F(x, y,z) are precisely those of the
complete dual canonical form which have the value 0 whenever F(x,y,z) = 0. We have

F(x,y,2)=(x' Uy uznxuyuz)nxuyuznxuy Uz)
=('UzyNn(xUy)
See Problem 18.10.

If a Boolean function F is given in either the canonical or dual canonical form, the change to the
other form may be readily made by using successively the two rules for finding the complement. The
order in their use is immaterial; however, at times one order will require less computing than the other.

EXAMPLE 6. Find the dual canonical form for
F=xnyn)U@xnynauxnynz)uEnynz)pu@E' ny nz)

Here

F=@xnyna)uXnynz)ux nynz)

(the union of all terms of the complete canonical form not appearing in F) and
F=F)Y=(xuyuZ)n(xuyuzNnxuy uz) (byProblem 18.4)

See also Problem 18.11.

Table 18-2

F(x,y,7)

=
~
N

OO O R O ==
OO =R O RO =
O = O O = = O =
[l S - R e B e B R
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The procedure for changing from canonical form and vice versa may also be used advantageously in simplifying
certain Boolean functions.

Example 7. Simplify F=[yNZ)U@' Nz)]7lix'Np)Ux'Nz2)Uxny’ Nzj
Set Fi=@pNnZ)UF Nz and FH=xNy)u@E nz)uEnynz).

Then Fi=@xnynZ)uEnynz)uExnNnynz)ux nynz)
F/'=(xnyna)unynZyuxnynz)uxny nz)

and Fi=(xUuyu)nxuyuz) N uyu)nx uyuz)

Also E=XnynapuXnynZ)uxnynzuxnynz)
F=xnynZ)Uxnynz)u@xnynzuxnynz)

and FE=xUyuz)nxuyuz)nxXuyu)nxuy Uz

Then F=FNFK

=(xUyuz)N(xuyuz)nXuyuz)ynx uyu)n@uyuz)yn@E uy uz)
Now F=xUyuznxuyuz)
and F=('nyn)uxXnynz=xnirpnZ)uy/ nzi

18.5 ORDER RELATION IN A BOOLEAN ALGEBRA

Let U={a,b,c}and S ={0,A4,B,C,D, E, F,U} where A ={a}, B={b}, C = {c}, D ={a, b}, E = {a,c},
F = {b, c}. The relation :-, defined in Chapter 1, when applied to S satisfies the following laws:
Forany X,Y,Z € S,

(@ XX

) fX<Yand YL X,thenX =Y.

(o fX<Yand Y - Z, then X ©- Z.

d IfX<ZYand X ZZ, then X Z (Y NZ).

() IfX =Y, then X =(YU2Z).

(H X =Y if and only if Y’ - X".

(@9 X~-Yifand onlyif XUY =Y or the equivalent X N Y’' = @.

The first three laws ensure (see Chapter 2) that <~ effects o partial ordering 1o S illustrated by

U

b7
<

We shall now define the relation :- (read, “under”) in any Boolean algebra B by

a - bif and only if aU b = b or the equivalent aN b’ =0
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for every a,b € B. (Note that this is merely a restatement of (g) in terms of the elements of B.) There
follows readily

(@)ai-a
(b)) Ifa~band b~ a,thena=>
(c)) Ifa:-band b c, thena - c

so that - defines a partial order in B. We leave for the reader to prove

(d) Ifa~banda‘ c, thena=ibNc)
(e1) If a~bh, thena “ibUc)foranyce B
(f1) a-~bif and only if &' Z a’

In Problem 18.12, we prove

Theorem III. For every a,b € B, aU b is the least upper bound and a N b is the greatest lower bound of
a and b.

There follows easily
Theorem IV. 0 - b °- 1, for every b € B.

18.6 ALGEBRA OF ELECTRICAL NETWORKS

The algebra of electrical networks is an interesting and highly important example of the Boolean algebra
(see Problem 18.15) of the two elements 0 and 1. The discussion here will be limited to the simplest kind
of networks, that is, a network consisting only of switches. The simplest such network consists of a wire
containing a single switch r:

—ero——

Fig. 18-2

When the switch is closed so that current flows through the wire, we assign the value 1 to r; when the
switch is open so that no current flows through the wire, we assign the value 0 to r. Also, we shall
assign the value 1 or 0 to any network according as current does or does not flow through it. In this
simple case, the network has value 1 if and only if  has value 1 and the network has value 0 if and only
if r has value 0.

Consider now a network consisting of two switches  and s. When connected in series:

—_— e 0 SO

Fig. 18-3

it is clear that the network has value 1 if and only if both » and s have value 1, while the network has
value 0 in all other assignments of 0 or 1 to r and s. Hence, this network can be represented by the
function F = F(r,s), which satisfies Table 18-3.

We find easily F = r N s. When connected in parallel:

—e I ——

L o5 0—

Fig. 18-4
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Table 18-3
r K F
1 1 1
1 0 0
0 1 0
0 0 0
Table 18-4
r K F
1 1 1
1 0 1
0 1 1
0 0 0

it is clear that the network has value 1 if and only if at least one of r and s has value 1, and the network
has value 0 if and only if both » and s have value 0. This network can be represented by the function
F = F(r,s), which satisfies Table 18-4.
For the various networks consisting of three switches, see Problem 18.13.

Using more switches, various networks of a more complicated nature may be devised; for example,

—e U &——
——e 7 &—

—eo/i0e——eve——

— W O
Fig. 18-5
The corresponding function for this network consists of the intersection of three factors:

rUs)NtN@mUvUw)

So far all switches in a network have been tacitly assumed to act independently of one another. Two or
more switches may, however, be connected so that (a) they open and close simultaneously or (b) the closing
(opening) of one switch will open (close) all of the others. In case (a), we shall denote all switches by the
same letter; in case (b), we shall denote some one of the switches by, say, r and all others by 7. In this case,
any primed letter has value 0 when the unprimed letter has value 1 and vice versa. Thus, the network

——e 70— 50— | 06—

—e | 0—

7

Fig. 18-6
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consists of three pairs of switches: one pair, each of which is denoted by ¢, open and close simultaneously
and two other pairs, denoted by r, 7 and s, 5, such that in each pair the closing of either switch opens the
other. The corresponding function is basically a union of two terms each involving the three variables.
For the upper wire we have r N s’ N ¢ and for the lower (¢ U 5) N r’. Thus, the function corresponding to
the network is

F=nNsNHU[(tUs)NF]

and the table giving the values (closure properties) of the function is

Table 18-5
r s t rns Nt @tus)ynr F
1 1 1 0 0 0
1 1 0 0 0 0
1 0 1 1 0 1
0 1 1 0 1 1
1 0 0 0 0 0
0 1 0 0 1 1
0 0 1 0 1 1
0 0 0 0 0 0

It is clear that current will flow through the network only in the following cases: (1) r and ¢ are
closed, s is open; (2) s and 7 are closed, r is open; (3) sis closed, » and ¢ are open; (4) ¢ is closed, r and s are
open.

In further analysis of series-parallel networks it will be helpful to know that the algebra of such
networks is truly a Boolean algebra. In terms of a given network, the problem is this: Suppose F is
the (switching) function associated with the network, and suppose that by means of the laws of
Boolean algebra this function is changed in form to G assnciated with a ditfercnt nerwork. Are the twn
networks interchangeable; in other words, will they have the same closure properties (table)? To settle
the matter, first consider Tables 18-3 and 18-4 together with their associated networks and functions
rNsand r U s, respectively. In the course of forming these tables, we have verified that the postulates (i),
(ii), (iv) for a Boolean algebra hold also for network algebra. For the case of postulate (i), consider the
networks

—e d 06— —e 1 &—— —e C 06—

L o)he—e c o—! L o) e— Lo ae—

Fig. 18-7

corresponding to the Boolean identity aU (b Nc) =(aUb)N(aUc). It is then clear from the table of
closure properties (see Table 18-6) that the networks are interchangeable.
We leave for the reader to consider the case of the Boolean identity

an(bUcy=(@nbyUanc

and conclude that network algebra is a Boolean algebra.
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Table 18-6
a b c aU®ne) (@aub)n(aVc)
1 1 1 1 1
1 1 0 1 1
1 0 1 1 1
0 1 1 1 1
1 0 0 1 1
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0

18.7 SIMPLIFICATION OF NETWORKS

Suppose now that the first three and last columns of Table 18-5 are given and we are asked to devise a
network having the given closure properties. Using the rows in which F = 1, we obtain

F=NsNHUEF NsNHUF NsNAOHUF NIN)=F NHUE N1)

Since this is not the function (network) from which the table was originally computed, the network of
Fig. 18-6 is unnecessarily complex and can be replaced by the simpler network, shown in Fig. 18-8.

re—es
4[5'0—0 t }
Fig. 18-8

Note. The fact that one of the switches of Fig. 18-8 is denoted by # when there is no switch denoted by r
has no significance here. If the reader has any doubt about this, interchange r and 7 in Fig. 18-6 and
obtain F = (r N s) U (s N £) with diagram

{r S}
s'e—e [

Fig. 18-9

See Problem 18.14.

Solved Problems

18.1. Prove: U and N are associative, i.e., for every a,b,c € B
(@aUb)Uc=aU@BUc) and (@nb)yNc)y=andnc) €))
(See 1.8-1.8, Chapter 1.)
Let x=(@Nb)Ncand y=an(bnNc). We are to prove x = y. Now, using (i) and (3),
aUx=aU[@nbd)nel=laU(@nbiliiaUc)

=anN(@Uc)=a=aUflan(®Ncil=alUy
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and
dUx=dU[@nbNncl=la’U@nbilinidUc)=[@’'VUa)N(a’ UbiliNia’ Uc)

=[lNn(@ Ubilnia’Uc)=@ UbN@ Uc)=a’UbNc)

=@UVUan@'u@ncil=a'Ulan®ncll=a’Uy
Hence,

(@aUx)N@ux) = @UNE@Uy)
@nd)Ux = (and)Uy
x =y

We leave for the reader to show that as a consequence parentheses may be inserted in a; Uay - - - -

and a;Nayi™ - " a, at will.

18.2. Prove: For each a € B, the element a’ defined in (iv) is unique.

Suppose the contrary, i.e., suppose for any a € B there are two elements a’,a” € B such that

aUa’ =1 ana’ =0
and
aUd" =1 and’ =0

Then

a'=1Nna’' =@ud)na’ =@na’)u@ na’)

=@nd)u@na)=d'N@ua)Y=d'nl=4d"
and a’ is unique.

18.3. Prove: For every a,b € B

(@ub)y=dnb and (@nby=dUb

283

L. ay

)

(See 1.11-1.11’, Chapter 1.)

Since by Problem 18.2 there exists for every x € B a unique x’ such that x Ux’ = 1 and x N x’ = 0, we need

only verify that

(aub U@ nb)

[(@aUb)Ud]NilaUb)UP|
= [@Ud)Ub]rilauBUb

(1ukn@uh=1nl=1

and (we leave it for the reader) (aub)n@nd)=0.
Using the results of Problem 18.2, it follows readily that

@Ua .- a) =d Ndyi- " d,
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18.4.

18.5.

18.6.

18.7.

18.8.

18.9.
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and
(aiNayi*---i"a) =a | Udy..---11d,
Prove: (@) = a for every a € B. (See 1.1, Chapter 1.)

@) IN@y=@uad)n@) =lan@y-ldN@yl—lan(@)|-0

OUlan@Yl=land)Ulan@)1=an[dU@)1=anl=a

Simplify: [x U (¢ U Y] N [x U NZY].

UEUNINIxUuG@ NZYT=IxU@ENylnlxU@Uzl=xNxU@Uzil=x

Obtain the canonical form of [x U (' U )| x U/ NZY|.
Using the identity of Problem 18.5,

XUEUYInxu@G' Nn)l=x xN(UIN(zUZ)

xNnynz)UExNyYy N2UNyNZ)U@xNy nz)

Prove: The complete canonical form in three variables is identically 1.

First, we show that the complete canonical form in two variables:
[(xN»HUENYINIX Ny)UuE Nyl

xN@UYINLXNEUY
xUuxX)Nn@puy)=1n1=1

xNHUENYIUE NP UE NY)

Then the canonical form in three variables:

[(xnynzaUENynZilixny Nz)UxNy N2l
Ul Nnynaau@X nynZiulixX Ny nz)u' ny Nz
=[xNYUENYHUE NHUE NYIInizu)=1Nn1=1

Prove: If, in the complete canonical form in n variables, each variable is assigned arbitrarily the
value 0 or 1, then just one term will have the value 1, while all others will have the value 0.

Let the values be assigned to the variables x;, x,, .. ., x,. The term whose value is 1 contains x; if x; has the
value 1 assigned or x'; if x; has the value 0 assigned, x, if x, has the value 1 or x5 if x; has the value 0,. .., x,
if x, has the value 1 or x/, if x, has the value 0. Every other term of the complete canonical form will then
have 0 as at least one factor and, hence, has 0 as value.

Prove: Two Boolean functions are equal if and only if their respective canonical forms are
identical, i.e., consist of the same terms.

Clearly, two functions are equal if their canonical forms consist of the same terms. Conversely, if the two
functions are equal, they must have the same value for each of the 2” possible assignments of 0 or 1 to the
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variables. Moreover, each of the 2” assignments for which the function has the value 1 determines a term of
the canonical form of that function. Hence, the two normal forms contain the same terms.

18.10. Find the Boolean function F defined by

Table 18-7

®
<
N
"y

O O O = O = = o=
[ R e B = B R
O = O O = = O =
_O R O = O

It is clear that the canonical form of F will consist of 5 terms, while the dual canonical form will consist of
3 factors. We use the latter form. Then

F @uyuH)nxuyuz)nxuyuz)

= (YUHNEUyU)=pNEUyl.Z=xnNy)uz

18.11. Find the canonical form for F = (xUyUz)N(x' Uy Uz).
Here

F=xnynZ)yuxnynz)
(by the identity of Problem 3) and
F=FY=(xnynz)UxnNynaauxnynZ)uE nynaaux nynz)yu' nynz)

(the union of all terms of the complete canonical form not appearing in F’).

18.12. Prove: For every a,b € B, aU b is the least upper bound and a N b is the greatest lower bound of
a and b.

That a U b is an upper bound of a and b follows from
aU@Ub)=aUb=>bU(aUb)
Let ¢ be any other upper bound of a and b. Then a = ¢ and b = ¢ so that aUc =c and b U ¢ = ¢. Now
(@aUb)Uc=aUBUc)=aUc=c

Thus, (@ U b1 = ¢ and a U b is the least upper bound as required.

Similarly, a N b is a lower bound of a and b since

(@anb)Ua=a and (@nNb)Ub=5>b
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Let ¢ be any other lower bound of a and 5. Then ¢ = a and ¢ = b so that cUa =a and ¢U b = b. Now

cU@nb)=(cYan(cub)=anb
Thus, ¢ = {anNb) and a N b is the greatest lower bound as required.
18.13. Discuss the possible networks consisting of three switches 7, s, z.

There are four cases:

({) The switches are connected in a series. The diagram is
—e /0—0 5 0—0 | 0——

and the function is rNsN .

(i) The switches are connected in parallel. The diagram is

——e /' ——

L — o { o—

and the function is rU s U ¢.

(iii) The series-parallel combination
5
' { }
{
(iv) The series-parallel combination

L.

with function r N (s U £).

with function r U (s N ).

18.14. If possible, replace the network

by a simpler one.

The Boolean function for the given network is
F=n)UsNnEUHN[FUGsUi
=rNHUsN[EUHNEF U

=@rNHUNGsNal=irus)nt
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18.15.

18.16.

18.17.

18.18.

18.19.

18.20.

18.21.

18.22.

18.23.

18.24.

18.25.

18.26.

18.27.

The simpler network is

— I ——

Supplementary Problems

ulo
Show that the set {0, 1} together with the operations as defined in 0 ‘ 0 is a Boolean
11

algebra.

i L
o
B
(=%
- @|D
[=2 =] L
—_ O =

Show that the set {a, b, c, d} together with the operations defined in

and

is a Boolean algebra.

Show that the Boolean algebra of Problem 18.16 is isomorphic to the algebra of all subsets of a set of two
elements.

Why is there no Boolean algebra having just three distinct elements?

Let S be a subset of N, and for any a,b € S define a Ub and an b to be, respectively, the least common
multiple and greatest common divisor of a and 5. Show

(a) Bis a Boolean algebra when S ={1,2,3,6,7,14,21,42}.
(b) Bis not a Boolean algebra when S = {1,2,3,4,6,8,12,24}.

Show that a U (a N b) = a N (a U b) without using Example 3. State the dual of the identity and prove it.
Prove: For every a,b € B, aU (d N b) = aU b. State the dual and prove it.

Obtain the identities of Example 1 by taking » = a in the identities of Problem 18.21.

Obtain as in Problem 18.22 the identities of Example 2.

Prove: 0/ =1 and 1’ = 0. (See 1.2-1.2’, Chapter 1.)
Hint. Take a =0 and b = 1 in the identity of Problem 18.21.
Prove: (aNb)U B Nd)=(aVUb)N(d UPl). Write the dual.

Prove: (aUb)N(BUc)N(cUa)=(@nNb)U(BNc)U(cNa) What is the dual?

Prove: If aUx=bUxand aUx' =bU X/, then a = b.
Hint. Consider (aUx)N(@UX)=(BUx)N®BUX).
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18.28. State the dual of Problem 18.27 and prove it.
18.29. Prove:Ifanb=aNcand aUb=aUc for any a,b,c € B, then b = c.

18.30. Simplify:

(a) @Ub)na' Nb @ [(xnyYuzlnixuyy
®) @NbN U UK UL (f) (@UP)N (@ Ub)N (@ Ub)
(© (@anb)Ulen(ad U] ig) (aub)N(cUPN BN (@ U

@) [avu@nbilnpuBnecll

Ans. (@0, () 1, (0 (@nb)Uc, ()b, (@ xXNy,(NHd NV, (g aUb
18.31. Prove:
(@ubNndUcy=E@nbyU(@ncyudnc
=@ubnN@uUcnN®Uc)=(@ncyu@nb)
18.32. Find, by inspection, the complement of each of the following in two ways:

(@ (xNy)yuxny) (©) (xUyuz)N(xUyuzZ)yNn(xuUy uz)
®) xnynzapauxnynz) d xuyuz)n(x'uyuz)

18.33. Express each of the following in both canonical form and dual canonical form in three variables:

(@ XUy, B xnNHuE'Nny), (© xuyNnxuz), @ xNz, (€ xNG'U2)
Partial Ans.

(@ xNynNnapuxnNny NnZ)yuNnynapux Ny NnpuE Nnynziyux Ny Nnz)
®) xuyuz)NxUyuZ)NEUYy uz)NX Uy uz)

© xnynZ)yuxnynZH)uEnynz)uEE Nnynz)

d xUyuz)NxUuy uz)NxUuyuz)NnEEUuyuz)nxuyuzNnx' uy Uz)
(&) xUyuz)N(xUy uz)NxUuyuzZ)Nnxuyuz)nx'uy Uz

18.34. Express each of the following in both canonical and dual canonical form in the minimum number of

variables:
(@ xU' Ny @ xNnynzUlxuy)Nxuzi
®) xn@EUzltixnNnEUZi ie) xUNEUZHINEUY)NEK Uz)
(© (xUyUu)N[xNny) U Nz if) xNny)UuxnNZHUuE' Nz)
Partial Ans.
(@ xNy)uxNYHUE' Ny) @) xUyUuz)Nn(xUuyuz)NxUy Uz)
B xuyNExUy) (e xNyNzxuE Nynz)

(© (xNnyn2)UxnNynZ)uEnNynz)u Ny Nz (f) xuyu))Nn@uyuz)n(xUy Uz)
18.35. Write the term of the complete canonical form in x, y, z having the value 1 when:

(@ x=z=0,y=1, ) x=y=1,z=0; (¢) x=0,y=z=1
Ans. (@) X Nnynz, () xNnynz
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18.36.

Write the term of complete canonical form in X, y, z, w having the value 1 when:

(@x=y=1L,z=w=0;, ) x=y=w=0,z=1; (¢) x=0,y=z=w=1.
Ans. (@) xNyNnzZNnw, () xXNyNnzNnw

289

18.37. Write the factor of the complete dual canonical form in x, y, z having the value 0 when:
(@ x=z=0,y=1, ) x=y=1,z=0; (¢) x=0,y=z=1.
Ans. (a) xUy Uz, (b) XUy Uz
18.38. Write the factor of the complete dual canonical form in x, y, z, w having the value 0 when:
(@x=y=1, z=w=0; ) x=y=w=0,z=1;, () x=0,y=z=w=1.
Ans. (@) XUy UzUw, (¢) xUy UZuw
18.39. Write the function in three variables whose value is 1
(a) if and only if two of the variables are 1 and the other is 0,
(b) if and only if more than one variable is 1.
Ans. (@) xNyNZH)uxnNy Nz)yuNynz), () [xNnEUzildiynz)
18.40. Write the function in three variables whose value is 0
(a) if and only if two of the variables is 0 and the other is 1,
(b) if and only if more than one of the variables is 0.
Ans. The duals in Problem 18.39.
18.41. Obtain in simplest form the Boolean functions Fy, F, ..., F3 defined as follows:
X y zZ F; 1 F2 F. 3 F4 F. 5 FG F7 Fg
1 1 1 0 1 0 1 1 1 0 1
1 1 0 1 0 1 0 0 0 0 0
1 0 1 0 1 1 1 1 1 1 1
0 1 1 0 1 1 1 0 0 0 1
1 0 0 1 0 0 0 1 0 1 0
0 1 0 0 1 1 1 0 0 0 0
0 0 1 0 1 1 1 1 1 1 1
0 0 0 1 1 1 0 0 1 1 0
Ans. Fi=xUy)NZ, B=xXU@' Nz)uU@nz), Fis=xUz) Ny UuExnzi =y
18.42. Show that F; and F3 of Problem 18.41 can be found by inspection.
18.43. Prove:
(d)) Ifa-band a ‘- c, then a = ibNc).
(e1) If a = b then a = (bU ¢) for any c € B.
(f1) a=bif and only if ¥’ = o'
18.44. Prove: If a,b € B such that a = b then, forany ce B,aU(bNc)=bN(aUc).
18.45. Prove: Forevery be B,0 - b 1.
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18.46. Construct a diagram similar to fig. 18-1 for the Boolean algebra of all subsets of B = {a, b, ¢, d}.

18.47. Diagram the networks represented by a U (¢’ N b) and a U b and show by tables that they have the same
closure properties.

18.48. Diagram the networks (i) (aUb)Nd' N and (@) (@NbNec)U (@ Ud UC). Construct tables of closure
properties for each. What do you conclude?

18.49. Diagram each of the following networks

() @UN@UBN@UY) (i) [(@Ub)N(cUNIbN @ Uil
(i) (aNb)UlcN (@ U] (i) (aNbNc)Ud VB U

Using the results obtained in Problem 30, diagram the simpler network for each.

—e a a' a'
(i) — H H }— ; —ed'e—e b e—
— b b’

— i o———0 h o———

Partial Ans.

ae—e b e—

4
_.C‘_E } U
b

18.50. Diagram each of the networks (rUs)N (¥ Us) and (rNs)U (¥ Ns') and show that they have the same
closure properties.

(ii) —

18.51. Diagram the simplest network having the closure properties of each of F|—Fg in Problem 18.41.

— = —LHF
L.+

—e
—_——e s o—

Partial Ans.

18.52. Simplify:

—e " o— 0 [ 06—

(i) —1eore—eos'o——

L ¢ 50—

0 7 0—0 5 06— [ 06—

re—et'
(iii) —E: —eor'e—eofe—1—
seo—e ¢

L —eos'0—o / o———

—eoxe—e )y e—

yeo—e
(iv) —E: ::I——o xo—eo ' e———
3 o

Lo x'e—eo voe—e - o
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To afford practics and also to check the resals itis sngeested that (740) and (iv) be solved by forming the table
of closure properties and also by the procedure of Example 7.

,
Partial Ans. (i) and (if) { }
s

18.53. Simplify:

—eod0—e)heo—e co—ed o—
——eoae—ebe—eco—eod o—
—eoce—ebe—eoc'e—e d o—
—eode—ehe—eoco—eod o—]

—eode—eheo—eoc'e—e d o—

L eid'o—ehe—eoc'e—od o—

18.54. Show that the neraserk of Troblem U0 will pormio a light over astairwgasy te be narned o or off cither at
the bottom or top of the stairway.

18.55. From his garage, M may enter either of two rooms. Obtain the network which will permit M to turn on or
ulz the light im e geraze ithor [oan the garare ar ome o the moomis irrespeetive o) e position ol the other
two switches.

Ans.

e S 6——0 | 6—

L eos50——o /'0——

—e 5 —=o | e—

L ese—oe—
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Abelian group, 98
Absolute value, 50
of complex numbers, 91
Addition:
of complex numbers, 89
of integers, 47
of linear transformations, 188
of matrices, 205
of matrix polynomials, 248
of natural numbers, 37
of polynomials, 157
of rational numbers, 71
of real numbers, 80, 81
of subspaces, 184
of vectors, 178, 179
Additive inverse, 48, 72, 81, 89, 128,
157
Algebra:
linear, 269
of linear transformations, 188
of matrices, 208
of residue classes, 63
Algebraic system, 27
Alternating group, 101
Amplitude of a complex number,
91
Angle of a complex number, 92, 93
Angle between vectors, 185
Anti-symmetric relation, 21
Archimedean property:
of rational numbers, 73
of real numbers, 83, 85
Argument of a complex number,
91
Associate, 144
Associative law:
for Boolean algebras, 282
for complex numbers, 89
general, 24
for groups, 98
for integers, 51
for linear algebras, 269

for matrices, 207
for natural numbers, 38
for permutations, 29
for polynomials, 157
for rational numbers, 720
for real numbers, 81, 82, 83
for rings, 128
for union and intersection of
sets, 6
Augmented matrix, 221

Basis:

normal orthogonal, 255

orthonormal, 255

of a vector space, 182
Binary operation, 22
Binary relation, 18
Boolean algebra, 273-282
Boolean function, 274
Boolean polynomial, 274
Boolean ring, 141

Cancellation law:
for groups, 99
for integers, 49, 51
for natural numbers, 38
for rational numbers, 72
for real numbers, 81, 82, 84, 85
Canonical forms:
for Boolean polynomials, 276
for matrices, 213, 246
Cap, 4
Cayley’s theorem, 103
Characteristic:
determinant, 252
of an integral domain, 145
polynomial, 252
of a ring, 130
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roots, 250
vectors, 250
Closure, 23
Codomain, 7
Conalleemi, 157
Column:
equivalent, 211
rank, 214, 246
transformation, 211, 245
vector, 205
Common divisor, 59, 146
(See also Greatest common
divisor)
Commutative group, 98
Commutative law:
for Boolean algebras, 273
for complex numbers, 89
for fields, 147, 148
general, 24
for groups, 98
for integers, 51
for matrices, 207
for natural numbers, 38
for polynomials, 157
for rational numbers, 72
for real numbers, 81, 82, 84, 85
for rings, 128, 130
for union and intersection
of sets, 6
Commutative operation, 23
Commutative ring, 130
Complement of a set, 3
Completeness property, 84
Complex numbers, 89-95
Complex plane, 91
Components:
of a complex number. 89
of a vector, 178
Composite, 59
Composition series, 107
Congruence modulo m, 62
Conics, 256
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Conjugate complex number, 90

Conjunctive normal form, 275

Correspondence, one-to-one, 9

Coset, 103

Countable, 10

Cubic polynomial, 173

Cup, 4

Cut, 79

Cycle, 29

Cyclic group, 100, 103

Cyclic notation for permutations,
29

Decimal representation of rational
numbers, 73
Dedekind cut, 79
Degree, 157
De Moivre’s theorem, 92, 95
De Morgan’s laws, 6
Density property:
of rational numbers, 73
of real numbers, 83, 85
Denumerable, 10
Dependence, linear, 181
Determinant, 224
Diagonal matrix, 212
Diagram:
for partial ordering, 21
Venn, 4
Mhllerence ol a5
Dihedral group, 110
Dimension of vector space, 183
Disjoint cycles, 29
Disjunctive normal form, 276
Distributive law:
for Boolean algebras, 273
for complex numbers, 89
general, 25
for integers, 51
left, right, 25
for linear algebras, 269
for matrices, 207
for natural numbers, 38
for polynomials, 157
for rational numbers, 72
for real numbers, 81, 82, 85
for rings, 128
for union and intersection of sets,
6
for vector spaces, 179
Division, 72, 82, 90
algorithm, 59, 146, 147, 160
ring, 147
Divisor, 58, 144, 161
Divisors of zero, 131
Domain:
integral, 143, 159
of a mapping, 8
ordered integral, 146
Dot product, 185
Dual canonical form, 276

INDEX

Echelon matrix, 213
Eigenvalue, 252
Eigenvector, 251
Electrical networks, 279
Element:

first, last, 22

identity, 24

maximal, minimal, 22

of a set, 1
Elementary matrix, 215
Elementary transformation, 211,

245

Empty set, 3
Equations:

homogeneous linear, 224

non-homogeneous linear, 222

systems of linear, 220

(See also Polynomial)
Equivalence class, 20
Equivalence relation, 20
Equivalent matrices, 211, 247
Euclidean ring, 135
Even permutation, 30, 33
Expansion of determinant, 225
Exponents:

in a group, 99

integer, 57

natural numbers, 40

real, 84

Factor, 59, 160
group, 106
theorem, 160
Field, 148
skew, 147
Finite dimension, 183
Finite set, 10
Form, polynomial, 156
Four-group, 117
Fractions, 71
Function, 8
(See also Mapping,
Transformation)
Boolean, 274
Fundamental Theorem of Algebra,
162

Gaussian integer, 138
Generator:
of a cyclic group, 100
of a vector space, 180
Greatest common divisor, 59, 147,
164
Greatest lower bound, 84
Group, 98
Abelian, 98
alternating, 101
Cauchy theorem, 122
cyclic, 100
dihedral, 110

Galois, 124

Klein, 97

octic, 110

of order 2p and p2, 122
permutation, 101
quotient, 106

Sylow theorems, 123
symmetric, 101

Highest common factor, 59
(See also Greatest common
divisor)

Homogeneous linear equations,
224

Homomorphism:

between rings, 131
between vector spaces, 186

Ideal (left, right), 132
maximal, 134
prime, 134
principal, 133
proper, 132
Identity element, 24
Identity mapping, 10
Identity matrix, 207
Image, 7
Imaginary numbers, 90
pure, 90
Imaginary part of a complex
number, 90
Imaginary unit, 90
Improper ideals, 132
Improper of orthogonal transfor-
mation, 208
Improper of subgroup, 100
Improper of subring, 130
Improper of subset, 2
Inclusion:
for Boolean algebras, 278
for sets, 2
Independence, linear, 181
Indeterminate, 156
Index of subgroup, 104
Induction, 38, 45
Inequality:
Schwarz, 185
triangle, 185
Infinite dimensional vector space,
183
Infinite set, 10
Inner product, 185
Integers, 46
Gaussian, 138
negative, 48
positive, 47
(See also Natural numbers)
Integral domain, 143, 159
Intersection:
of sets, 4



of subgroups, 100

of subspaces, 185
Invariant subgroup, 105
Invariant subring, 132
Invariant vector, 251
Inverse:

additive, 48, 72, 81, 90, 128, 207

of an element, 24

in a field, 148

multiplicative, 72, 81, 90

of a mapping, 11

of a matrix, 217, 218
Irrational number, 83
Irreducible polynomial, 128
Isomorphism, 25

between groups, 103

between rings, 131

between vector spaces, 186

Jordan-Holder theorem, 107

Kernel of homomorphism, 105

Lagrange’s theorem, 104
Lambda matrix, 245
normal form, 246

Laws of exponents, 40

(See also Exponents)
Lowding vocllicien. 5%
Least common multiple, 69
Least upper bound, 84
Left coset, 103
Left ideal, 132
Length of a vector, 178, 185
Linear algebra, 269
Linear combination, 58, 182
Linear congruence, 64
Linear dependence, 181
Linear equations, 220
Linear form, 220
Linear independence, 181
Linear transformation, 186
Lower bound, 83

Mapping, 7
one-to-one, 9
Mathematical induction, 38, 44
Matrix, 206, 208
augmented, 221
column rank, 214, 246
diagonal, 212
elementary, 215
identity, 207
lambda, 245
non-singular, 213
orthogonal, 255

INDEX

over F, 208

product, 208

rank, 214

row rank, 215

scalar product, 205

singular, 213

sum, 205

symmetric, 254

triangular, 212

zero, 166
Matrix polynomial, 245-256
Mazximal ideal, 134
Minimum polynomial, 166, 219
Modulus of a complex number, 91
Monic polynomial, 158
Multiples, 40
Multiplication:

of complex numbers, 89, 90

of integers, 47

of linear transformations, 188

of matrices, 205

of matrix polynomials, 248

of natural numbers, 38

of polynomials, 157

of rational numbers, 71

of real numbers, 80
Multiplicative inverse, 72, 81, 90
Multiplicity of root, 162

Natural numbers, 3741
Negative integers, 48
Networks, electrical, 279
Non-singular matrix, 213
Non-singular transformation, 187
Norm, 149
Normal divisor, 105
Normal form:

conjunctive, disjunctive, 275, 276

of r-matrix, 246

of matrix over F, 213
Normal orthogonal basis, 255
Normal subgroup, 105
Null set, 3
Numbers:

complex, 89

irrational, 83

natural, 37

prime, 58

rational, 71

real, 78

0Odd permutation, 30, 33
One-to-one mapping, 9
Onto (mapping), 7
Operations, 22

binary, 23

well-defined, 25
Order:

of a group, 99

of a group element, 100
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relations, 39, 49, 72, 278
Ordered integral domain, 146
Ordered pair, 6
Orthogonal matrix, 255
Orthogonal normal basis, 255
Orthogonal transformation, 255
Orthogonal vectors, 186
Orthonormal basis, 255

Partial ordering, 21
Partition, 20
Peano postulates, 37
Permutation, 27
even, 30, 33
group, 101
odd, 30, 33
Perpendicular vectors, 185
Polar form, 91
Polynomial, 156
Boolean, 274
degree of a, 157
domain C[x], 161
irreducible, 161
matrix, 254-256
prime, 161
ring of, 157
roots of, 159
zero of a, 159
Positive cut, 80
Positive integers, 47
(See also Natural numbers)
Powers, 40, 43
(See also Exponents)
Prime, 58
factors, 62
field, 148
ideal, 134
integer, 58
polynomial, 161
relatively prime integer, 61
Primitive roots of unity, 93
Principal ideal, 133
ring, 134
Product:
of cosets, 106
dot, 185
inner, 185
of linear transformations, 188
of mappings, 8
of matrices, 205
of matrix polynomials, 248
of polynomials, 158
scalar, 185, 188, 205
set, 6
of subgroups, 107
Proper ideal, 132
Proper orthogonal transformation,
256
Proper subgroup, 100
Proper subring, 130
Proper subset, 2
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Quadric surfaces, 256

Quartic polynomial, 174
Quaternion group, 121, 123, 127
Quotient group, 106

Quotient ring, 134

Range of a mapping, 7
Rank:
of a linear transformation, 187
of a matrix, 214, 246
Rational numbers, 71-73
Real numbers, 78-83
Real part (of a complex number),
90
Real symmetric matrix, 254
Reflexive relation, 19
Regular permutation group, 111
Relation, 18
equivalence, 19
Relatively prime integers, 61
Remainder theorem, 160
Residue classes, 63
Right coset, 103
Right ideal, 132
Ring 128-135
Boolean, 141
commutative, 130
division, 147
Euclidean, 135
principal ideal, 133
quotient, 134
Roots:
characteristic, 252
of cubic polynomials, 173
latent, 252
of polynomials, 159
of quartic polynomials, 174
of unity, 93
Row:
equivalent, 211
rank, 214, 246
transformation, 211, 246
vector, 205

Scalar multiplication, 178
Scalar product, 185, 205
Schwarz inequality, 185
Sets, 1-9

INDEX

denumerable, 10
finite, 10
infinite, 10
Similar matrices, 253
Simple:
group, 105
ring, 132
zero, 162
Simultaneous linear equations,
220
Singular matrix, 213
Singular transformation, 187
Skew field, 147
Span, 180
Square, octic group of a, 110
Subalgebra, 208
Subdomain, 145
Subfield, 148
Subgroup, 100
invariant, 105
normal, 105
proper, 100
Subring, 130
invariant, 132
proper, 130
Subset, 2
Subspace, 180
Subtraction, 50, 90
of rational numbers, 72
of real numbers, 82
Successor, 37
Sum (see Addition)
Symmetric group, 101
Symmetric matrix, 254
Symmetric relation, 19
Systems of linear equations, 220
homogeneous, 224
non-homogeneous, 222

Total matrix algebra, 208
Transformation:

group of, 189

linear, 186

singular, 187

orthogonal, 255, 256
Transitive relation, 19
Transpose, 226
Transposition, 29
Triangle inequality, 185

Triangular matrix, 212
Trichotomy law, 39, 48, 73, 82
Trigonometric representation of
complex
numbers, 91, 92
Two-sided ideal, 132

Union, 4
Unique factorization theorem, 62,
147, 165
Uniqueness:
of identity, 24
of inverses, 24
Unit, 144
Unity element, 24
Universal set, 3
Upper bound, 83

Value, absolute, 50
of complex numbers, 91
Vector(s), 178
characteristic, 250, 251
column, 205
invariant, 251
length of, 178, 185
orthogonal, 186
row, 205
unit, 182
Vector space, 179-188
basis of a, 182, 255
Venn diagram, 4

Well-defined operation, 25
Well-defined set, 1
Well-ordered set, 22

Zero, 48, 71
of a cubic polynomial, 173
divisors of, 131
matrix, 207
of a polynomial, 159
of a quartic polynomial, 174
vector, 180, 181



